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Preface

The success and vitality of Boundary Element research continues to surprise not
only all newcomers to the technique but even researchers like myself who have
been deeply committed to its development since the very beginning.

The term Boundary Elements was coined in 1977 together with the methodology
presented in a paper that I wrote with Jose Dominguez and which was published in
the International Journal of Applied Mathematical Modelling. The paper was the
culmination of an effort to link the then recent developments in finite elements
with the boundary integral theory. This work set up the basis for the boundary
element method as we know it, even providing the notation now widespread in the
literature. It also consolidated a series of ideas related to mixed type variational
statements, which were essential to pave the way for applications of boundary
integral equations beyond the limitations of linearity.

Boundary integral techniques were able to expand their range of applications through
their interpretation in terms of BEM. This was the result of cross fertilisation
between the Russian school, the mixed principles developed at MIT and the
computational advances of the UK Group.

The simplicity and elegance of BEM led to our awareness of the potentialities of
the method and the realisation that integral equations were also open to
experimentation and approximations.

This was conducive to a new type of development, typical of which was the Dual
Reciprocity Method, a totally different conceptual approach. DRM not only applied
the novel idea of using localised particular solutions but also allowed for them to
be approximated. The fortunate discovery that they worked well with radial basis
functions was also of great importance for the development of a whole new
generation of meshless methods.



In parallel to the DRM developments, work was proceeding in other ways to transfer
internal effects to the boundary using exact solutions, i.e. the Green’s functions
themselves. The generalisation of that concept led to the development of the Multiple
Reciprocity Method. The beauty of this method is that it led not just to meshless
domains but that also bypassed the need to have any internal nodes as in the case of
DRM. The limitation of requiring analytical expression for the internal terms led
however to lack of sustained interest in the MRM, which was seen as less versatile
than DRM.

Many other approaches have been put forward following those basic ideas as
evidenced by the numerous papers on meshless methods that continue to be
published in the International Journal of Engineering Analysis with Boundary
Elements.

The next stage will be for one or more of the meshless methods to achieve maturity
and become a practical tool, in much the same way as classical BEM. The papers
published in this book dealing with mesh reduction methods demonstrate their
continuous evolution and the possibility of having reliable and robust meshless
techniques in engineering practice in the future.

It is always a source of personal pleasure for me to see the way in which the original
BEM ideas continue to develop in the hands of new researchers as well as our
senior colleagues.

The quality and originality of the papers cited in this book is a demonstration of the
continuous evolution of BEM research.

As Editor of this Volume, I am grateful to all contributors for the quality of their

papers as well as to those colleagues who helped to review them.

Carlos A. Brebbia
New Forest, 2009
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Multipole expansion BEM for simultaneous
Poisson’s equations

T. Matsumoto, T. Takahashi & S. Taniguchi
Department of Mechanical Science and Engineering,
Nagoya University, Japan

Abstract

A boundary element method for simultaneous Poisson’s equations is presented to
solve large scale problems governed by Poisson’s equation using multipole expan-
sions of the fundamental solutions. Original Poisson’s equation is approximated a
set of Poisson’s equations and an integral representation for the set of differential
equations is derived. The fundamental solutions of the coupled Poisson equations
consist of the fundamental solution of Laplace’s equation, biharmonic function,
and triharmonic function. Multipole expansions of these fundamental solutions
are used in the evaluation of the boundary integral equations. The effectiveness of
the present formulation is demonstrated through a numerical example.

Keywords: Poisson’s equation, fundamental solution, multipole expansion, source
distribution.

1 Introduction

Poisson’s equation is a good starting point for analyses of potential problems with
inhomogeneous material parameters [1]. The integral representation of Poisson’s
equation has a domain integral term originated from the source term. To avoid the
domain discretization, the domain integral can be converted to boundary integrals
by means of the dual reciprocity method (DRM) [2] or the multiple reciprocity
method (MRM) [3]. In the DRM, the value of the source term at an arbitrary point
in the domain is approximated with a linear combination of radial basis functions
(RBF) whose collocation points are placed in the domain and on the boundary. In
order to convert the domain integral term originated from the source term of Pois-
son’s equation, particular solutions corresponding to the radial basis function are
required. Also, the coefficients of the source term approximation have to be deter-
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4 Mesh Reduction Methods

mined in advance by collocation method which requires fully populated matrix to
solve and is unstable for large scale problems. On the other hand, MRM requires
particular solutions for the sources corresponding to a series of fundamental solu-
tions. By using these particular solutions, the original domain integral term can
be converted to a series of boundary integrals and a domain integral. Ochiai pro-
posed a variant of MRM, called triple reciprocity BEM [4, 5], which applies the
reciprocity formulation only three times. In this method, instead of using the cor-
rect values of the derivatives of the source, they are roughly estimated to be zero.
The error of the derivative of the source on the boundary is modified by using the
values of the source at collocation points in the domain instead.

For large-scaled problems, the fast multipole methods (FMM) may also be uti-
lized for those governed by Poisson’s equation. To circumvent the evaluation of the
domain integrals in applying FMM for Poisson’s equation, MRM based approach
is more straight-forward in applying FMM, because only the multipole expan-
sions of the higher order fundamental solutions found in the boundary integrals
are required in the process.

In this study, we consider Poisson’s equation and approximate the source term in
terms of simultaneous coupled Poisson’s equations. Using the fundamental solu-
tions of the simultaneous Poisson’s equations, a set of boundary integral equations,
equivalent to those proposed by Ochiai, is derived. The fundamental solutions of
the coupled Poisson equations consist of the fundamental solution of Laplace’s
equation, biharmonic function, and triharmonic function. Multipole expansions of
them are used in the evaluation of the boundary integral equations. The resulting
set of boundary integral equations are evaluated numerically by using the mul-
tipole expansions of the fundamental solutions. The effectiveness of the present
formulation is demonstrated through a simple numerical example.

2 A boundary only integral formulation for Poisson’s equation

Consider a potential problem governed by Poisson’s equation
Vi (z) + ¢a(x) =0, z€V (1)

with the boundary condition

¢1(z) = d1(x), =z € Gy, 2
0
0w =22 _hw), wes, 3)

where V' is the domain and S = Sg U S, is its boundary, ¢1 (z) denotes the poten-
tial and ¢2(x) the source term. Also, ¢1(x) = d¢1(z)/On is the outward normal
derivative of ¢ (z) to the boundary; ng51 and ¢ are given functions prescribed on
the specified boundaries, respectively.

We assume that the source term ¢2 () is also assumed to be known both in V'
and on S.
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Now, we assume the source term ¢ () is the solution of the following coupled
Poisson equations:

V2¢o(x) + ¢3(z) = 0,

M “)
V2ps(x) + Z aFs(x — 2F) =0,
k=1
where 2*, k = 1,2, ..., M are internal collocation points as shown in Figure 1,
and of, k = 1,2,..., M are unknown constants.
The boundary conditions for eqn (4) can be assumed as [4, 5]
$2(x) = go(x), = €S, (5)
¢3(x) = =Vi¢o(x) =0, z€S. (6)

By combining eqns (1) and (4), we have a set of Poisson’s equations to be solved,
as follows:

V21 (x) 4 ¢o(z) =
V2o (x) + ¢3(x) =

0,
0,

y (7
V2¢3(z) + Zaké(x -2 =0
k=1

with the conditions as a combination of eqns (2), (3), (5) and (6):

p1(x) = ¢1(x), x €Sy,

®)

The integral representations for the simultaneous Poisson’s equations (7) are
derived by starting from the following weighted residual form:

/ Gim (2, 9) (V201 (z) + 1 (2)) dV,, + / G (2, y) (V2 (z) + ¢3(x)) AV,
1% 174
M
+ /V b5 () (v%g(x) + ; aF§(x — zk)> dv, =0, 9)

where ¢, (x,y) (i,m = 1,2, 3) are weighting functions.
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Figure 1: Domain, boundary and internal collocation points.

By integrating eqn (9) by parts repeatedly, we obtain

3
1=

{/Sﬁm(z,y)qi(x) dSm—/Squ(%y)fbi(z) dS.z}

1

4 / V265, (2, 9) () AV,
1%

+ / (V205 (2.9) + Bl (2,9)} ba() AV,
1%

M
+ [ 19205 (0.9) + G )}on(@) 4V + 30 05 (10) = 0. (10

k=1

We now consider particular solutions of the following adjoint form of the
original simultaneous Poisson’s equations, eqn (4), as the weighting functions

O (T, ).
[L][u*] + [1]6(x — y)
V20 0] ety iy s
=|1 V2 0| |¢5 o3 ¢|+U6(x—y) =0, (D)
0 1 V2| |¢% ¢f ¢

where [¢*] = ¢F,. (x, y)C[I] denotes the unit matrix and §(x — y) is Dirac’s delta
function.

By applying the property of Dirac’s delta function, the second and third terms
of eqn (10) becomes

/ V2§ (2, y) 1 (2) AV + / (V265 (2, 9) + Ol (,) ()} 62 (2) AV
14 \4

+ [ (T 00) + 63 5.)(0) ()
s
= —om(y). (12)
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Substituting eqn (12) into (10), we finally obtain an integral representation of
eqn (7), as follows:

= 23: {/Scb?m(ﬂfay)%(x)dsz —/SQ?m(m,y)@(m)de}

i=1
+Zak¢3m 2,y), (13)
where ¢(y) = 1fory € V and ¢(y) = 3 for y located on the smooth part of S.
The fundamental solutions ¢, are obtained in the form
[¢7] = [L]*®(z,y), (14)

where [L]¢ is the cofactor of [L], and ®(z,y) is the fundamental solution for the
determinant operator of [L], i.e.,

det[L] ®(z,y) + 6(xz —y) = 0. (15)

Then, finally, [¢*] is obtained as follows:

M1
— 0 0
4mr
—r 1
=] — — 0 . 16
7] 8t  dmr (16)
3 —r 1
L9687 4dnr

where r = |z — y|.
3 Discretization of the boundary integral equation

Discretizing eqn (13) by using N constant elements gives

3 .
‘¢m Z {(/S@m(x?yl)dé‘) gi(z7)

- (/ qz;n(l.vy ) ) ¢1 xj } + Zak¢3m 7y (17)

J

where 27 and 4! denote the centers of geometry of elements j and [, respectively.
In eqn (17), the unknowns are either of ¢;(27) and ¢;(z7), and o, and their
total number becomes 3N + M.
Although from eqn (17), we obtain 3N equations, we still need M equations
in order to solve for 3N + M unknowns. Therefore, we consider additional M
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8 Mesh Reduction Methods

collocation points in the domain and specify the values for the source term ¢ (z*),
(k=1,...,M).Itis achieved by using the component for m = 2 of eqn (17) and

substituting 2%, (k =1, ..., M) fory' as
3 N 4 _
=X { (/ D dS) qi(27)
i=1 j=1 S5

_</ ap(a?, 2 d >¢2$J}+Za P50(2F, 2" (18)

J

The final linear algebraic equations can be written, by collecting all the unknown
quantities on the left-hand side, as

[A{x} = {b}, (19)

where [A] is the coefficient matrix, {x} the unknown vector, and {b} is the right-
hand side vector calculated from known quantities. Equation (19) is solved by
using the multipole expansions of the fundamental solutions and an iterative solver.
The multipole expansion of the components of ¢7,(= ¢35 = ¢33) is given as
follows:

11
4y Aw|r — y|

1 0 n N _ . .
= =2 O Rum(02)S,m(0y), [0z <0yl  0)

n=0m=—n

where R,, ., and Sy, ,,, are defined as [6]

Rn,m(@;) = ﬁPm(COSQ) emepn, 21
— ) 1
Sp.m(0x) = (n —m)!P(cos 9)6“”¢m, (22)

with the polar coordinates (r, 6, ¢) of the point z. P)" is the associated Legendre
functions. ¢3,, ¢3, and ¢3; are also given as

S =ty = —
¢21 - ¢52 87
L5y fIO8 R m(OF) 5011 (05) Finm (O) U 5. (O)
L 2n +3 2n —1 (23)
3
T
¢35 = %
1

% [ 3102|*Rom (02)Snm (O7)
; :Z { (2n + 3)(2n +5)

6/02[2 Rnim (02)|0y*Sem(09) . 3Rn,m(02)|0y|*Snm(0y)
(2n — 1)(2n + 3) (2n — 3)(2n — 1) C(24)
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X3

X2

2

Figure 2: A cube model.

p

X1

4 Numerical example

Consider a cubic region having an edge of a = 10 as shown in Figure 2. All
sides of the cube are divided uniformly into 3072 triangular constant elements,
and 45 internal collocation points are placed as shown in Figure 3. The boundary
condition for ¢1 (x) and the known distribution of ¢ (z) are given by

0 atxz=-5
¢1(z) = ; (25)
100 atx3 =5
¢1(x) =0 atxy,xe = £5, (26)
¢2(x) =10 sin(%xg + 7T). 27)

The infinite series of the multipole expansions of the fundamental solutions are
truncated at 7th terms and GMRES is used as the iterative solver with the conver-
gence criterion € = 107>,

Figure 4 shows the results for ¢;(z3) at the internal collocation points. The
results obtained by the present approach show good agreements with the exact
solutions.

5 Concluding remarks

A boundary element method for Poisson’s equation has been presented. The source
term is approximated with simultaneous coupled Poisson’s equations. The funda-
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Figure 3: Boundary elements and internal collocation points.
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Figure 4: Result for ¢; at internal points.
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Mesh Reduction Methods 11

mental solutions of the coupled Poisson’s equations have been derived and the
corresponding boundary integral equation has been presented. The fundamental
solutions of the coupled Poisson equations consist of the fundamental solution
of Laplace’s equation, biharmonic function, and triharmonic function. Multipole
expansions of these fundamental solutions have been used in the evaluation of
the boundary integral equations. The numerical test example has demonstrated the
effectiveness of the present approach.
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Numerical Green’s function for
a two-dimensional diffusion equation
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Abstract

This paper presents a novel form to calculate Green’s function by using a
numerical method. In this paper, Green’s function is calculated for the two-
dimensional diffusion equation. The numerical Green’s function is defined as
Green’s matrix that represents the domain of the problem to be solved in terms
of the physical properties and geometrical characteristic. Green’s matrix is the
basis of the numerical method called ‘Explicit Green’s Approach’ (ExGA) that
allows explicit time marching with a time step larger than the one required by
other methods found in the literature, without losing precision. The method uses
Green’s matrix which is determined numerically by the Finite Element Method
(FEM). The paper presents one application in heat conduction and another in
groundwater flow, demonstrating that the results are quite accurate when
compared to analytical solutions and to other numerical solutions.

Keywords: Green’s function, Green’s matrix, ExGA, time integration, diffusion
equation.

1 Introduction

Green’s functions are very powerful tools for obtaining solutions to diffusion
equation. They can also be applied to find solution of other phenomena which
are described by the same type of equation, i.c., those that involve solution of
diffusion-type partial differential equations. A Green’s function (GF) is a basic
solution of a specific differential equation with homogeneous boundary
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14 Mesh Reduction Methods

conditions; for transient heat conduction, a GF describes the temperature caused
by an instantaneous, local energy pulse. In addition to originating efficient
numerical solution procedures, GF based methods also provide a better
understanding of the nature of diffusion processes for heat conduction.

Besides, the application of GFs in diffusion equation has several advantages.
First, it is a powerful and flexible method, since the derived GFs for a given
geometry may be used in conjunction with a variety of initial and boundary
conditions; second, a systematic procedure is available for obtaining GFs, i.e.,
once these functions are obtained and tabulated, they may be used without any
effort spent on the details of their derivation; third, 1-D GFs may be used as
building blocks to obtain 2- and 3-D solutions to suitable problems. The specifics
of the multiplication process to obtain 2- and 3-D solutions are presented by
Ozisik [1].

Finding GFs corresponding to certain physical phenomena, possibly
incorporated with suitably prescribed boundary data, is one of the fundamental
subjects in mathematical physics. The knowledge of GFs can serve as a basic
ingredient to construct the fields via superposition under distributed sources and
general boundary data.

GFs have been used in the solution of equations of transient heat conduction
for many decades, a classic text on the subject is the book by Carslaw and
Jaeger [2], in which an introduction to the use of GFs based methods for heat
conduction problems is presented. In that study they obtained the GFs through
Laplace transforms. Other important reference concerning GFs is the book of
Ozisik [1] where the use and advantages of GFs based methods are described.

A short review about the Green’s function can be found in Mansur ef al. [3].
Moreover, in this article it is presented the ExGA method for linear transient heat
conduction. Before that, this method had been presented to wave propagation
equation by Mansur et al. [4]. Recently, Loureiro et al. [5] presented a hybrid
time/Laplace integration method based on numerical Green’s functions in
conduction heat transfer, that utilizes the Stehfest and the Zakian Laplace
inversion schemes to compute numerically Green’s functions.

The framework proposed in this article includes a novel calculating form to
GF using a numerical method. The numerical GF is defined as Green’s matrix,
that is the basis of numerical method called ‘Explicit Green’s Approach’ (ExGA)
that allows explicit time marching with a time step larger than the one required
by other methods found in the literature, without losing precision. The method
uses the Green’s matrix that is determined numerically by the Finite Element
Method.

The paper presents one application in heat conduction and another in
groundwater flow, where it is shown that the results are quite accurate when
compared to analytical solutions and to other numerical solutions

In the next section, a review and the mathematical background of the GF are
shown. In section 3 Green’s matrix and the ExXGA method are presented. In
section 4, two examples are discussed. Finally, in the last section, some
conclusions about this work are presented.
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2 Analytical Green’s function

This section presents a discussion about the physical significance of the GF and a
general expression for the solution of the diffusion equation with energy
generation, non-homogeneous boundary conditions, and a given initial condition,
in terms of the GF.

In this paper, we consider the following two-dimensional non-homogeneous
initial boundary-value problem of heat conduction in homogeneous and isotropic
medium:

1 10T .
VZT(Xsyat)—i—_g(Xayat):_M’ln Q:t>03 (1)
k o ot
oT
on;
T(x,y,) =Ty(x,y),in Q,t=0, 3)
where V? is the two-dimensional Laplace operator, % denotes differentiation

along the outward-draw normal to the boundary I, i =1, 2,..., N; N being the
number of continuous boundaries in the domain. For generality it is assumed that
the generation term g(X,y,t) and the boundary-condition function f;(x,y,t) vary
with both position and time; and o (thermal diffusivity), T, (external ambient
temperature), k; (thermal conductivity) and h; (heat transfer coefficient) are

treated as constants.
According to Ozisik [1], the GF concerning (1)-(3) can be determined by
considering the following auxiliary problem for the same domain Q:

V2G(x,y.t] Xy 1)+ ~8(x X3y~ y)B(t—1) ==L > 1, 4
k o ot
oG
kig_'-hiG:O’ t>0, (5)

1

Notice that the GF obeys the causality requirement which states that the GF is
zero for t < t [6]. Furthermore, the source term in (4) is a unit impulsive source
for the two-dimensional problem considered here. The delta function
O(x —x")0(y—y') represents a line heat source located at (x',y'), while the
delta function §(¢—7) indicates that it is an instantaneous heat source releasing
its energy spontaneously at time t = 1.

GF G(x,y,t| x',y',1) for the two-dimensional represents the temperature at

point (x,y) in the domain Q and at time t due to an instantaneous point source of
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unit strength, located at point (x’,y’), releasing its energy spontancously at
timet = 1.

The auxiliary problem satisfied by the GF is valid over the same domain Q as
the original physical problem presented by (1), but the boundary conditions
given by (5) is the homogeneous version of the boundary conditions given by (2)
and the initial condition is zero.

On the basis of this definition, the physical significance of GF may be
interpreted as:

G(x,y,t|x',y',7) = G(effect| impulse) . (6)

3 Numerical Green’s function

The present section describes the Explicit Green’s Approach for integrating the
diffusion equation. The algorithm is based on the calculation of the GF in nodal
coordinates by the finite element method. The spatial discretization, using the
finite element method (FEM), of the two-dimensional diffusion equation can be
represented in matrix form as (Hughes [7]):

[CHT(O)} +[KHT(V)} = {F(1)}, ()

with the initial condition,

(T(0)} = {T}°, 8)

where [C] is the capacitance matrix, [K] is the thermal conductance matrix, and
{F} is a vector of equivalent nodal heat loads [3].

Applying the Laplace transform to (7) (Boyce and DiPrima [8]), and
following the procedure presented by Mansur et al. [3], the final expression of
the vector temperature in terms of Green’s matrix is:

t

{T(O} =[COICHTO)} + J.[G(t —D{F(v)}dr. ©

0

GF is usually called impulsive response of the system, as it is explained in
Ozisik [9]. It can be obtained numerically from (7), considering homogeneous
boundary conditions and an impulsive heat source applied at a source point,
which coincides with a node of the space mesh. Then, Green’s matrix can be
obtained by the solution of the following system of ordinary differential
equations in the time:

[CIGO]+[KIIG(D)] = [113(v), (10)
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with the initial condition,
[G(0)]=0, (11)

where [I] represents the identity matrix and 4(t) is the Dirac delta function.

The problem described by (10) is equivalent to the homogeneous initial value
problem with application of a certain initial condition (see Ozisik [9]). In the
present work, it was verified that the correct equivalence is given by the problem
presented below:

[CIIG(]+[K][G(H)] =0, (12)
with the initial condition,
[G(O)]=[CT™". (13)

Here Green’s matrix is computed implicitly through the range [0,At] with the
Crank—Nicolson scheme. It is worth to point out that the new method becomes
more stable and accurate when a sub-step procedure is adopted to obtain the
Green’s matrix. If the capacitance matrix is lumped (diagonal), computing its
inverse is fairly cheap.

Assuming that the time step is At the temperature solution vector at any time
can be evaluated recursively as:

At
(T(0} =[GI[CHT}' + [[G(At— )] {F(t+ D)}, (14)
0

Observe that the convolution integral of the above equation can be evaluated
by any integral quadrature formulae. In the present work, the convolution
integral is calculated by Newton—Cotes approximations with interpolation
polynomials of order one (trapezoidal rule).

4 Numerical examples

In this section, two examples are presented to illustrate the methodology
employed in this work. The objectives of the examples are to simulate two-
dimensional diffusion problems with applications in heat conduction and
groundwater flow. In the following analyses, the relation (At)gpy = (At)pxga /S8

is adopted, so that ss stands for the number of sub-steps employed to compute
the Green’s matrix.

Example 1
In the first example a thin rectangular plate of sides a = 10.0 m and b = 8.0 m
was considered. The adopted physical coefficients were o = 1.0 m%s,

k= 1.0 W/°C.m. The Green’s matrix was determined by the FEM using 80 and
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18 Mesh Reduction Methods

320 square elements for the spatial discretization and the finite difference
method with Crank—Nicolson scheme for time integration. The ExGA method
was compared to the FEM with the same spatial discretization and with the same
implicit scheme in the time discretization used in the calculus of the Green’s
matrix, i.e., FEM-CN.

The initial condition is T(x,y,0) = 0.0 °C over the entire domain. The
boundaries condition are: q(x,0,t) = 0.0 W/m, q(0,y,t) = 10.0 W/m, T(x,b,t) =
300.0°C and T(a,y,t) = 0.0°C, as shown in fig. 1 below.

¥
T, = 300
b //
= T=0
g=10 —3 T, =0 L
-
= bid
0 -7 a
g=0
Figure 1: Domain, initial condition and boundaries conditions for example 1.
160 -
140 X/Vy/x/jix
X oK hH
120 e =
100 - KB
< 80 5
= ~
60 - g
40 /
20 A /
0 = ‘ ‘ ‘ ‘ ‘
0 4 8 12 16 20
t(s)
—* Analytical Solution
- 9- ExGA (80elements/At =1.0s /ss =2)
-2- ExGA (320 elements/At =1.0s/ss = 20)
—x - FEM—CN (320 elements/At =0.05s)
Figure 2: Temperature at the central point of domain of example 1.

Note that the boundary conditions are different on each side of the domain,
which makes convergence more difficult. However, the ExGA method converges
to the analytical solution when the mesh is refined from 80 to 320 elements. The
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time step used by ExGA method was At = 1.0 s with 2 and 20 sub-steps to
calculate Green’s matrix, while At = 0.05 s was used by FEM-CN. The results
are shown in fig. 2, where the EXGA method is compared with the analytical
solution presented by Beck ez a/ [10].

Example 2 — Theis problem

Consider a transient well drawdown problem. The well is discharging at a
constant rate Q from an extensive confined aquifer where the potentiometric
surface is initially horizontal, its hydraulic head being equal to hy. This problem
was solved analytically by Theis in 1935 [11] and the drawdown at a radius r
from the well is shown in the classical book by Wang and Anderson [12].

The horizontal confined aquifer of this example, whose area is 2000 x
2000 m?, has the following physical properties: T = 300 m?/day (transmissivity)
and S = 0.002 (storage coefficient). The well is discharging at a constant flow
equal to 2000 m3/day and their area of influence is marked in a tone of gray in
fig.3. The initial condition of the problem is hy (x,y,0) = 10.0 m, and the
boundaries conditions are zero flow on all sides of the aquifer.

Wang and Anderson [12] presented numerical solutions for this example
using FDM and FEM methods, with the same spatial discretization (Ax = Ay =
100.0 m) and the Crank—Nicolson scheme to carry out time marching with time
step equal to At =0.01 day.

In order to maintain the same conditions for comparison, the same mesh
discretization was used for the ExGA method. Two simulations were carried out.
In the first simulation we used the time step At = 5.0 days and 10 sub-steps in the
calculation of the Green’s matrix. These results are compared with the analytical
Theis solution as depicted in fig. 4 for points located 100 m from the well.

T

100 m 2000 11
— k=

2000 m

Figure 3: Confined aquifer — domain and spatial discretization.

In the second simulation, the final time of simulation is set to be equal to t =
13.12 days. Time steps At=0.01 days were used in the FDM-CN and FEM-CN
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0 .
1
221
£ 2
234 -
2 7 [}
4 |
5
0 5 10 15 20
t (days)
___ Theis Solution
» FDM-CN(At =0.01 day)
o FEM—CN(At =0.01 day)
o EXGA (At=5.0days/ss=10)
Figure 4: The time-drawdown curve to 100 m from the well.
Table 1: Results for r = 100 m and t = 13.12 days.
Method | At (days) | hy - h (m) | Relative errors (%)
FDM-CN 0.01 3.2582 0.80
FEM-CN 0.01 3.2170 0.47
ExGA 13.12 3.2798 1.47
ExGA 1.312 3.2169 0.47

——Theis Solution
A FDM (At= 0,01 day)

1o pe |
>

4,0
| o FEM (At = 0,01 day)
20+ e ExGA (At=13,12 days)
0,0 T T T T 1
0 200 400 600 800 1000

1 (m)

Figure 5: Hydraulic head versus distance of the well for t = 13.12 days.
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methods, while time steps equal to At = 13.12 days (with 20 sub-steps) and At =
1.312 days (with 10 sub-steps) were used in the ExGA method.

Table 1 presents the results for the distance r = 100 m from the well, and their
relative errors, considering the Theis Solution as reference, which in this case is
equal to 3.2322 m. Fig. 5 shows, for t = 13.12 days, the cone of depression
formed by the lowering of water level near the well due to the constant flow

pump.
5 Conclusions

The results of the examples display the expected behavior of a robust numerical
method. In all the studied cases, the ExXGA method provided accurate results and
converged to the correct answer with refinements that do not demand great
computational efforts.

This work presented a new approach for the solution of diffusion equation
with application in heat conduction and groundwater flow.

Note that the inverse of the capacitance matrix is an equivalent initial
condition to the unitary pulse given by the Dirac delta function. If this were not
possible, less accurate numerical Green’s function would be obtained, and the
ExGA method would not be competitive with the classic ones.

In the ExGA method, the temperature field is calculated explicitly on time
through the Green’s matrix which is determined by FEM using an implicit
algorithm. The use of this implicit algorithm with sub-steps to compute Green’s
matrix increases the computational cost; however, this apparent disadvantage
becomes a positive aspect since the unconditional stability property inherent to
implicit methods, such as the Crank—Nicolson scheme, is transmitted through the
Green’s matrix to the ExXGA method.

Thus, with sub-steps not too small, one obtains an explicit algorithm which
for any practical purpose can be considered unconditionally stable. In the
example 1, a time step 20 times bigger than that of the FEM was considered.
Already in example 2 it becomes 1000 times bigger than these. In fact using sub-
steps allow the time-step ‘length’ to be as large as one wishes, the only limitation
being a good representation of the time response picture.

Finally, the present paper has presented that the ExGA method can be very
suitable to multiple cases where only the load conditions (boundary or source)
change while domain and physical properties remain unchanged, as in this case
is possible to use the same Green’s matrix for all analyses.
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Abstract

Following the success of the mathematical equivalence between the Trefftz
method and the method of fundamental solutions for the annular Green’s
function, we extend to solve the Green’s function of 3-D problems in this paper.
The Green’s function of the concentric sphere is first derived by using the image
method which can be seen as a special case of method of fundamental solutions.
Fixed-fixed boundary conditions are considered. Also, the Trefftz method is
employed to derive the analytical solution by using the T-complete sets. By
employing the addition theorem, both solutions are found to be mathematically
equivalent when the number of Trefftz bases and the number of image points are
both infinite. In the successive image process, the final two images freeze at the
origin and infinity, where their singularity strengths can be analytically and
numerically determined in a consistent manner. The agreement among the three
results, including two analytical solutions by using the Trefftz method and the
image method, and one numerical solution by using the conventional MFS is
observed.

Keywords: Green’s function, method of fundamental solutions, image method,
Trefftz method.
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1 Introduction

In 1926, Trefftz presented the Trefftz method for solving boundary value
problems by superimposing the functions which satisfy the governing equation
[1]. The unknown coefficients are determined by matching the boundary
condition. In the potential theory, it is well known that the method of
fundamental solutions (MFS) can solve potential problems when a fundamental
solution is known. This method was proposed by Kupradze [2] in Russia. The
MEFS can be viewed as an indirect boundary element method containing
concentrated sources instead of boundary distributions. The initial idea is to
approximate the solution through a linear combination of fundamental solutions
where sources are located outside the domain of the problem. Moreover, it has
certain advantages over BEM, e.g., no singularity and no boundary integrals are
required. Bogomolny [3] studied the stability and error bound of the MFS. Li et
al. [4] used the effective condition number to study the ill-poseness of
collocation approaches, the MFS and the Trefftz method. They found that the
condition number of the MFS is much worst than that of the Trefftz method.
Although the Trefftz method and the MFS individually have a long history, the
link between the two methods was not discussed in the literature until Chen et
al.’s papers [5, 6]. Researchers have paid attention to construct the mathematical
relationship between the Trefftz method and MFS since 2006. For example,
Schabck [7] found that the MFS with singularity at infinity behaves like the
Trefftz base of harmonic polynomials. Chen et al. proved the equivalence
between the Trefftz method and the MFS for Laplace and biharmonic problems
containing a circular domain [5]. The key point is the use of the degenerate
kernel or so-called the addition theorem. They only proved the equivalence by
demonstrating a simple circle with angular distribution of singularity to link the
two methods. Following the success of deriving the annular Green’s function [6],
we plan to derive the Green’s function of a concentric sphere. Here, we also
distribute singularities along the radial direction by using the method of image.
Image solutions and Trefftz results for the annular Green’s function were
obtained [6]. Since a two-dimensional problem can be solved easily by using the
complex variable, the image method can be seen as an alternative way to obtain
the solution. However, the extension to 3-D problem is limited for the theory of
complex variable. The image method can deal with the 3-D problems without
any difficulty.

In this paper, we focus on proving the mathematical equivalence on the
Green’s functions for the Laplace problem of a concentric sphere derived by
using the Trefftz method and the image method. Both surfaces of inner and outer
boundaries are specified by the Dirichlet boundary conditions. By employing the
image method and the addition theorem, the mathematical equivalence of the two
solutions derived by using the Trefftz method and the image method will be
proved when the number of successive image points and the number of the
Trefftz bases are both infinite. The image method can be seen as a special case of
the conventional MFS, since its image singularities locate outside the domain.
The solution by using the image method for constructing the 2-D Green’s
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function also indicates that a free constant is required for the completeness of the
solution which is always neglected in the conventional MFS. In the 3-D case, the
free constant becomes zero as the number of successive image points become
infinity.

2 Construction of the Green’s function for the domain
bounded by concentric spheres using the image method and
the conventional MFS

2.1 The image solution

For the problem of concentric sphere as shown in Fig. 1, the Green’s function
satisfies

V’G(x,s)=6(x—s), xED, (1)
where D is the domain of interest and 6 denotes the Dirac-delta function for
the source at s . For simplicity, the Green’s function is considered to be subject
to the Dirichlet boundary condition,

G(x,s)=0, x€ B UB,, (2)
where B, and B, are the inner and outer boundaries of the sphere, respectively.

z
A
(p.0.9)
0 £
R
¢
x [e— [e—
x = psind cos¢g
y=psinfsing
z=pcosf
Figure 1: Sketch of an annular sphere subject to a concentrated load.

We consider the fundamental solution U(s,x) for a source singularity which

satisfies
VU(x,5)=6(x—ys). 3)
Then, we obtain the fundamental solution as follows:
U(x,8)=—, 4
4rr
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where r is the distance between s and x (» =| x—s|). Based on the separable

property of the addition theorem or degenerate kernel, the fundamental solution
U(x,s) can be expanded into series form in the spherical coordinates:

-1

47 Ry

;mzoiﬂzn*‘ )'cos(m(¢ ¢))Pm(cos¢9)Pm(cos6') +1’ Ry > p,
U(x,s)= ) %)

4zp

n

Zz n (12! coS(m({Z—{?’) (COSg)Pm(Cosg) R Ry <p,
47[(

where x=(p,0,4), s= (R,0,¢), P"(») is the associated Legendre
polynomial, the superscripts of i and e denote the interior and exterior regions,
respectively, and ¢, is the Neumann factor which defined by,

1, m=0,
8”‘1 = (6)
2, m=12,---00.

As mentioned in [8], the interior and exterior Green’s functions can satisfy
the homogeneous Dirichlet boundary conditions if the image source is correctly
selected. The closed-form Green’s functions for both interior and exterior
problems are written to be the same form

G(xss)—l - +RS ! ,xeD, (7
4z \|x—s| a |x—s

where a is the radius of the sphere, s =(R ,7/2,0), and s’ is the image source

and its position is at (a’/R, , 7/2,0) as shown in Fig. 2. It is interesting that the
formulae for the location of image are the same as the 2-D case [6]. However,
the magnitude of strength (R, /a) is different from the 2-D case [6].

In order to match the inner and outer homogenous Dirichlet boundary
conditions, the image relation between the source point and successive image
points yields

b2 b2 B2 N
RI =—, R5 :——2 ........ ,R4,_3 7(72 ' 1’
s R a Rs a
2 2 2 2
Ry= Re=L s Ry = (Ey,
Rs RS b RS b (8)
2R b2R. b2 bR, b
Ry=—7F" Ry =—F"— ... Ry = )
az az 612 2 aZ
ach azR\" a2 2R a i-1
Ry=— Ry=—3r s Ry =—5-(5)"
b b b b b
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Figure 2: Sketch of position of image point (a) interior case and (b) exterior

case.

Figure 3: Successive images for an annular problem.

The successive image points for the concentric sphere are shown in Fig. 3.
After successive image process, the main part of Green’s function is expressed

by
G (x s)_l{ -1 + limﬁ:{ Wyiss " Woig Wiy Wy }} )
! Az (x—s| voriTlx—snl sl s fr-sy
where w is the weighting of image point which is determined by [8]
R b aR, b b aR, b b, b b,
W=—=—, W, = =—(—), W, = =—(=)"ceeen Wy =—(— s
b RTTB Rx(a) *bp R = o Rs(a)
a a’ a ,a a a.a, a ,a,
w, =—, w, = =—(—), W, = =—(=)"-ee-- Wy, = — y
2 R, 6 bR, R, (b) 10 bsz R(b) 4i-2 R b (10)
w. 9k b w. _&_é(é) W, _ﬂ_é(ﬁ)z... w _é(é)H
P bR a T bR M PR aa T e
a a* a,a @ a.a, a.a .,
w, =2 W= = (D), W, == (=) e W, = (=)
b e 2= 5% “ =5 %)
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2.1.1 Satisfaction of the boundary condition by using interpolation
functions

We set G,(x,s) to be the main part of the Green’s function in Eq.(9).
Unfortunately, G (x,s) in Eq.(9) can not simultaneously satisfy both the inner

m

and outer boundary conditions of G, (x,,s)=G,(x,,s)=0, where
x, =(a,0,0), x,=(,0,6), 0<0 <z, 0<$ <2r. In order to satisfy both

the inner and outer boundary conditions, an alternative method is introduced
such that we have

e [Bo=0) (ats=p)
G(x,5) =G, (x,5) [p(b—a)JGm(x“S) (p(b_a)ij(xa,s),aSpr, (11)

where (b(p—a)/ p(b—a)) and (a(b—p)/p(b—a)) are the interpolation

functions, G, (x,,s)= —(%)‘“’% and G, (x,,s) :%(%)“’ . Therefore, Eq.(11) can be

simplified to
w,. w,, w,.
G(x S) __{ lim z|: 4i-2 4i-1 4i :|
|x Sl \{ﬂw |x S4z 3| |x_s4z>2| |x_s4z>1| |x_S4i|
+C+ D—} (12)
Yo,
-R R -

where C = (—) 47N and D :(E)N M . Equation (12) indicates

R (a-b) b R (a-b)

that not only image singularities at s,, ,, s, ,, s, , and s, , but also one

singularity at the origin and one rigid body term for one singularity at infinity are
required. The Green’s function in Eq.(12) satisfies the governing equation and
boundary conditions at the same time. It is found that a conventional MFS
always loses a free constant and completeness may be questionable.

2.1.2 Satisfaction of boundary conditions to determine two singularity
strengths at the origin and infinity

After successive image process, the final two image locations freeze at the origin

and infinity. There are two strengths of singularities to be determined. Therefore,

the Green’s function is rewritten as

_ N
G(x,5)= {1 + lim Z|: Wai-3 + Waio  Wany Wy :’
" ;‘N\%Oc Tl sl sl sl [x-sy, (13)
+c(N)+Q},
P

where the final two images locate at the center of sphere and infinity with
strength of c¢(N) and d(N), respectively, which can be analytically and
numerically determined by matching the inner and outer boundary conditions.

After matching the inner and outer boundary conditions, the unknown
coefficients c(N) and d(N) are determined by using the numerical method and
analytical approach are shown in Fig 4. Agreement is made.
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Figure 4: Coefficients of c(V) and d(N) versus N for the fixed-fixed case.

2.2 The conventional MFS [2]

In the method of fundamental solutions, the Green’s function G(x,s) is

superimposed by using the fundamental solutions U(x,s) , as follows:

_1 Ny
G(x,s)=4—m+ZaJ.U(x,sj), xeD, (14)

j=1
where the N,, is the number of source points which are distributed outside the
domain, «, is the j * unknown coefficient. By similarly matching the boundary
conditions in Eq.(2), the unknown coefficient «; can be determined. Then, we

have a numerical solution. By comparing Eq.(13) with Eq.(14), the image
method of Eq.(13) can be seen as a special MFS of Eq.(14) with optimal
locations and specified strengths for the singularities except the two strengths at
two frozen points.

3 Derivation of the Green’s function for the domain bounded
by concentric spheres by using the Trefftz method

The problem of a concentric sphere in Fig. 5 can be decomposed into two parts.
One is an infinite space with a concentrated source (fundamental solution) in
Fig. 5(a) and the other is subject to specified boundary conditions as shown in
Fig. 5(b). The first-part solution can be obtained from the fundamental solution.
Here, the second part is solved by using the Trefftz method. The solution can be
superposed by using the Trefftz bases as shown below:

Ny
G, (x,5)= lejCDj, (15)
=
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\l

- _ -

(a) (b)

Figure 5: Sketch of the superposition approach. (a) An infinite space with a
concentrated source. (b) A concentric sphere subject to the
Dirichlet boundary condition.

where p, is the weighting,®; is the ™ T-complete function and Ny is the

number of T-complete functions.
Here, the T-complete functions are given as 1, p"P"(cosé&)cos(m¢) and

p"P"(cos@)sin(mg) for the interior case and 1/p, p "*"P"(cos@)cos(mgp)
and p """ P"(cos@)sin(mg) for the exterior case. The second-part solution can

be represented by
G, (x,8)= A4, + Bu +3 3[4 PP (cos@)cos(mg)+ B, p """ P" (cos @) cos(mg)
el

214, n (16)
+C, p"P"(cos@)sin(m@)+ D, p """ P"(cos )sin(mg)],
where 4,, B,, 4,,, B, , C, and D  are unknown coefficients. By matching

the boundary conditions, the unknown coefficients can be determined. Then, the
series-form Green’s function is obtained by superimposing the solutions of
U(x,s) and G, (x, s) as shown below:

G(x,s) = ir ‘ _S‘ + A, + By
+ Z Z [4,,p"P"(cos@)cos(m)+ B, p """ P" (cos&)cos(mg) (17)

+C, p"P"(cos@)sin(m@)+ D, p """ P"(cos&)sin(mg)],
where the unknown coefficients are obtained as shown below:
R —a
AOO} 47[RY (b_a) 18
el =16 %)t (18)

47R (b—a)
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&y (1= m)[ R™ —a™ " (cos 6) cos(mg)

Anm 4 (n+m)| R n+l b2n+] 2n+1)
Bnm g (n m)'I: 2n+1 b2n+] R2n+l)

} , (19)
} " (cos @) cos(mep)
P

Rn+l b2n+l 2n+1

4z (n+m)!
" (cos @) sin(me)

g (n m),|: R2n+1 a2 i|

Cnm 472_ (n+m)' Rn+l b2n+l 2/1+1
, (20)

g, (ﬂ _m)' a2n+1 (b2n+1 _Rs2n+l)
E (}’l + m)' R:H (bz'Hl g )

} P (cos @) sin(mg)

It is interesting to find that Eq.(18) can be included into Eq.(19) since we
introduce the Neumann factor and set n=m=0. We will prove the equivalence of
solutions derived by using the Trefftz method and the image method (special
MFS) in the next section.

4 Mathematical equivalence for the solutions derived by the
MFS and Trefftz method

4.1 Method of fundamental solutions (image method)

The image method can be seen as a special case of the MFS, since its
singularities are located outside the domain. The Green’s function of Eq.(13) can
be expanded into a series form by separating the field point x and source point s
for the fundamental solution in the spherical coordinates of Eq.(5) as shown
below:

Glx.s) = 1{—1 . R-a a(b—R)}
4z ||x-s| R(b—a) R p(b-a)

+izZ€ (n— m)'[w‘“(]gj‘j+w4i2(§z*'zj 1)

o moo 4 (n+m)! 403
n

—w, [ R‘*l ﬂcos[m(a —#)]P" (cos @) P" (cos b).
2

P
W, | —
4i-1 Rn+1

4i-1

By using Egs. (8) and (10), the series containing four geometry series with the

same ratio of (a/ b)zn+1 which is smaller than one in Eq.(13) can be rearranged

into
1[ -1 R- b—R
G(x,s)= + a_ . a( 2)
4ir |x-s| R(b-a) R p(b—a)
(n m)| RA2n+lp2n+l 2n+lp2n+] + a2n+]b2n+] _a2n+1RS2n+l
+ZZ4_ | n+l _n+l 2n+l1 2n+1 (22)
ot w0 4 (n+m)! R™ " (5> — g™

cos[m(§ — $)1P!" (cos )P (cos ),
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after expanding all the image singularities of —1/r functions. It is interesting to
find that the optimal location may not be the expansion type of Fig. 6(a) or
angular distribution of Fig. 6(b) but a lump singularity in one radial direction
shown in Fig. 6(c) as mentioned by Antunes [9]. In this paper, our image
location in the MFS only distribute along the radial direction which agrees with
the optimal location in [9]. This finding agrees with the experience in the annular
case [6] and the present case of a concentric sphere.

(a) Expansion

(c) Lump (Optimal case)
Figure 6: Optimal locations of source distribution for the MFS [9].
4.2 Trefftz method

Substitution of Eqs.(18)-(20) into Eq.(17) yields

Gla.s) = 1 { -1, R-a a(b—Rs)}

4x||x—s| R(b-a) Rp(b—a)
+i n i(n—m)' Rs2n+1p2n+l _02n+1p2n+1 +a2n+lb2n+1 _a2n+1R52n+1 (23)
i 47[ (}’l +m)' R;Hlpnﬂ (b2n+l _a2n+l)

cos[m(p — )P (cos )P (cos ).

After comparing Eq.(22) with Eq.(23), it is found that the two solutions, Egs.
(13) and (17) are proved to be mathematically equivalent by using the addition
theorem when the number of images and the number of Trefftz bases are both
infinite. To verify the Trefftz and image solutions, the conventional MFS is
utilized for comparison. The distribution of collocation nodes and images
(sources of MFS) is shown in Fig. 7. Contour plots by using the three approaches
are shown in Fig. 8. Good agreement is observed.

5 Concluding remarks

In this paper, not only the image method (a special MFS) but also the Trefftz
method was employed to solve the Green’s function of 3-D Laplace problems
bounded by concentric sphere. The two solutions using the Trefftz method and
MEFS for the case were proved to be mathematically equivalent by using the
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@ Source point
@ Collocation point

(a) (b)

Figure 7: Sketches of (a) Trefftz method, (b) image method (special MFS,
radial distribution of singularities) and (c) conventional MFS
(angular distribution of singularities).

- T T T T T T T T T
B 5 - 2 0 2 4 6 [

(b) Image method

(c) MFS

Figure 8: Contour plots by using three approaches, (a) Trefftz method,
(b) image method and (c¢) MFS (z=2 plane).
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addition theorem or so-called degenerate kernel. Also, the solution of image
method shows the existence of the free constant which is always overlooked in

the

conventional MFS although it becomes zero as the number of images

approaches infinity. Finally, we also found the final two frozen image points at
the origin and infinity where their strengths can be determined numerically and
analytically in a consistent manner. Contour plots by using the three approaches,
Trefftz method, image method and conventional MFS, agree well.

References

(1]

&

Kita E. Kamiya N. Trefftz method: an overview. Adv Engng Softw
1995;24:3-12.

Kupradze VD. A method for the approximate solution of limiting problems
in mathematical physics. Computat Math Math Phys 1964;4:199-205.
Bogomolny A. Fundamental solutions method for elliptic boundary value
problems. SIAM J Numer Anal 1985;22(4):644-669.

Li ZC. Lu TT. Hu HY. Cheng AHD. Trefftz and collocation methods.
Boston-Southampton: WIT Press; 2007.

Chen JT. Wu CS. Lee YT. Chen KH. On the equivalence of the Trefftz
method and method of fundamental solutions for Laplace and biharmonic
equations. Computers and Mathematics with Applications 2007;53:851-879.
Chen JT. Lee YT. Yu SR. Shieh SC. 2009, Equivalence between Trefftz
method and method of fundamental solution for the annular Green’s
function using the addition theorem and image concept, Engineering
Analysis with Boundary Elements, Vol.33, pp.678-688.

Schaback R. Adaptive numerical solution of MFS systems. A plenary talk at
the first Inter Workshop on the Method of Fundamental Solution, Ayia
Napa, Cyprus, June 11-13; 2007.

Chen JT. Wu CS. Alternative derivations for the Poisson integral formula.
Int. J Math Educ. Sci. Technol 2006;37:165-185.

Antunes PRS. The Method of Fundamental Solutions applied to the
eigenproblems in partial differential equations, Ph.D. Dissertation, IST,
Portugal, 2008.

WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 35

On stress reconstruction in composite domains
from discrete data on principal directions

A. N. Galybin
Wessex Institute of Technology, Southampton, UK

Abstract

The problem considered in this paper deals with reconstruction of plane stress
tensors in domains with multiple interfaces representing the boundaries of
subdomains. No boundary stresses or displacements are imposed; instead the
discrete data on stress orientations are used for problem setting. Continuity of the
stress vector across the interfaces is also accepted. Solutions in every subdomain
are sought by assuming linear approximations for the complex potentials with
unknown coefficients. These are found by solving a minimisation problem. An
application to the geophysical problem of stress identification in tectonic plates
is considered to illustrate effectiveness of the proposed numerical approach.
Keywords: stress orientations, 2D stress tensor, complex potentials, plate
tectonics.

1 Introduction

The problem of stress reconstruction from discrete data on stress orientation has
been addressed in [1, 2] for a single domain and in [3—4] for two subdomains. In
all these cases the domains have been associated with either tectonic plates or
with certain regions of the earth’s crust and real data on stress orientations
supplied by the World Stress Map Project [5] have been used. The present study
is aimed at the further development of the previously reported method for the
case when the entire domain consists of several plane elastic subdomains whose
deformation properties may be, in general, different.

This study is also aimed at the development of algorithms capable of dealing
with the data widely used in geodynamics, namely, experimentally obtained
stress orientations around the globe and geographical coordinates of the tectonic
plate margins [6].
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36 Mesh Reduction Methods

The paper is structured as follows. Typical data accepted in this study are
described in section 2 where also the outcomes of the developed algorithms are
presented. Section 3 presents mathematical formulation of the problem and its
numerical implementation is described in section 4. Results of computations for
a particular plane domain are discussed in section 5.

2 Data

Data on stress orientations have been extracted from the WSM database which
current 2008 release contains 21,750 stress data records, [5]. Only data of A-B
quality [7] are used further on, this assumes stress orientations are recorded with
the following errors: +10°-15° (A-quality) and within +15°-20° (B-quality).

Data on plate boundaries [6] contains 52 entries. Each plate is presented by an
ordered set of boundary points (in geographical coordinates) that constitutes a
closed curve traversed in the counterclockwise direction. The last point
coincides with the first point.

A fragment of the earth’s crust with the data is shown in Fig 1. The domain
consists of 16 subdomains (presenting tectonic plates); short segments show 53
orientations of major compressive principal stresses. It is evident that the data are
highly irregular and not all subdomains contain data points.

Figure 1: Domain consisting of 16 subdomains, 35 interfaces, 53 data on
stress orientations.

Several special procedures have been designed to deal with the boundary data
with the aim of identification of the interfaces between the subdomains and
placing equidistant collocation points on the interfaces. The number of interfaces
depends on a particular subdomain pattern and cannot be calculated in a simple
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way as it can be done for regular grids. For instance, 35 interfaces have been
identified for the example presented in Fig 1. They represent common
boundaries between adjacent subdomains and therefore there is one-to one
correspondence between an interface number and a pair of subdomain numbers.
Linear interpolation has been applied through the discrete points representing
an interface; therefore a set of nodes has been introduced for each interface that
is further used for forming the entire set of collocation points. The number of
nodes in every set is different, it is defined by the length, L;, of the j-th interface
(=1...Ni) and the step, A, specified as a global input parameter; therefore the
number of nodes on the j-th interface is defined as Nnode=floor(L;/A).
After initial treatment of data the following output is obtained:

a. The table of correspondence between interfaces and subdomains; it is a two
row array with N, columns, its first column shows the interface number and
its second column contains the numbers of two adjacent subdomains whose
boundaries form the interface shown in the first column;

Nint

b. complex coordinates of the nodes on all interfaces ¢, k=1... z Nnode

j=1

c. principal directions, angles 6,,, at points z,,, m=1...Ny,,; and

d. complex coordinates of the data points z,,, m=1... Ny, sorted with respect to
subdomains.

A special procedure for the identification of the subdomain to which a
particular datum belongs to has been designed for data sorting. This procedure is
further used for mapping of the calculated stress field.

3 Formulation of the problem

A plane elastic domain Q composed by the union of plane subdomains €;
(==1...N) having, in general, different elastic moduli is considered (elastic
moduli are not specified because no conditions regarding discontinuity of
displacements across the interfaces are assumed in formulation). Principal
directions are given at some points, belonging to some subdomains (not
necessarily all subdomains are populated with data); the discrete set of given
principal directions as assumed to be finite and contain Ny, points. It is accepted
that the stress vector is continuous across the interfaces I'; between all adjacent
subdomains (j=1...N,,). Given these conditions it is required to determine all
possible stress states satisfying the given data on principal directions.

It should be noted that the problem formulated above is not a classical
boundary value problem of plane elasticity. In contrast to classical formulations,
the number of boundary conditions (two for each interface, presenting continuity
of the stress vector) is insufficient, and therefore the solution is not unique and
may contain arbitrary functions. In order to overcome such high
indeterminedness one should seek possible solutions in a certain class of
functions. A simple set of basis functions, namely piecewise linear holomorphic
functions, is used further in numerical implementation. However this does not
make the problem to be fully well posed, there still may be a finite number of
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free parameters included in the solution. This is evident from the fact that no
stress magnitudes are involved in the formulation, therefore at least two
parameters remains undetermined in the total solution. They are (i) a
multiplicative constant at the stress deviator; and (i7) an additive constant to the
mean hydrostatic stress. These can be selected randomly and affect neither
principal directions nor equilibrium equations. It has been shown [8] that up to 5
free parameters can be included in the total solution for a simply connected
elastic isotropic domain when it is being built from the know stress trajectory
pattern. For a composite domain considered here no theoretical results regarding
the number of free parameters are available. Therefore, the presence of free
parameters will further be verified by assessing the rank of the matrix of the
corresponding linear system of equations.

General solution for the stress tensor for a plane elastic domain subjected to
boundary forces only has the form [9]

P(z,E)E W% = @(Z)+@

(M

D(z,7)= w+ icyy =20'(z)+ ¥(z)

Here ®(z) and V¥ (z) are complex potentials (holomorphic functions) to be
determined from boundary conditions; harmonic function P and complex-valued
function D represent mean hydrostatic stress and stress deviator respectively,
they are functions of stress components G,; z.=x;+ix, is a complex coordinate,
over-bar stands for complex conjugation.

The complex conjugated stress vector N(§)—iT(€) (where N({) and T({) are
normal and shear components respectively) on an arbitrary interface I'; is
determined as follows [9]

N(@)—tT(@):P(@)%D(c), Cel). j=1..Nin @

where P(C ) and D(C ) are the boundary values of the stress function obtained by
limiting transition of the field variable, z, to a boundary point, . These values
can suffer jumps when the point crosses interfaces, however, the stress vector is
assumed to be continuous across every interface, which leads to the following
boundary condition in terms of complex potentials

ac ., d. .
2Re<d)(@)>+§d—%<¢) (g))+£<lp(g)) =0, Cel;, j=1..Ny 3
where <...> denoted the jump of the quantity across the j-th interface.

The second set of conditions expresses the fact that the maximum shear
stress, Tmax=|D|, is a real valued function, that allows one to write

Im[eZiem(qu)'(zm)+"{"(zm))J:0’ ZmEQ’ m:l"'Ndata (4)

It is taken into account here that arg(D)=n-26, where 0 is principal direction
(the angle between the major principal stress and the real axis) at an arbitrary
point.
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4 Numerical approach

Complex potential are further sought as piecewise holomorphic linear functions

S YICRIEE YouE ®)

where H;(z) are linear in €; and vanish outside

(i) (i) ) 1 @) (i)
Hi(z)= {CO +0c1 z eg Hy,i(2) = { a4 0*"22 gg i=1.N  (6)
i i

Here cl(i), [ =0,1,2 are complex constants while a'? are real.
It follows from (1), (5),(6) that the stress functions assume the form

(l) O )
D(z,7)= ZD(z)(Z 2 D(’)(z %)= { +cl Z+c2 zeQ;

pa 0 zgQ; (7

N A NONRGEOE ,
P(z,) =Y PO(z5), PO(z2)= { T Iz zely

i=1 O Zte

Although expressions (7) are simple they are general enough to address the
presence of the singular (isotropic) points of two types known from
photoelasticity [10]. The type of isotropic points is distinguished in accordance
with the asymptotics near the roots of the stress deviator function [11].

There are seven unknown real coefficients for every subdomain, which are
further considered as the coefficients in an ordered row as follows

c® = (a(i),Rec(()i),Imc(()') Recl(’) Imcl(i),Recg),Imcg)) i=1...N ®)

These form the vector of unknowns C as a transpose of the augment of rows
C(i)

c” =[ch.c®,..c™) ©

The first set of equations is obtained by satisfying the continuity condition (3)
at collocation points, {; as follows

. T
(k) )]
Mcon:(U(l),U(l),...U(Ni“t),E)T, v = 0,...,ReV ,0...,ReV/-,...,O (10)
0,...imV® 0. 1mvW o

where n is the number of the interface between the k-th and j-th subdomains,
calculated in accordance with the correspondence table mentioned in section 2;
and the vectors V* and E are defined as follows

v — ( (93 de 93 de
T d ok gy Tk g 2 Re Gk i

E =(1,0,0,0,0,0,1,0, .. .,1,0,0,0,0,0,0)

,—2Im, +1Qk i ) )
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The vector E has been introduced to add an extra equation expressing the fact
that the coefficients a”, i=1...N are not independent, which is a consequence of
the field data type that does not include magnitudes of stresses in formulation.

The right-hand side corresponding the first set of equation has the form

Rcon = (0.0,...,0.0)" (12)

where the coefficient A can be chosen arbitrary, in particular, set to zero.
The second set of equations addresses the field data and employs conditions
(4), which lead to the following matrix

M gata = (W(]),W(2),...W(Nd”’“),J)T, wm =(o,...,1mv("“>,...,0)T (13)

where the vectors V™ and J are as follows

(14)
J=(0,LLLLLL0.1...,0,LL,L1,L1)T

The latter vector has been introduced into the system in order to make it
inhomogeneous and acknowledge the fact that only the normalised maximum
shear stress can be determined, i.e. one multiplicative arbitrary positive constant
remains unknown.

The total system is obtained by the union of (10)—(14) as follows

MC =b, M—[MCO"} b:(RC"“j (15)

data Rdata

The system is overdetermined it has 2Ny, +Ngt2 equations and 7N
unknowns. Therefore its approximate solution is found by the least squares
method (consistency is cheeked by calculating the rank of the matrix).

As soon as the coefficients ¢, are found the solutions for each subdomains are
determined by the stress functions in (7).

S Model example

This section presents an example of stress field reconstruction in a plane
quadratic domain consisting of 9 subdomains as shown in Fig 2. The number of
interfaces identified for this configuration is 18. The length of interfaces varies
between 0.1 and 1.32 with the average value of 0.54 making the total length of
all interfaces of 9.77. The number of collocation points introduced on the
interfaces is 105, they are shown in Fig. 2 by circles. The number of data on
principal stresses is 116, the data has been taken from the WSMP [5] from the
geographical domain between longitudes —95° to —35° and latitudes —20° to 30°;
the only quality A-B has been selected. Two subdomains contain no data, and 4
subdomains have 1-2 data. The SLAE has 329 equations imposed on 63
unknowns.

The results of calculations of the stress field are presented in Figs. 3-5. Fig. 3
shown the map of normalised maximum shear stress, i.e. the function F(z) in the
expression Tma.x(z)=F(z), where u >0 is an arbitrary positive constant. This
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function reaches minimum at z*=-0.303-0.648; inside the white area, and this
minimum is associated with the isotropic point where F(z*)=0. Fig. 4 presents
the map of the mean hydrostatic stress in the scaled form, i.e. the function H(z)
in expression P(z)=uH(z) +v, where v >0 is an arbitrary constant. The field of
stress trajectories is shown in Fig. 5, from which the presence of the isotropic
point is evident.

Figure 2:

M‘ﬂ——e——@—&g_ﬁ\&

o) T
e
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()]

e

-1 WAL
-1 -0.5 0 0.5 1

Computational domain and data; the boundaries of subdomains are
shown by solid lines; circles show collocation points on the
interfaces; short segments represent data on principal stress
orientations.

1
05—
T
0 / 2
— ? y
-0.5 1
. \\<\ 0.5
1 A 0
-1 -0.5 0 0.5 1
Figure 3: The map of maximum shear stress.
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0.5 1

Figure 4: The map of mean hydrostatic stress.

1

-1 -0.5 0 0.5 1
Figure 5: Stress trajectory field.

Although the fields of t,,,(z) and P(z) are discontinuous on the interfaces this
is not clearly seen in Figs 3—4 because of interpolation used for plotting these
maps. Stress trajectories also look smooth in the figure, however, the tangents to
them presenting. the stress orientations suffer certain jump at the interfaces; at
some collocation points the jump is up to 10°.

6 Conclusion

A numerical approach for the reconstruction of plane stress tensors in a
composite domain with multiple interfaces is suggested in this paper. It provides
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essential tool for stress states identification by discrete data on principal
directions and assumes neither boundary stresses nor displacements. The
example considered in section 5 demonstrates that the proposed approach is
capable for dealing with for geophysical applications with real data and complex
geometries.
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The boundary element method for the
determination of nonlinear boundary
conditions in heat conduction
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! Department of Applied Mathematics, University of Leeds,UK
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Abstract

Physical problems involving heat exchange between the ends of a rod and the sur-
rounding environment can be formulated as a set of equations representing the heat
equation and boundary conditions relating the heat fluxes to the difference between
the boundary temperatures and the temperature of the surrounding fluid through a
function f which represents the heat transfer coefficient. When the heat transfer
is purely convective, or solely radiative, then one assumes that f is a linear func-
tional (Newton’s law of cooling), or obeys a fourth-order power law (Stefan’s law),
respectively. However, there are many practical heat transfer situations in which
either the governing equation does not take a simple form or the actual method of
heat transfer is unknown. In such cases the heat transfer coefficient depends on the
boundary temperature and the dependence has a complicated or unknown struc-
ture. Processes, such as fast cooling of hot steel or glass in fluids or gases, involve
limited opportunities to accurately measure the temperatures and heat fluxes at the
surface and in such a case one has to set up an inverse problem that would allows
us to reconstruct the exact form of the function f. In this study, we investigate a
one-dimensional inverse heat conduction problem with unknown nonlinear bound-
ary conditions. We develop the boundary element method to construct and solve
numerically the missing terms involving the boundary temperature, the heat flux
and the boundary condition law function f which is approximated as a piecewise
constant function of temperature. Since the inverse problem under investigation is
ill-posed, in order to stabilise the solution we employ the Tikhonov regularization
method. Numerical results are presented and discussed.

Keywords: boundary element method, nonlinear boundary conditions, inverse heat
conduction problem, Tikhonov’s regularization.
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1 Introduction

An interesting, mathematically challenging and well-investigated problem is the
identification of coefficients that appear in partial differential equations, e.g. [1,2].
In contrast, the identification of the nonlinear boundary conditions is less well-
developed. In one-dimensional transient heat conduction these boundary condi-
tions relate the heat flux at the ends of a rod to the boundary temperature through
some unknown function f. For example, if the heat exchange between the ends of
the rod and its environmental surroundings is solely by convection, then one com-
monly assumes that f is a linear function of the difference in temperature between
the ends of the rod and that of the surrounding fluid with the slope given by the
heat transfer coefficient (Newton’s law of cooling). Identification of a time, space
or both space-time dependent heat transfer coefficient in this case has been inves-
tigated in, for example [3-5]. For the case of purely radiative transfer of energy, a
fourth-power law of the temperature for the function f is usually employed, (Ste-
fan’s law), [6].

However, there are many practical heat transfer situations at high temperatures,
or in hostile environments, e.g. combustion chambers, cooling steel processes, gas
turbines, etc. in which either the actual method of heat transfer is not known, or
it cannot be assumed that the governing boundary laws have such a simple form.
For example, in the cooling of hot steel or glass in fluids or gases, the heat transfer
coefficient depends on the boundary temperature and this dependence has a com-
plicated and unknown structure, [7,8]. From a technical point of view, fast cooling
and processes with limited opportunities to accurately measure surface tempera-
tures and/or heat fluxes are of much interest. In such situations one can set up
an inverse experiment that would allow the reconstruction (recovery) of the exact
form of the function f. It is well-known that the identification of nonlinear bound-
ary conditions is an ill-posed problem, [9]. It has been shown elsewhere, [10], that
by monitoring (recording, measuring) the transient temperature at one end of the
rod then one can recover uniquely the unknown function f. However, even if a
solution exists and is unique, it will not depend continuously on the input data.
Therefore, in order to stabilize the solution one can employ the Tikhonov regu-
larization method, [11], or adopt an engineering approach in which the unknown
function f is approximated by a polynomial function with unknown coefficients to
be determined.

In this paper we investigate the application of the boundary element method
(BEM) for solving numerically the inverse problem of boundary condition law
identification in heat conduction.

2 Mathematical formulation of the inverse problem
We consider the initial boundary value problem
or o*T

a(%t) = @(
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T(x,0)=g(z) z€][0,1], (2.2)
ar aT

%(U,t) = 7%(0, t) = f(T(O, t)), t e [O,tf}, 2.3)
g—Z(Lt) _ 2_2(1,t) — HTOL1), te 0t 2.4)
TO,6) = h(t),  te 0.k, 2.5)

where T represents the unknown temperature of the one-dimensional rod (0,1),
the function f represents the unknown law for the boundary conditions, t¢ > 0 is
an arbitrary final time of interest, n is the outward unit normal, i.e. n(0) = —1,
n(l) = 1, g is the given initial temperature, h is the given additional measured
boundary temperature, and, for simplicity, we have assumed that there are no heat
sources. The thermal diffusivity has been taken equal to unity for simplicity. For
certain conditions on f, the direct problem (2.1)—(2.4) is well-posed, [12]. More-
over, the Fréchet differentiability of the solution 7" of the direct problem (2.1)-
(2.4) with respect to f has been established in [13]. The compatibility conditions
associated with (2.2)—(2.5) require that —¢'(0) = f(g(0)), ¢’(1) = f(g(1)) and
g(0) = h(0). For the inverse problem (2.1)—(2.5) we assume that:

) geC* 2 (0,1]),
(i) heC™Y2([0,ts]) is strictly monotone and  h(0) = g(0),
i) T(1,t f) € [h(0),h(t)] forall  te[0,t,],

where T'(z, t; f) is the solution of the direct mixed problem (2.1), (2.2), (2.4) and
(2.5) when f is known. Solvability results for this latter direct problem are given
in [14].

It is worth noting that for condition (iii), one cannot guarantee that the range
of temperatures on the boundary x = 1 is contained in the range of temperature
measured data (2.5) by giving conditions on the data g and h alone, since condition
(iii) depends on the unknown function f. However, from the maximum principle
for the heat equation, [15], there are easily obtainable conditions under which con-
dition (iii) can be made to hold. For example, if it is known a priori that f < 0,
and if g(0) = ¢(1), then it is easy to give conditions under which h will be a
decreasing function and

h(t) =T(0,t) <T(1,t) <T(1,0) =g(1) = g(0) = h(0), te€[0,tf]. (2.6)

Under the assumptions (i)—(iii), there is a unique local solution (7', f) of the inverse
problem (2.1)—(2.5), [10].

Several factors may allow us to extend this theorem to global solvability. For
example, if the admissible (allowable) class of functions f is restricted to uni-
formly Lipschitz functions C+!, this will be the case, [10]. Other solvability
results are given in [16].

At this stage, it is probably difficult to say definitely how ill-posed (unstable)
is the inverse problem (2.1)—(2.5), but it may be worth mentioning, [11], that part
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of the ill-posedness comes from the fact that calculating the normal derivative
g—z from the boundary Dirichlet noisy data is a typical linear ill-posed problem,
[17,18].

3 The boundary element method (BEM)

Using the BEM, and applying the initial and boundary conditions (2.2)—(2.4), we
obtain the integral representation, e.g. [19],

t oG
()T (z,t) = Gz, 6, 7)[(T(E,T) =T T) 5= (x,1&,7) dr
K /0 [ In(¢) cef0,1}

+ [ 906ty 0y @0 € 0.1]x 0,t7),

’ 3.1)
where 7(0) = n(1) = 0.5, n(x) = 1 forz € (0,1) and
.o H(t-7) (z —¢)?
G(.’E,t,f,T)—Q W(t—T)exp |:4(t—7’):| } (32)

where H is the Heaviside function.

Applying (3.1) at the boundaries z = 0 and x = 1 and using (2.2)—(2.5) we
obtain two nonlinear boundary integral equations in the unknowns f and T'(1,¢),
namely

3h() = [ (60,6017 (h(r) + G017 FT(L7)
0

oG oG
an(0) (0,£0,7) — T(1,7) an(D)

— h(7) (0,¢;1,7)| dr (3.3)

1
+/ g(y)G(0,t;y,0)dy, t e (0,ty],
0

3700 = [ [60L60,77(() + 6L 61,77 (T(1,7)
0

0G oG
(17t7 O7T) - T(l, T) an(l)

(1,¢; 1,7)} dr (3.4)

1
4 / gW)G(L, £y, 0)dy, ¢ € (0,t]
0

where

e, @O —T) { (w - €>2] . 3S)

%(x,t;ﬁ,r)* Tl )? 5=
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We discretise the time interval (0,¢¢] into a series of NV boundary elements,
namely

N
Otf UJI’ ,

and assume that the boundary temperature is constant over each boundary element
(tj—1,t;] and takes its value at the mid point t; = (t;—1 + t;)/2, i.e.

T(0,t) = h(t;) =h;, T(1,t)=T(1,¢;) =Ty, te (tj—1,t;]. (3.6)

We also discretise the space interval [0, 1] into a series of Ny cells, namely

P

0

[07 1] = [33]@71, xk] 3
k=1

and assume that the initial temperature is constant over each space cell [zx_1, z]
and takes its value at the mid point T, = (x—1 + ki)/2, i.e.

T(z,0) = g(Zx) = gk, for =€ (xr_1,zk]. (3.7)

On discretizing the boundary integral equations (3.3) and (3.4), and using the
piecewise constant boundary element approximations (3.6) and (3.7), all the BEM
integrals that result can be evaluated analytically, [20], and the inverse problem
(2.1)—~(2.5) recasts as a nonlinear system of 2/N equations which, in a generic
matrix form, can be written as

where T = (le) =T N b contains expressions of the known data g and h, and
Ay is a nonlinear operator associated to the unknown function f.

4 Numerical procedure for the inverse problem

In a previous work, [21], we found the pair solution (f,T") by assuming that f
belongs to the global class of polynomial functions with unknown coefficients. In
this paper we extend the analysis by assuming that f belongs to a class of piecewise
constant functions.

Assuming that the boundary temperature measurement (2.5) is strictly increas-
ing, see condition (ii) of Section 2, we denote by

Bt = h()
K )

qr ‘= h(O) +

a uniform discretization in K equal sub-intervals of the interval [h(0), h(¢f)].
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Next we seek a piecewise function f : [go, gx] — R defined by

ai, T e [QO»Q1)7

) T b )
fry = {0 e @)

ag, T €lgx-1,9xK],

where the coefficients a = (ay),_77 are unknown and yet to be determined by
imposing (4.3) in a nonlinear least-squares sense. From (4.1) and the assumption
that the condition (iii) of Section 2 is satisfied we have

() = apuy, F(T(1,1)) =ayq), 1=1,N, (4.2)

where for each | € {I1,...,N}, ¢(I) is the unique number in the set
{1,..., K} such that h(t;) € [gpu)—1,9p()), and ¥ (1) is the unique number in
the set {1,..., K} such that T(1,£;) € [gp@)—1, 9y )- Based on (4.2), the sys-
tem of nonlinear equations (3.8) is solved using the minimization of the Tikhonov
regularization functional S : RX x RV — R, defined by

S(a, T1) = ||Af(T1) = bl* + &llal*, 4.3)

where £ > 0 is the regularization parameter to be prescribed.

In (4.3) we have included the regularization term in order to stabilize the solution
of the inverse and ill-posed problem under investigation with respect to noisy errors
in the input measurements (2.5), namely

hE(t) = h(t) + e, (4.4)

where € are Gaussian random variables with mean zero and deviation 0 = p X
max{|h(t)|, t € [0,tf]} generated using the NAG routine GO5SDDF, and 100p
represents the percentage of noise. The minimization of the functional (4.3) is
performed using the NAG routine EO4FCF. This routine is minimizing iteratively
an arbitrary sum of squares with no constraints on the variables and no gradient
needed to be supplied by the user.

5 Numerical results and discussion

In this section we illustrate and discuss numerical results for two benchmark test
examples consisting of retrieving the pair solution (f,T") satisfying (2.1)-(2.5),
when f has the piecewise constant parametrization (4.1). Higher-order (e.g linear,
quadratic) piecewise constant polynomial approximations are deferred to a future
work.

The BEM described in Section 3 is applied with (IV, Ny) = (40, 40) to generate
the forward nonlinear operator A ¢ (717 ). The parametrization (4.1) is sought with a
typical value of K = 10 large enough to capture all the significant features of the
examples below.
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The initial guess for minimizing the functional (4.3) was taken (a", TY) = (3, 3)
for Example 1 and (a”, T}) = (3, 50) for Example 2. In both examples, the ana-
Iytical temperature function to be retrieved was taken to be

T(z,t) =2 —x+1+2t, (2,t) €[0,1] x [0,%]. (5.1)

Equation (5.1) then generates the initial condition (2.2) and the measurement
boundary condition (2.5) be given by

T(x,0)=g(x)=a> -z +1, z€][0,1], (5.2)

and
T(0,t) = h(t) =1+ 2t, t €10,1]. (5.3)

Remark that for the example (5.1) conditions (i)—(iii) of Section 2 are satisfied
such that the local solvability of the inverse problem (2.1)—(2.5) is ensured.

5.1 Example 1

In this simple example, we solve for 7" and f the inverse problem in the domain
(0,1) x (0,ty = 1] given by the heat equation (2.1) subject to the initial condition
(5.2), the boundary conditions (2.3) and (2.4), and the additional measurement
(5.3). The analytical solution to be retrieved is given by equation (5.1) for the
temperature T'(z, t) and f(7T") = 1, i.e. the constant vector a = 1.

Figures 1(b) and (c) show the numerical results for T and a, respectively, when
the input measured data (5.3) is contaminated by various amounts of additive noise
p%, as in (4.4), see Figure 1(a). Whilst from Figure 1(b) it can be seen that the
analytical value of T'(1,t) = 1 + 2t is excellently retrieved almost independent
of p, from Figure 1(c) it can be seen that the numerically obtained solution for
a is proportionally accurate with the amount of noise p introduced in the input
data. This indicates that we have obtained a stable solution. We also report that no
regularization, i.e. kK = 0 in (4.3), was found necessary for this simple example.

5.2 Example 2

It is well-known that, in general, the heat flux on a surface is the sum of two terms
corresponding to convection and surface radiation, [6]. We therefore examine an
interesting and important example of a nonlinear inverse heat conduction problem
in which the relation between the heat flux and temperature at the boundaries, from
a physical point of view, is a fourth power in the temperature and this represents
radiative boundary conditions, i.e. we seek to retrieve f(T') = T*. In this case, the
boundary conditions (2.3) and (2.4) are slightly modified as

oT 4

%(x,t) =f(T(z,t))+1—-(1+2t)%, (x,t) €{0,1} x(0,tf], (5.4
such that the temperature (5.1) and the nonlinear boundary law f(T") = T* repre-
sent the analytical solution of the inverse problem (2.1), (5.2)-(5.4).
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Figure 1: (a) The analytical boundary temperature 7(0,¢), (b) the numerical
boundary temperature 7'(1, ¢), as functions of time ¢, and (c) the numer-
ical vector a = (ax);_t15. When the amount of noise in (4.4) is: (o)
p=0,(v) p=0.01L(x)p = 0.03,(A) p = 0.05. No regularization
parameter, x = 0.

Figures 2(a) and (b) show the results for the boundary temperature T'(1, ¢) and
the function f(7T'), respectively, when various amounts of noise p € {0,1,3,5}%
are included in the measured data (5.3), as shown in Figure 1(a). No regularization
has been added in the functional (4.3). From Figure 2 it can be seen that as the
amount of noise p decreases the numerical solution approaches the exact solution.
The numerical results can be further improved by employing some regularization,
say k = 1073, in (4.3), as shown in Figure 3.

6 Conclusions

In this paper, we have investigated an inverse heat conduction problem with
unknown nonlinear boundary conditions. We have used the BEM in conjunction
with the Tikhonov regularization procedure to construct and solve numerically the
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Figure 2: The analytical and numerical approximations of (a) the boundary tem-
perature 7'(1,t) and (b) the function f(T), when p € {0,1,3,5}% and
Kk =0.

< S

= = 40—
__ analytical 20— ___ analytical
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Figure 3: The analytical and numerical approximations of (a) the boundary tem-
perature T'(1,t) and (b) the function f(7T'), when p = 5%, x = 0 and
1073,

missing terms involving the boundary temperature, the heat flux, and a piecewise
constant approximation of the function relating the boundary temperature and heat
flux in one-dimensional transient heat conduction. The numerical results obtained
showed that a stable and accurate solution was obtained. Future work will concern
extensions to higher dimensions.
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FEM type method for reconstruction of
plane stress tensors from limited data on
principal directions

J. IrSa & A. N. Galybin
Wessex Institute of Technology, Southampton, UK

Abstract

This paper presents a method for reconstruction of maximum shear stress and
stress trajectories from discrete data on principal directions. The domain is
divided into smaller subdomains where stress potentials are assumed to be linear
holomorphic functions. The functions obey continuity along element interfaces,
which is used to form the first group of equations. The known data on principal
directions are used in the second group of equations. Therefore, no stress
magnitudes are involved in formulations, which eventually leads to a
homogeneous system of linear algebraic equations. In order to make the system
inhomogeneous an extra equation is added. It represents mean value of
maximum shear stress over the domain. The reconstructed maximum shear
stress, therefore, includes an arbitrary positive multiplicative parameter.

Keywords: photoelasticity, stress trajectories, holomorphic function.

1 Introduction

Numerical method presented in this paper aims to reconstruct maximum shear
stresses from discrete data on principal directions. Several examples from
photoelasticity [1, 2] are considered to verify effectiveness of the method.

In the past photoelasticity was widely used in mechanics of solids [1, 2]. It is
an optical method to determine stresses in plane models on the basis of
birefringence, the property, observed in certain transparent material. The optical
properties of such materials are modified with intensity of loading. The normal
incidence of light is resolved into two components, each one coinciding with a
principal plane of stress. Placing photoelastic sample between polarizers whose
axes are perpendicular, one can observe black fringes in the sample, these are
referred to as isoclinics. Orientations of the two principal stresses are obtained by
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rotating the polarizers from 0° to 90°, and drawing the isoclinics. The stress
trajectory presents a curve the tangents to which coincide with the principal
direction of one of the principal stresses, therefore the pattern of stress
trajectories is further drawn by using the obtained set of discrete stress
orientations.

The procedures for obtaining stress trajectories and determination of stresses
from the photoelastic data, so called process of stress separation, are detailed in
textbooks [1, 2]. They are based on relatively dense set of uniformly distributed
data, which allows one to determine the stress field with high accuracy and even
to consider this field as a continuous one.

In geophysics, the data on stress orientations in the earth’s crust can be
obtained by different experimental methods (see the WSM project for detail [3]).
However these data are significantly inhomogeneous and irregular. Moreover,
the data are mostly related to the tectonic plate margins and large regions of the
crust are not populated with the data at all. This structure of the data makes it
impossible to directly transfer the methods used in photoelasticity to the problem
of stress identification in the lithosphere. Therefore special approaches have
recently been developed in [4-6]. These approaches make use of mathematical
theory of plane elasticity [7], where the mean stress and deviatoric stress
functions are described by means of two holomorphic functions, complex
potentials. A method for reconstructing maximum shear stress field from discrete
data on stress trajectories, using approximation of holomorphic functions across
whole domain has firstly been applied in [4]. In this paper an example from
photoelasticity for a beam under three point bending test is presented to verify
the effectiveness of the proposed approach. It is further applied for geophysical
data to study stresses in the Australian continent [4, 5]. In these papers single
plane domains have been considered. The method has also been applied for a
pair of adjacent elastic regions to study elastic stress field of Antarctica plate,
where the most data are known on the continent boundaries [6]. Apart from data
on stress orientations, the continuity of the stress vector across the margins of the
plate has been used in this paper as an additional conditions imposed on the
sought solutions.

The present paper presents a method where the domain is divided into smaller
subdomains and approximation is performed within each subdomain with
implied continuity of approximating functions across the subdomain boundaries.
Similar method has recently been developed for harmonic problem of heat flux
reconstruction from temperature data [8].

The method is further verified with synthetic data, as well as with
experimental data extracted from photoelasticity experiments.

2 The method

2.1 Equation of plane elasticity

In 2D stress field, the plane symmetric stress tensor is given by its components
G11, O12, O2. The stress tensor can be described by means of the following stress
functions [7]:
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1 1 .
P(z,Z)=5(611+622), D(z,Z)=5(622—611)+1012 (D

Functions P and D represent the mean stress and the stress deviatoric
respectively. The mean stress function is a real-valued function and the
deviatoric stress is a complex valued function of complex conjugated variables
z=x+iy, z=x—iy. The functions P and D satisfy equations of equilibrium

that can be expressed in the following complex form:

oP oD
e @
0z Oz
The deviatoric stress function D can be written in the form:
D(2,Z) = Ty (2, 2)e' 57 3)

Here the modulus of function D presents the maximum in-plane shear
= |D| and « = arg(D) can be expressed as follows:

a=mr-2¢ 4
where ¢ is the principal direction.

StIess 7 ax

For homogenous isotropic elastic medium following equation is satisfied:
AP=0 5)
The stress functions P and D according to the Kolosov—Muskhelishvili
formulae [7] can be expressed in terms the form:

P(z,2)=D(z2)+D(z), D(z,2)=zD'(z)+Y¥Y(2) 6)
where the complex potentials ®(z) and ¥(z) are holomorphic functions.

2.2 Problem description

Let Q be a simply connected elastic domain. It is assumed that principal
directions ¢, are known as a discrete set of points z; (j=1...N), located within the
domain. The task is to reconstruct the stress field from principal directions, in
particular, the stress deviator, presented by the function D.

The data on principal directions have no restrictions on the type of
distribution. In examples considered in section 3 synthetic data are uniformly
distributed while photoelastic data are not uniform.

It has been shown in [4] that the reconstruction of stress trajectories is unique,
while the solution of 1., contains one multiplicative positive constant, and
therefore the solution for P contains an extra additive real parameter caused by
integration of (3). We further concentrate on the reconstruction of the stress
deviator only and therefore do not pay much attention to the additive free
parameter.

The domain is divided into » smaller subdomains of an arbitrary shape. In
every subdomain, the holomorphic functions entering in the second equation (6)

are approximated by linear holomorphic functions are specified as follows:
'™ (7)= g™ 4 M

@) “?) W E o oln %
‘I’(m)(z) = a2m + agm)z
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a, b, ¢ and d are unknown complex constants, therefore 8 unknown real constants
can be associated with every single subdomain. Principal directions are
associated with the stress deviators in subdomains, i.e. the arguments of the

functions D™ (z,7) = 20" (2)+ W™ (z), therefore the arguments of
complex potentials cannot be specified separately.

2.2.1 Discretization

The discretization of the domain and introduction of collocation points on its
interfaces are performed with respect to the examples considered in section 3.
Rectangular elements are used for the rectangular domain and polar elements are
used for circular ring domain (Figure 1).

Figure 1: Rectangular element type (left) and polar element type (right).

2.2.2 Equations of continuity, condition equations and non-homogenous
equation

In is assumed that stresses are continuous in €. Thus, the approximating

holomorphic functions, representing ®'(z) and W¥(z) obey continuity across

interfaces at collocation points. For the k-th collocation point, lying on the

interface between the eclements numbered m and m+I, the equations of

continuity for ®@'(z) and ¥(z) are as follows:

o0 ) -0 ) =0,
P () - Dz =0
As mentioned above these two equations do not include information about the

principal directions and therefore the following expression for the stress
deviators is used to impose data:

m=1...n; k=1...Ncp ®)

D" (z,2)=(ayz+a,2)Z+a, +a,z )

The maximum shear stress is a real valued function; therefore the following
equations are valid in every subdomain:

Im[(a(()m)fj + al(m)szj + agm) + agm)zj )e_iaj :| =0, j=1..N (10)

This equation is satisfied for every known location z .
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A non-homogenous equation has to be added to the system to address the fact
that the field of 1., has one multiplicative arbitrary parameter. It is further

assumed that the average value of 7, over the whole region as unity, which

leads to the following equation:
N,

elem .
Z (aém)fj + al(m)zjij +al"” + a§m)zj )e_laf ]: N oiom (11)

m=1

The total system consists of equations given by (8), (10) and (11).

By extracting the real and imaginary parts of equations (8), (10) and (11) the
real system of linear algebraic equations (SLAE) can be obtained and rewritten
in a matrix form:

Ax=b (12)

where AeR™" | beR™ and m>n. x is the vector of the unknown real
coefficients, of the length n. The vector x is composed of real and imaginary
parts of unknown complex coefficients. Vector b is known exactly, while, A4 the
matrix of the SLAE depends on data quality, type and size of element. The
matrix A is not a square matrix, the system is over-determined and therefore the
left-hand side Ax does not exactly equal to b and thus the system is inconsistent.
However an approximate solution, x*, can be found by the least squares method
[9] that minimises the residual to bring the error below the given level:

|Ax*-b|, <e (13)
where ||||2 stands for the L, norm.

If the system is well-posed and not large, then the inversion of the matrix
does not meet difficulties and the approximate solution takes the form:

x*=(ATA)'ATD (14)
The condition number (CN) is used in the numerical examples to control well-
posedness of the SLAE.

3 Results

The method was first tested for a simple synthetic example in order to verify the
accuracy. Other tests include data compiled from photoelastic experiments for
rectangular and polar domains.

3.1 Results for synthetic example

Let potentials @' and ¥ be known in Q. Given these, one can calculate the
stress deviator and obtain maximum shear stress and stress trajectories. Synthetic
data extracted from the given potentials are referred to as the ideal data.
The potentials are chosen as low degree polynomials:
D'(z)=02+(0.2+i0.4)z

15
W(z)=-0.14i0.5+(-0.4+i0.1)z+(-0.4+70.7)z> (1)
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Computational domain is the square —1<x <1 and—1< y <1. One singular

point is found inside of this area, which refers zero maximum shear stress.

Within this area 36 uniformly distributed data on principal directions and 64
rectangular elements with 2 collocation points in every interface have been used
(Figure 2). The system consisting of 933 equations and 512 unknowns produced
CN=422 and residual equal to 5.7.

~ ~ =
+ 0+ o+ o+ 4+ 1 +
Nt 2 b 4 — / t 2
+ 0+ o+ 4+ 4+ 1 3
+ 0+ o+ 4+ 4+ % L
4 b+ i
I SR\ AR IRANY AN
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4+ o+ o+ 4 1 3
SR AR R J* A j L
A+ A—HP
+ 0+ o+ 4+ 4+ 4 3
+ o+ o+ 4 A I
e +
" S / *+ a:/ 4 l
+ 43 1 b
i e e S +
¥ * ¥ E ¥ * 1
4tz 1w it

Figure 2: Computational domain showing subdomains, data on principal
directions and collocation points.

The results of reconstruction are compared with the characteristics of the ideal
stress field given by (15); Figure 3 presents contour map of the reconstructed and
ideal maximum shear stress stresses; Figure 4 shows the profiles of maximum
shear stresses over several cross sections. Ideal and reconstructed stress
trajectory fields are plotted in Figure 5, which illustrates to illustrate that the
singular point has been identified with high accuracy.

Ideal Max. shear stress Reconstructed Max. shear stress

VX/V//
Nl Nl

-1 05 0 05 1 -1 05 0 05 1

Figure 3: Ideal (left) and reconstructed (right) maximum shear stress
3.2 Results for gas turbine blade under thermal shock

A photoelastic experiment on stress determination in a gas turbine blade caused
by of thermal shock [2] is used to collect 300 data subjected to errors, Figure 6.
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section along x-axis, y=-1 section along y-axis, x=-1

» reconstructed

Figure 4: Profiles of reconstructed (dots) and ideal (triangles) maximum
shear stress.

stress trajectories - ideal stress trajectories - reconstructed
05
0
0.5
-1 " "
Figure 5: Stress trajectories, ideal (left) and reconstructed (right).
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Figure 6: Manually picked data and discretization.

Figure 7: Experimental result for isochromatics [2] (left) and reconstructed
isochromatics (right).

The errors are due to approximation used in [2] for plotting of stress trajectories
and to manual pick up. The data have been picked from stress trajectories image,
using MATLAB software.

Computational domain consists of 400 elements with two collocation points
on each interface, Figure 6. The SLAE consisted of 6381 equations and 3200
unknowns. The condition number of this system was 10* and the residual was
288.

Isochromatics obtained from photoelasticity and the reconstructed
isochromatics are shown in Figure 7 where A,B,C,D are singular (isotropic)
points. Experimental and reconstructed stress trajectories are shown in Figure 8.
It is remarkable that in this example three singular points (A, C, D) are inside the
domain and one B is on its boundary. All of them have been recovered from
principal directions data.
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Figure 8: Stress trajectories from experiment [2] (left) and reconstructed
stress trajectories (right).

3.3 Results for Bakelite ring under concentrated diametral loads

The data from a photoelastic experiment for a ring subjected to the action of two
concentrated forces have been used. In this example almost all boundary is free
of stresses except of two small loading areas. The stress trajectories image was
used to obtain 300 data on principal direction, Figure 9. The stress pattern for
compressed circular ring is shown in Figure 10 (left).

Computational domain has been discretized into 320 polar elements, with
following distribution: 8 elements placed along radius and 40 elements placed
along the circumference with 2 collocation points on each interface. The
discretization is shown in Figure 9 (right). The system consisted of 5007
equations and 2560 unknowns. Condition number is 2465 and residual is 176.

Figure 9: Stress trajectories and isoclinics from [1] (left) and discretization
(right).

Reconstructed maximum shear stress is shown in Figure 10 (right).
Comparison between photoelasticity isoclinics and reconstructed ones is shown
in Figure 11.
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Figure 10:  Fringe pattern from [1] (left) and reconstructed fringe pattern
(right).

Figure 11:  Comparison of isoclinics, photoelasticity (left) and reconstruction
(right).

4 Conclusions

An approach capable to reconstruct maximum shear stress field from discrete
data of principal directions have been proposed. Although the approach is
somewhat similar to FEM it does not require consideration of plane elastic
boundary value problems and uses approximation of holomorphic functions in
subdomains.

The effectiveness of the proposed approach has been confirmed by
satisfactory results of reconstruction as synthetic as well as real photoelastic data
including identification of internal and boundary singular points.
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Meshless implementations of local
integral equations

V. Sladek', J. Sladek' & Ch. Zhang®

Institute of Construction and Architecture,
Slovak Academy of Sciences, Slovakia
’Department of Civil Engineering, University of Siegen, Germany

Abstract

The paper deals with the development of the meshless computational techniques
based on the Local Integral Equations and analytical integrations. The
development is illustrated on 2-d potential problems in functionally graded
media. The MLS-approximation is used for simulation of spatial variations of the
potential field. Efficient differentiation is proposed for calculation of derivatives
of shape functions. The accuracy and efficiency are studied on simple example
providing the exact solution for the benchmark solution.

Keywords: MLS-approximation, local integral equations, differentiation of shape
functions, accuracy, efficiency.

1 Introduction

The advantages of mesh-free formulations in comparison with the mesh-based
ones have been appreciated extensively in solution of problems for separable
media. In two last decades, many mesh-free formulations are becoming popular
also in numerical analyses for solids because of their high adaptivity and a low
cost preparation of input data. A variety of meshless approximations have been
implemented in discretizations of various formulations for numerical solution of
boundary value problems. The application of the weak formulation on local sub-
domains enables development of truly mesh-free formulations in contrast to the
weak formulations considered in the global sense, where the background mesh is
still required. Nevertheless, there is a criticism as regards the time requirements
for evaluation of the shape functions in various meshless approximations. This is
so owing to rather complicated form of the shape functions, hence certain
algorithm is to be repeated for evaluation of them at each integration point.
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In this paper, we shall consider Moving Least Squares (MLS) approximations
[1] in potential problems. Then, the physical field values are expressed in terms
of certain nodal unknowns which are different from the nodal values of the
approximated field, in general. The nodes playing the role in approximation of
the potential field at certain point x are selected by weight functions associated
to nodes. For each integration point x, it is necessary to find if the weight
function is different from zero at x. Certain time savings can be achieved by
using MLS-CAN formulation [2], where the Central Approximation Node is
taken as the nearest node to the point x and the nodes influencing the
approximation at the CAN are employed as the nodes contributing to the
approximation at the point x too. Recall that the nodes associated with each
CAN are specified in advance and saved in memory.

In this paper, we develop a weak formulation for solution of potential
problems based on the local integral equations and several kinds of
approximations for derivatives of the potential field represented by the MLS-
approximation. Performing the integrations analytically, the amount of
evaluations of the shape functions is drastically reduced, since these are
constrained to nodal points alone. Thus, the computational effort resembles that
in the finite difference method. The relationship with the strong formulation
based on the collocation of the partial differential equation at nodal points is
discussed too. Consideration of the material non-homogeneity does not give rice
to any complication as compared with the homogeneous case. The accuracy and
computational efficiency is studied in numerical experiments.

2 Local integral equation formulation for solution of b.v.p.

The potential problem (e.g. stationary heat conduction) in anisotropic and
continuously non-homogeneous media is governed by the following partial
differential equation with variable coefficients [3]

(A @ 0] =-0x), in @ M

,i
where u(x)is the unknown potential field, Q(x) is the known body source

density, and 4, (x) describe the spatial variation of the material coefficients

related to the flux vector g;(x) as

q; (x) = = Ay (X . (x) 2

Physically, Eq. (2) is known as the Fourier law for heat conduction or also as the
first Fick’s law in diffusion problems.
The prescribed boundary conditions (b.c.) can be classified as

(i) Dirichletb.c.: u(x)=u(x) at xeoQp

(i) Neumannb.c.: n;(x)g;(x) =g (x) at xe€0Qy
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(iii) Robinb.c.. au(x)+ fn;(x)q;(x)=0 at x€dQp ,(a,feR)

where 0Q =0Qp LOQy UOQ,, n;(x)is the unit outward normal vector to the

boundary, and an over bar denotes the prescribed quantities.
Recall that Eq. (1) is the differential form (strong form) of the of the energy
balance and can be deduced from its integral form

[ m(x)g;(x)dT(x)= | O(x)dQ(x), 3)
Q¢ o)
holding for all arbitrary but small material domains Q° c Q. In view of Eq. (2),
we can rewrite Eq. (3) as

[ () Ay (Ou (0dT(x) =~ [ 0(x)dQ(x), 4)
o0¢ of

which is the local weak form of the governing equations. Note that Eq. (4) is a
physically admissible constraint that can be used as a coupling equation in the
computation of unknown degrees of freedom of the discretized problem. Recall
that the local integral equations (4) are non-singular, since there are no singular
fundamental solutions involved in contrast to the singular integral equations
employed in the boundary integral equation method. Moreover, the integration of
unknown (approximated) field variables is constraint to the boundary of local
sub-domains even in the case of non-homogeneous media. This can be
effectively utilized by decreasing the amount of integration points as compared
with the formulations involving domain integrals. As regards the computational
time, it is independent on the fact if the medium is homogeneous or non-
homogeneous.

3 Moving Least Squares approximation (MLS)

3.1 Standard MLS approximation

The primary field variable (potential field) is assumed to be approximated at a
vicinity of the point x as

u(x)~ ) p,(X)c,(x), (5)
u=1
where {p,(x),..., p,,(X)}is a complete monomial basis and ¢ 4 (x) are expansion

coefficients which can be obtained by minimizing a weighted functional

Nl
I = 2w ®)] p, e, 0 - || p,xVe, -] ©
a=1
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Hence, one can get the expansion coefficients and the approximation (5)
becomes

NZ m
ux =y ¢ (0P, F®= Y p,0A, @B (x), (]
a=l1 a,y=1

where

Nl
Ay ()= 2w 0p, )Py (x),  BLX)=w'(Xp, ).  (®)
a=l1
The weight function for each node x“is chosen as a function with a compact

support given by the radius »“ . In this paper, we shall consider Gaussian weight
functions:

a, a2 Ca, a2 a a2
|:e_(d ey _ ot /C)J/[l—e(r /L):|, for 0<d” <r”
a
w(X) =

0 , for d° >r"

N, is the total number of nodes, but the actual number of nodes contributing to

the approximation (7) is less than N,, since ¢°(x)=0, if w’(x)=0.
Nevertheless, all the N, nodes are involved into the evaluation algorithm for the
shape functions. Recall that the shape functions do not satisfy the Kronecker

delta property ¢a(xb) # 0, , in general, and the expansion coefficients 0 are

fictitious nodal values. These nodal unknowns are discrete degrees of freedom
in the discretized formulation.

3.2 MLS-CAN concept

Besides the standard MLS-approximation, we shall consider also the Central

Approximation Node (CAN) concept. Let x? be the CAN for the approximation
at a point x . Then, the amount of nodes involved into the approximation atx is

reduced a-priori from N, to N 9 where N? is the number of nodes supporting

the approximation at the CAN x?, ie. the amount of nodes in the set
N

M1 I{an; w?(x?) >0} " . Then, instead of the approximation given by

a=1

Eq. (7), we shall use

N‘{
u(x)= Y @@ (xy ©)

a=1
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where n(g,a)is the global number of the « -th local node from A7 7. In this

paper, we shall specify the CAN x?as the nearest node to the approximation
point x.

3.3 Approximation of potential field derivatives

The gradients of the potential field can be approximated as gradients of the
approximated potential by

N, NY
u,(x)~ ¢ (i, uj(x)= Y @D (x) (10)
a=1 a=1

Note that calculation of gradients of the shape functions is rather complex
procedure according to the formula

$50)= D p, (VA (OB (x)+

a,y=1
+2 P, (0| A, (0B Z Ay (DA, (DA, (0B (x) | (11)
a,y=1 B.u=1

The higher order derivatives can be obtained in a similar way

N‘]
.40 = 2 a" GG ) (12)
a=l1
with increasing complexity of the evaluation. For instance, the second order
derivatives are required in meshless implementation of the strong formulation
given by the governing PDE (1). According to experience we know that the
accuracy of higher order derivatives fails.

Beside the standard differentiation (referred as sdif), we can express the
higher order derivatives of the potential field in terms of the first order
derivatives of the shape functions ch “ =¢f,f’a)(xc)and the nodal values
ﬁn(c,a)

using the recurrent formula

U () = Z ul D (MO (x) (13)

where the superscript () shows the order of the derivative. Thus,

NC Nv
uy (=Y F Y B (14)
a=1 b=l
v=n(c,a)
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C NV NW’
ACOEDN/AD YN JHD VIR A NS

a=l1 b=1 d=1

v=n(c,a) w=n(v,b)

Note that Egs. (14) and (15) can be rewritten as

MU(X )_ ZFCG Am(c a) (16)
b K k
6= S Z AN WA a7
a=1 a=1
v= n(c a)

where the global numbers m(c,a)as well as M“and F;“ can be obtained from
comparison of Egs. (16) and (14). Similarly from (17) and (15), one can find
k(c,a), K®and Fy'. These approaches will be referred as modified
differentiation (mdif).

4 Discretization of governing equations and boundary
conditions

4.1 Strong formulation

Collocating the prescribed boundary conditions at boundary nodes and the
governing equations

A N () + 2y (X (X)) ==0(x) (18)

at interior nodal points x° with substituting the approximations for the potential
field and their gradients discussed in Sect. 3, we obtain the system of algebraic
equations for the nodal unknowns. The numerical results achieved by this
approach will be referred as CPDE (Collocation of PDE).

4.2 Weak formulation

Strictly speaking we present a mixed formulation, since the boundary conditions
are considered in strong form. Surrounding each interior node x“with a sub-

domain QF and substituting an approximation for gradients of potential field at
each integration point, one can complete the system of algebraic equations for

computation of nodal unknowns #“ by equations
N,
i [ om0 ik (X5 ()AL (x) =~ [ O(X)dQA(x) . 19)
“ s of
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In Eq. (19), we have used the standard MLS approximation, but the MLS-
CAN approximation is applicable too. In general, the integrations are to be
performed numerically with evaluating the gradients of the shape functions at
each integration point.

In order to reduce the amount of points at which the shape function gradients
are to be evaluated, we try to accomplish the integration in a closed form. For
this purpose, we shall assume the circular sub-domains centred at nodes x°.
Furthermore, the radius of the circler, is taken sufficiently small, in order to
justify the Taylor series expansion of the material coefficients as well as
gradients of the shape functions within the sub-domain. If the material
coefficients are prescribed by analytical functions, there is no basic problem to
calculate their derivatives at nodal points. Expecting failure of accuracy of higher
order derivatives of the shape functions, the size of the radius of sub-domains
should guarantee fast convergence of the Taylor series expansion. For the sake of

simplicity, we shall consider isotropic medium /1ij = é' ‘A . Assuming the Taylor

series expansions up to 6™ and 4™ orders for A(x)and ¢;(x), respectively, and

neglecting the terms O(l’o8 ) , one obtains

2 4
1 r r 1 .
5 | 000U 0T = A 4 A0 = K |1, () ¢
ry 00f
2 4
r 1 c é‘ip 4
+ /15 +?(2/1 +/1 5 ) 24[2/1,[‘,;/]*?’1,&?])‘ +

l"06 1 . é‘lp c ¢ 2 ¢ }’04 3 1 c
+ 256 gﬂ',ipjjss +§l,s5y‘jll u,ip (X ) ?31151% +— 4 411]]5% EA,I'PS +

6 2 4
r() 1 c 1 c c r() C o r()
+E(Zﬂji/jllé‘ps +§j“,ispjjj u’ips (X )+ ?ﬂ bipékf +— ” /‘szé‘kf +— ﬂ, 5 5
6
—To (7% 5. 4+242°, +94° 0 =
6x24x192 7 ipji Ok T Jipkf /ﬂl i | | Yipkt (x7)=

1
=-— [ 0(®)dQ(x) (20)
7zr0 Qc

In the derivation of this equation, we have utilized the following integrals

—_[nndl" jnndw 76y
0 50" 0
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2z

T
g nn deo = 2(5"/5’”1’ 40,0, 46,8, )= Yy
0

2r
T
[ n ”j” ” nn, dw __4( i mpts m1Y1pts +5iijmts +5ithmps + a}stmpt)E
= Yijmpts
2 e
[ n ”j” npntnsnrl’llda) 192(511 mpisrl +51m Jjptsrl + é;pY]mtsrl + 51tY1mpsrl +
+5 ijptrl +5 ijptsl +5ll jmptsr)

and the integrals of the product of odd number of normal vectors are vanishing.
Note that in the discretized form, the weak formulation given by Eq. (20)

converges to the strong formulation (18) in the limit 7, — 0. Moreover, the

strong formulation corresponds to the lowest expansion terms in the weak
formulation when the material coefficients and the shape functions gradients are
expanded into Taylor series. Hence, one can expect better accuracy by the weak
formulation than by the CPDE approach especially for problems in considerably
graded materials.

5 Numerical experiments

Let us consider the square domain L x L with prescribed temperatures on the
bottom and top of domain as u,and u; , respectively, and thermally insulated
lateral sides. The material medium is assumed to be isotropic with exponentially
graded heat conduction coefficient as A(x) =4, exp(ndx, /L) with n=2 and
0 =1. The benchmark solution is given by the exact solution of this 1-d problem

u(xy) =u, +—an5 Liol (e_nbx2 . l) .

Before investigating the accuracy and efficiency of various meshless
implementations of LIE and/or PDE, we discuss shortly the accuracy of
approximations for derivatives of the potential field.

It can be seen from Fig. 1 that the approximation of the first order derivative
is acceptable within the whole domain, while the accuracy for the second
derivatives fails near the boundary. This can be explained by non-symmetric
distribution of nodes w.r.t. the evaluation point in boundary layers. The sdif
approach fails completely even in the case of the third derivative, while the mdif
approach works well at points far from the boundary.

Fig. 2(a) shows the accuracy of numerical results achieved by analytical
integrations and using the sdif approach for approximation of shape function
derivatives with the highest order either two (sfdo=2) or three (sfdo=3). The
h parameter is the distance of two nearest nodes in uniform meshes, and the
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Figure 1: Comparison of approximated derivatives of potential with exact
values.

radius of circular sub-domains was taken either independent on % (rsd=0.01) or
variable (7sd=0.01#h). One can see the negative influence of the third order
derivative on accuracy. In the case of variable rsd, this influence is depressed
because of minimization of the third order contribution with decreasing rsd as &
is decreasing.
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In the case of LIE combined with the analytical integration, we have used
various programming techniques for calculation of derivatives of shape functions
within mdif approach. Although there was no influence on the accuracy, there
was on the efficiency visible through the CPU times. When rsd=0.01%/ , the
accuracy is independent on the choice of the highest order of the shape function
derivatives owing to vanishing contribution of higher order terms with
decreasing the radius of sub-domain. On the other hand, the influence of the sfdo
is visible when rsd=0.01. The best accuracy as well as the convergence rate is
achieved for sfdo =3 . The less accurate results correspond to sfdo = 4 because

of worse approximations of the 4™ order derivatives of shape functions.

[ 10 T
(a) Analyt. integr. + standard differentiation rsd=0.01 (bl

+— sdif, sfdo=2
100 | —®— mdit. stdo=2

—a— mdif. sfdo=3
—— mdif. sfdo=4

5 3
= £ 401 4| rsd=0.01"h
i ‘é @- gdif, sfdo=2
5 107 o 5 G- mdif, sfdo=2.3.4
E E 4 - -
g ? 1sd=0.01 g 109+
5 19°4 s | —=— sfdo=2 5
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hiL
Figure 2: Convergence study for various techniques: (a) analyt. integration

with sdif; (b) analyt. integration with either sdif or mdif, (c)
CPDE, LIE+numer. integration, LIE+analyt. integr.

Finally, from Fig. 2(c), one can see that the LIE approach combined with
numerical integration yield the worst accuracy as well as the convergence rate in
comparison with the CPDE and the LIE+analytical integration approaches. As
regards the LIE+analytical integration approaches, the best accuracy is achieved
by the sdif + (sfdo =2)technique and comparable results are obtained by the

mdif + (sfdo =3) technique.
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The efficiency of various meshless computational techniques will be assessed
by studying the CPU-times needed for creation of the system matrix (¢,, ) and for
complete solution (7, ), where ¢, =1, +¢,and ¢ is time needed for solution of

the system of algebraic equations. Fig. 3(a) is a confirmation of the expectation
that the LIE approach with numerical integration is less effective than CPDE in
creation of the system matrix. It can be seen that for nodal point distributions

with low density 7, is a substantial part of ¢, while for high densities 7, is a

negligible part of ¢ r for CPDE in contrast to the LIE+num. integr. approach.
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Figure 3: Variations of the time ratio 7, /¢ f with 4 parameter for various

meshless computational techniques.

Fig. 3(b) shows the dependence of the time ratio ¢, /¢ ron h parameter for

LIE+analyt. integr. combined with four programming variants for modified
calculation of shape function derivatives. Recall that all the wvariants
mdif (o) with the same sfdo yield the same accuracy. The cases with

sfdo = 2 are not presented because of lower accuracy. It can be seen that the
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most effective variants are mdif (1) + (sfdo = 3) and mdif (4) + (sfdo = 3) . In Fig.
3(c), we compare the efficiency of various approaches based on LIE+analytical
integration. We presented also the results for sdif + (sfdo=3)and

mdif (4) + (sfdo = 2) despite bad accuracy by these approaches. The approaches
sdif +(sfdo=2)and mdif (4) + (sfdo = 3) exhibit almost the same efficiency as

well as the accuracy. Fig. 3(d) shows a comparison of efficiencies achieved by
various meshless computational techniques.
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Figure 4: Dependence of ¢, on the & parameter.

Finally, Fig. 4 shows the dependence of time needed for creation of the
system matrix by various meshless computational techniques.

6 Conclusions

There was developed a meshless technique based on the LIE and analytical
integration with effective computation of derivatives of shape functions. The
efficiency in creation of the system matrix of discretized equations is comparable
with the strong formulation based on the collocation of PDE at nodal points but
the accuracy as well as the convergence rate is better in the proposed technique.
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Abstract

Existing Computational Fluid Dynamic solutions suffer from several major limi-
tations that prevent widespread use within the scope of many complex aerospace
flow situations. These limitations include requiring significant model setup time,
requiring skilled labor to generate the underlying computational grid, and requiring
extensive computational resources to construct large-scale models using conven-
tional techniques. In response to these issues, this work has developed a solution
utilizing a novel Meshless method that eliminates the need for structured meshes,
and thus, the need for complicated meshing procedures that demand both time
and labor to complete. The presented Meshless method, which is based upon
two collocation techniques, Local Radial Basis Function (LRBF) collocation
and Virtual Radial Basis Function (VRBF) collocation, has shown promising
results within the areas of heat transfer and elasticity, as well as incompressible
and compressible fluid flow. Incorporation of an automated refinement process
based on boundary and interior values provides the method with a high level of
robustness with respect to initial point distribution. Additionally, the inclusion of
shadow nodes in near-boundary regions allows the method to accurately capture
the high gradients present in typical high-speed boundary layers. Several examples
are presented within the area of high-speed flow in an attempt to highlight the ease
of use, as well as the accuracy of the described techniques.

Keywords: meshless methods, radial basis functions, generalized finite differenc-
ing, CFD, Navier-Stokes.
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1 Introduction

As compared to traditional, mesh-based solution techniques, the so-called Mesh-
less, or mesh-reduction methods promise to eliminate the tedious mesh-generation
process by improving the robustness of the algorithm with respect to the underly-
ing point distribution. This mesh-generation process is currently a major require-
ment of time and effort when attempting to solve problems involving complex
geometries where automatic Finite Element or Finite Volume meshes provide
unacceptable solution quality.

Through presentation of both the underlying theory and basic algorithm struc-
ture, we attempt to illustrate the advantages of the presented Meshless method over
more conventional techniques. Throughout the development of these techniques,
focus was placed on accuracy as well as automation, allowing for a highly user
friendly CFD solution. Several test cases with comparisons to experimental data,
as well as to existing commercially available CFD technology are presented as
evidence supporting the adoption of this method as a viable alternative to more
conventional CFD approaches.

2 Maeshless collocation techniques

Conventional numerical methods commonly used in most engineering applications
(Finite Element, Finite Volume, and to some degree, Boundary Element methods)
all introduce the idea of a defined connectivity between nodes or volumes. This
connectivity is what allows the various techniques to determine the influence of
any node to its neighbors. While it is true that for simple models, development
of this connectivity can be largely automated, as the complexity and size of the
problem increases, it becomes exceedingly difficult to automate this procedure.
With Meshless methods, on the other hand, the underlying goal is to eliminate this
need for a defined connectivity mesh. Instead, the influence of one node on its
neighbors is defined by an interpolation technique that can be used regardless of
model geometry or nodal spacing.

Although many interpolation techniques exist that may be used to arrive at a
Meshless formulation, this paper will present the two specific techniques that have
shown promising results within the area of high-speed flow.

2.1 Localized radial basis function collocation

Localized Radial Basis Function collocation begins with the principle that any
arbitrary domain, €2, can be interpolated over by collocating about a number of
points using some basis function, . This method (and in fact, both Meshless
collocation techniques implemented in this paper) divides the overall region into
smaller sub-domains, called topologies, which allow for a more efficient and
accurate solution method when compared to global interpolation techniques. As
a simple example, the process of breaking down a two-dimensional region into
representative topologies is demonstrated in Figure 1(a).
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(a) Representative 2D Domain (b) Representative 2D Topology

Figure 1: Localized topology representation.

The region shown is a two-dimensional representation, however, in general, the
nodes can describe an n-dimensional field (where n is generally 2 or 3). The
represented field, ¢, can be shown to be globally interpolated [1] by multiplying
the basis functions by a set of expansion coefficients as

N NP
¢ (z) = Z ajx; (z) + Zoé(k+N)Pk (z) (1)
j=1 k=1

where N is the total number of points in the domain, «; are the expansion coef-
ficients for ¢, and x; (x) are a-priori defined expansion functions. Additionally, a
similar expansion is performed over N P polynomial functions (or any additional
expansion function), Py (x), which must be added to the overall expansion to
guarantee that constant and linear fields can be retrieved exactly [2]. However, this
formulation assumes a global collocation, which, as already stated, is not ideal.
Thus, the concept of local topologies can be used to reformulate Eq. (1) such that
instead of summing over the entire domain, the basis function is now applied to
the local topologies, €2;. Therefore, the locally interpolated field may be expressed
as

NF NP
¢ (@) = ajx; (@) + Y ernr)Pi () 2
j=1 k=1

where instead of summing over the entire region, Eq. (2) is instead summed over
the number of points in a given topology, expressed as N F'. For example, looking
at the two-dimensional representative topology shown in Figure 1(b), IV F' is equal
to 5, as there are 5 nodes included in the topology for the data center (Node 1).

A critical component to this type of Meshless collocation technique is deter-
mining a suitable basis function, Y, that will accurately interpolate between data
points. Much research has gone into analyzing the behavior of the most common
basis functions for this type of technique [2, 3], and the most accurate and stable
was determined to be the family of so-called Inverse Hardy Multiquadrics [4] (an
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Inverse Multiquadric function where n = 1) which follows the form

(i) = ———— 3)

ry () = e
where x is the position vector at a given location i, r; is the Euclidean distance
from point ¢ to point j, and c is a free constant commonly referred to as the
basis shape parameter. Optimizing this shape parameter is critical to obtaining
accurate results and fortunately our research group has developed a very novel
method of arriving at an optimal value on a topology by topology basis by means of
Singular Value Decomposition [2,5]. Thus, this expansion function ¢ (x) is used to
locally interpolate the field about a surrounding node, providing the “connectivity”
(more appropriately referred to as influence) required to evaluate the necessary
derivatives of the field.

Having defined the interpolation method used in this collocation technique, the
next step is to construct the weights associated with the derivative operators. To
accomplish this, Eq. (2) may be applied to all nodes within a topology, which
results in a field interpolation within each local topology region; however, it may
also be differentiated, thus providing a means of evaluating derivative values. Thus,
to represent a particular derivative of the field ¢,

NF NP
(9925 (l’) = Z Oéja)(j (l‘) + Z a(k—i—NF)aPk (.CE) “4)
j=1 k=1

where 0 may represent any differential operator. For example, the Laplacian
operator would be evaluated as

NF NP
V2o (z) = Z ajV2Xj (z) + Z a(HNF)VQPk (x) 5)
j=1 k=1

Although the Localized RBF collocation process provides adequate numerical
results in most cases, it suffers from several key issues which prevent it from being
used in all cases:

1. Since the basis functions were chosen to be radially symmetric, optimal
results are only obtained for radially symmetric derivative operators. One-
sided operators (such as upwinded derivatives) are not represented well by
the radial nature of the interpolator.

2. In areas consisting of locally structured nodes, it can be shown that the
weights obtained through this process are identical to those obtained through
traditional finite differencing; we would like to take advantage of this case
without having to compute unnecessary quantities.

3. Areas of very high gradients (shocks, boundary layers, etc.) may cause
oscillations in the RBF interpolator, resulting in poor numerical stability.

In response to these issues, a second collocation technique is utilized and is
applied at areas with local structure, and for those derivative operators that are
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Figure 2: Structured and unstructured meshless topologies.

not symmetric. Additionally, if an RBF interpolation value is deemed oscillatory
in nature (by looking at the local field values), it is (temporarily) replaced with the
second type of collocation technique to assist in numerical stability.

2.2 Virtual radial basis function collocation

Conventional Finite Difference collocation techniques involve truncating the Tay-
lor series expansion to approximate a given derivative at a specific location within
a field. The Finite Difference formulations can therefore be directly applied to
any regular point distribution when the surrounding nodes are properly located
within the bounds of the approximation. However, this technique has a limitation
in that it requires a regular, defined distribution of nodes, something that is not
possible for an unstructured, Meshless domain. By utilizing some of the concepts
of Localized Radial Basis collocation, the standard Finite Difference formulation
may be extended to non-regular nodal distributions and be made into a Meshless
technique.

Virtual Radial Basis Function (VRBF) collocation departs from the standard
Finite Difference formulations for the required derivatives, including all necessary
upwinding states. In the case of locally structured regions, such as depicted in
Figure 2(a), the Finite Difference formulations may be directly applied. Although
this is a Meshless technique, we still attempt to create as much structured region as
possible (by utilizing an octree point distribution method) to provide the maximum
accuracy and performance of the algorithm; as such, a large portion of the domain
is usually structured. For those regions that are not completely structured, such
as depicted in Figure 2(b), additional, virtual nodes are placed in the necessary
locations (in this case, in the negative x direction, indicated by the yellow ®) in
order to facilitate use of the Finite Difference equations. However, since this is
a virtual node that does not actually exist (and thus, no governing equations are
solved), we require a means of evaluating the field at the virtual node location. To
accomplish this, a topology is constructed around about this node (purple dotted
region), and LRBF is used to interpolate to the virtual location. Thus, despite
there being no node at a necessary Finite Difference point, we may still apply
these equations due to the interpolation capabilities of the Localized Radial Basis
Function collocation method.
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Figure 3: Illustration of shadow nodes.

3 Model construction and refinement

One of the critical advantages of Meshless methods is allowing for the capability of
completely automated point and topology generation in arbitrarily complex three
dimensional models. Therefore, we have spent considerable efforts toward the
development of techniques for automated nodal distributions as well as solution-
based adaptive refinement of these discretizations.

Our models are first constructed from a triangulated surface which defines the
boundary of the problem. Triangulated, or tessellated, volumes were chosen for
several reasons. First, because the tessellated volume is a very common entity in
computer geometry and graphics, extensive literature exists describing how best
to control refinement on the surface. Second, because the triangulated surfaces are
relatively simple compared to other analytical surfaces, calculations required for
surface integrations, volume calculations (volume, centroid, containment tests),
and other necessary components, are relatively straightforward to implement and
fast in calculation. Third, even though solutions may be obtained using Meshless
methods without a defined boundary connectivity, in order to post process terms
such as surface forces, stresses, moments, and other area based values, each
boundary node must have a defined area and normal direction. By using a
triangulated surface representation, the boundary nodes inherit their parent facet’s
area and normal properties, facilitating easy translation from the Meshless solution
domain into the geometric domain of the problem.

Once the boundary has been discretized to a sufficient level, the next step in
the point distribution process is to create the so-called “shadow” nodes, which
serve to function as a boundary layer distribution in the problem solution. The
process of adding shadow nodes is shown for a simple two dimensional boundary
in Figure 3(a).

Itis important to realize that this process of adding shadow nodes can potentially
introduce problems in highly convex or concave boundary situations (an issue
which is compounded in three dimensions). For the case of convex boundaries (like
that shown in Figure 3(a)) any gaps may still be filled with interior nodes once the
octree distribution is applied. The rules governing interior node placement do not
preclude nodes from entering gaps in the boundary layer. For the case of highly
concave boundaries (like that shown in Figure 3(b)) a technique of collapsing
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Figure 4: Sample boundary interior refinement.

shadow nodes which are very close to one another is necessary in order to eliminate
instability in the underlying Meshless interpolations.

The collapsing process entails producing an interpolation sphere about all of
the shadow nodes affected, and “lumping” their combined values into a single
common location. This lumping process is achieved by the Radial Basis Function
interpolation that is used throughout the Meshless process. Although each node
will still act as a single entity and the solution is still solved at each node
independently, to all the other nodes (ones that are not part of the sphere) the
cluster appears as a single node.

The final development in the point distribution process is to construct the
recursive octree structure used throughout the bulk of the domain interior. An
octree structure is used for several reasons, the most important being its ability
to refine itself in a very straightforward and automated fashion. It is important to
realize that the refinement of the interior, shadow, and boundary nodes is inherently
a disconnected process, so compatibility conditions must be included in order
properly marry the refinements. We have implemented a process where, as one
local region is refined, all other regions which exist in this nearby area will be
refined as well. Take, for example, the situation shown in Figure 4. In Figure 4(a),
we see an initial discretization for part of a two dimensional boundary. After some
number of iterations, it is determined that the current discretization at the boundary
layer (yellow shadow nodes) is not sufficient to accurately capture the high
gradients that were detected. Rather than simply refine only the boundary nodes
(green nodes) and their associated shadow nodes, the interior octree distribution
(blue nodes) knows to refine to an appropriate level to match the nearby boundary
discretization, as shown in Figure 4(b).

It is important to note that this refinement can begin anywhere within the region
(boundary, shadow or interior nodes) and will propagate to all nearby regions. So,
for example, a wake zone occurring completely within the interior may still be
refined, even though it is not close to any boundary zones.
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4 Governing equations

The current Meshless formulation begins with the three-dimensional Navier-
Stokes equations in conservative variable form, given in vector form as

0Q OF OF 0G 0B, O0F, 0G,

- t—+t =+ = + + 6
ot  Odx Oy 0z Or Jr or ©)
where
P pu pv pw
pu pu? +p puv pwu
Q=] pv E= puv F= pv2 +p G= pWV
pW pUW pvWw pw?2 + p
pet (per +p)u (pet +p)v (per +p)w
0 0 0
Trx Tyx Tz
E, = Try Fo = Tyy Gy, = Tzy
Toz Ty» Tz
E, Fu G,
and E; = UTzg + UTpy + WTaz — Qa, F{) = UTyg + VTyy + WTy, — qy, and

G, = UTzp +VTsy +WT,, — ¢». Note that Eq. (6) represents the full Navier-Stokes
equations, where E, F', and G represent the convective terms of the governing
equations and E,,, F,,, and G,, represent the viscous terms. Additionally, the shear
stress component 7;; may be expressed in vector form as

. ou; 8Uj 2 Ouy
Tij = W (817]- + 3—xz) — 6”5”(9—@@ @)

where 0;; is the Kronecker Delta. Also, in order to arrive at a complete set of
equations the ideal gas equation of state p = pRT must be imposed.

In order to solve this set of equations our solution approach utilizes a fully
explicit time-marching scheme to reach steady-state solutions. It is worth noting
that this approach is completely applicable to unsteady flows as long as a suitable
initial condition is provided. However, since our current efforts are focused on
reaching steady-state solutions in an efficient manner, a local time-stepping proce-
dure has been implemented to expedite convergence. Local time stepping is well
described in many resources (such as Hoffman [6]) and is based on maintaining
the local CFL number below the stability threshold. The standard explicit time
marching scheme allows all unknown field derivatives to be evaluated at the
previous time step, thereby creating a very simple update or advancement equation.
The required field derivatives however, must be captured in an accurate fashion in
order to produce a reliable CFD approach. It is well known that standard central
type differencing produces accurate and stable results for the diffusion/stress terms
as these terms generally promote changes nearly uniformly in all directions. The
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Figure 5: Smooth expanding nozzle geometry (all units in meters).

convective terms however, carry much of the flow information with them so that
symmetry in the derivatives is typically never seen. It is this lack of symmetry
that produces the need to upwind the convective derivatives in order to ensure
the proper direction of travel of the flow field information. The importance of the
upwinding procedure is widely known and our Meshless method approach has
been found to have similar behavior to that of Finite Differencing in terms of the
effects of improper upwinding. For this reason we have implemented a form of the
Advection Upstream Splitting Method (AUSM) proposed by Liou and Steffen [7],
which seeks to combine the accuracy of the Roe splitting method with the speed
of more simplified splitting methods such as the Van Leer Splitting scheme.

5 Results

To illustrate the concepts and developments presented in this paper, two test cases
will be presented. These test cases were designed to either highlight a particular
developmental effort, or to illustrate the overall effectiveness and applicability of
our Meshless CFD techniques.

5.1 Supersonic smooth expanding nozzle

The first quantitative test case will deal with analyzing viscous flow through a
simple smooth expanding nozzle. A two-dimensional depiction of the problem
geometry is given in Figure 5, with an understanding that this problem was
constant in the z direction, having a domain thickness of 0.05m.

To generate a supersonic flow field, an inlet Mach number of M = 2 and
a stagnation pressure and temperature of F;; = 100000Pa and 7Ty = 300K,
respectively, were imposed. Additionally, all non-inlet and outlet walls were
assumed to be friction free (slip walls).

This case, due to the steepness of the transition within the nozzle, exhibits a
series of interacting compression waves within the nozzle. Although this indicates
a poor nozzle design, it serves as an interesting test problem due to the multiple
shock interactions which take place within the computational domain. For this
particular problem, the Meshless solution began with an initial discretization of
approximately 45,000 nodes and was allowed 3 levels of refinement at intervals
of 4000 iterations, resulting in a final grid consisting of approximately 160,000
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(a) Surface Distribution (b) Octree Distribution

Figure 6: Point distributions for supersonic smooth expanding nozzle.
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Figure 7: Midline pressure comparison.

nodes. Additionally, the results from this case were compared against a two
dimensional solution generated by the commercial CFD package FLUENT, whose
computational grid consisted of approximately 70,000 cells (which, in equivalent
3D, would correspond to more than 500,000 cells).

To illustrate the refinement process, Figure 6(a) shows the final surface distribu-
tion generated and Figure 6(b) shows a slice exposing the final octree distribution.
Note that these point distributions were the result of 3 levels of refinement on both
Mach and pressure gradients on the boundary and interior.

For a quantitative comparison, the pressure levels along a mid line (y = 0, z =
0.025) were compared to those obtained via FLUENT and shown in Figure 7, with
several Meshless solutions shown, representing the different stages of adaptive
refinement. By examining the Meshless results as more points are added, we see
that the solution quality is improving as the point distribution is adaptively refined.

Thus, there is excellent agreement between the solutions obtained using FLU-
ENT and the final refined point distribution solved using the proposed Meshless
method technique. Additionally, this problem illustrates a major advantage of the
proposed technique over other methods in that an initially poor discretization does
not prevent the user from obtaining a good final solution. Furthermore, the user
need not be aware of any characteristic flow phenomenon prior to obtaining results
as the proposed technique is capable of capturing enough of the underlying flow
characteristics to allow for proper localized refinement.
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Figure 8: Supersonic flat plate results.

5.2 Supersonic flat plate

In the second test case, a flat plate of unit length was modeled, with the inlet at a
distance of 0.2 units from the front of the leading edge and the vertical boundary
at a distance of 0.8 units from the flat plate. The plate was therefore assumed
to be infinite in length, as the outlet immediately followed the unit length plate.
The inlet conditions imposed include a Reynolds number of Re., = 1000, and a
Mach number of M., = 3.0. Once again an initial distribution was created and
the solution was allowed to refine 3 levels, resulting in a final point distribution
consisting of approximately 200,000 nodes. As a comparison, Marshall [8] solved
a similar problem with a finite plate whereby the results were verified against those
obtained by Satya Sai et al., which detail an infinite plate. As such, the normalized
pressure distribution along the length of the flat plate is directly compared to the
Satya Sai et al. results quoted by Marshall, and can be seen in Figure 8(a).

Analyzing Figure 8(a), there appears a very good correlation between the results
obtained by Satya Sai et al. and the proposed Meshless methods, even in the high
pressure region at the onset of the flat plate. To further illustrate the obtained
solution, Figure 8b shows the obtained Mach contours near the onset of the flat
plate. This figure illustrates that the shock wave is being accurately captured,
as well as the resulting boundary layer downstream from the beginning of the
flat plate.
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6 Conclusions

In conclusion, we have presented a localized Meshless method for the solution
of compressible, viscous flows utilizing an innovative blend of Localized and
Virtual Radial Basis Function collocation techniques. Through implementation
of an adaptive point distribution method which is capable of both boundary and
interior refinement, we were able to demonstrate promising results for two high-
speed flow test cases. In the process, we have illustrated one of the key advantages
of this technique over more traditional methods; because of the robustness of
the algorithm, even a very rough initial point distribution is capable of arriving
at some fundamentally correct solution. Thus, by coupling with an automatic
refinement procedure, the operator truly need not have any prior inclination about
the underlying flow characteristics in order to arrive at accurate results. Any flow
characteristics (such as boundary layers, shocks, etc.) that were not accurately
captured in the original point distribution will be automatically detected, properly
refined, and captured.

Acknowledgements

Convergent Modeling, Inc. would like to acknowledge the funding received in
support of this project from the Naval Air Systems Command under the STTR
topic NOS-T00S.

References

[1] Gerace, S., A Meshless Method Approach for Solving Coupled Thermoelas-
ticity Problems. Honors in the Major Thesis, University of Central Florida,
2006.

[2] Kassab, A. & Divo, E., An efficient localized radial basis function meshless
method for fluid flow and conjugate heat transfer. ASME Journal of Heat
Transfer, 129, pp. 179-183, 2007.

[3] Divo, E. & Kassab, A., A meshless method for conjugate heat transfer.
Engineering Analysis, 29, pp. 136-149, 2005.

[4] Hardy, R.L., Multiquadric equations of topography and other irregular sur-
faces. Journal of Geophysical Research, 76, pp. 1905-1915, 1971.

[5] Gerace, S., An Interactive Framework for Meshless Methods Analysis In
Computational Mechanics And Thermofluids. Master’s thesis, University of
Central Florida, 2007.

[6] Hoffmann, K.A. & Chiang, S.T., Computational Fluid Dynamics, volume 2.
Engineering Education System, 4th edition, 2004.

[7] Liou, M.S. & Steffen, C.J., A new flux splitting scheme. Journal of Compu-
tational Physics, 107, pp. 23-39, 1993.

[8] Marshall, D.D., Extending the Functionalities of Cartesian Grid Solvers:
Viscous Effects Modeling and MPI Parallelization. Ph.D. thesis, Georgia
Institute of Technology, 2002.

WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)

fé\



Mesh Reduction Methods 95

The radial basis integral equation method for
convection-diffusion problems

T.T. Bui & V. Popov
Wessex Institute of Technology, Environmental and Fluid Mechanics,
Southampton, UK

Abstract

The Boundary Element Dual Reciprocity Method has been implemented as a
meshless approach. The method uses circular sub-domains with overlapping
distributed inside the original domain of the problem. Since the source point is
always in the centre of the circular sub-domain singular integrals are avoided
regardless of the order of the derivative of the original integral equation. Three
equations for two-dimensional (2D) potential problems are required at each
node. The first equation is the usual BEM integral equation arising from the
application of the Green’s identities and the remaining equations are the
derivatives of the first equation in respect to space coordinates. In the current
approach Radial Basis Function interpolation is applied to obtain the values of
the field variables and partial derivatives at the boundary of the circular sub-
domains. Dual reciprocity method (DRM) has been applied to convert the
domain integrals into boundary integrals. The method has been tested on a
convection-diffusion problem. The results obtained using the current approach
are compared to previously reported results obtained using the Finite Element
Method (FEM), and the DRM multi-domain approach (DRM-MD) showing
similar level of accuracy.

Keywords: meshless method, integral equations, circular sub-domains, radial
basis functions.

1 Introduction

The local boundary integral equation (LBIE) was proposed by Zhu et al. [1, 2].
In the LBIE the domain is sub-divided in a large number of sub-domains in a
shape of a circle, with the source point in the centre of the circle. The most often
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used interpolation for field variables were the moving least-squares, though
Sellountos and Sequeira [3] used augmented thin plate spline (ATPS) Radial
Basis Functions (RBFs) for interpolation of the field variable and gradients over
the circular boundaries. The concept of “companion solution” is introduced in
order to eliminate the single layer integral from the local boundary integral
equation. In this way the potential field is the only unknown in the equations. For
source points that are located on the (global) boundary of the given problem
integration over the boundary has to be performed.

The present formulation similarly to the LBIE is implemented over circular
sub-domains where the source points are placed in the centres of the circles. The
work follows the idea of Bui and Popov [4] who proposed using three equations
at each source point for 2D problems solved using BEM with overlapping sub-
domains. One equation is the original integral equation usually used in the direct
formulation BEM, while the other two equations are the derivatives in respect to
spatial coordinates of the original equation at the source point. In this work the
augmented thin plate spline (ATPS) radial basis functions (RBFs) were used for
interpolation of the field variable and gradients over the circular boundaries. This
RBF was selected in order to use the same interpolation function for representing
the field variables for the approximation in the DRM part of the formulation.
Further in this paper it will be referred to the current meshless approach as the
radial basis integral equation method (RBIEM).

The LBIE uses the concept of “companion solution” in order to avoid solution
for the gradients/normal derivatives inside the problem domain, while the
RBIEM solves for the potential and partial derivatives at each node. This enables
the RBIEM to be a truly meshless approach since the values of the normal
derivatives are obtained everywhere including the source points located on the
global boundary of the problem domain. The boundary conditions in the RBIEM
are imposed directly at the source points on the global boundary. In the RBIEM
there is no need for integration over any part of the global boundary of the
problem domain.

The RBIEM always produces a closed system of equations, unlike the DRM-
MD and the Boundary-Domain Integral Method (BDIM) which produce over-
determined systems of equations.

The RBIEM is especially effective in applications where the partial
derivatives in respect to coordinates are required, e.g., the convection-diffusion
equation, the Navier-Stokes equation.

Further in the paper the “global boundary” will mean the boundary of the
given problem and the “local (circular) boundary” will mean the boundary of the
circular sub-domains.

2 The boundary element dual reciprocity method

Let us consider the following equation:

Vuz(r) = b(r,u(r),

ou(r) ou(r) (1)
ox, ot

i
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where u(r) is a potential field, r is a position vector, x; is component of r, and ¢ is
time. Given a point r inside a domain Q, by applying the Green integral formula
equation (1) can be transformed into the following integral form:
u(r)+ [ 4 (O, = [ (. g, = [ ' (. OG0, )
where u'(r,&) is the fundamental solution of the Laplace problem,
(&) = du(&)on and g’ (r,&) = du’(r,&)/on -
The DRM approximation [5] is introduced to transform the domain integral in
(2) in terms of equivalent boundary integrals. The implementation of the DRM
with multidomain technique is explained by Natalini and Popov [6]. After

application of the DRM, the following integral representation formula is
obtained:

u(r)+ [ ¢ )T, - [ u’ (. E)g()dT =

an+Jin

S i+ [ 4 ¢ nar - [’ .o, )

k=1 r r (3)
where J,, and J,, are the number of boundary nodes and internal nodes on the

domain, respectively.
3 The radial basis integral equation method

The proposed formulation solves in each interior node three integral equations in
order to obtain the potential u, and the partial derivatives ou/Ox;. Equation (3) is
used to find the potential while the equations for derivatives ou/Ox; are obtained
by differentiating (3) in respect to x;, where x; are components of r. The
derivatives of (3) are given below:

] e+ [ HED g+

% @
an +in N
5 {a{@”g;m) J 2D i, - [ 2D o, J}
The normal derivative ¢ in (4) can be written as:
ou ou
q=—=Vu-n=) —n, %)
on T Ox,

where 7, are components of the unit normal vector.

4 Interpolation for the unknown values at the circular
boundary of the sub-domain

In order to perform the integration over the local boundaries of the circular sub-
domains, values of the potentials and partial derivatives must be known on the
circles. Eight fictitious nodes were introduced on the circular boundaries in order
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to define four quadratic elements used in the integration over the circles. The
values of the field variables at the eight nodes were determined through
interpolation using the values of field variables at neighbouring nodes. The final
system of equations solves for potentials and derivatives only at source points at
centres of circular sub-domains, and not at the fictitious nodes on the circular
boundaries. Only nodes at centres of sub-domains are used in the interpolation
for obtaining the values of field variables at fictitious nodes on the circular
boundaries. The unknown potential at one of the eight nodes, denoted by  is
approximated by n neighboring nodes x; by the following formula:

u(0)=3 f(o.5)-q (6)

Here f is the Augmented Thin Plate Spline Radial Basis function and a; are
the unknown coefficients.
The partial derivatives at w are interpolated in a similar way:

M = F(a),x,. )Fo_l%z ”
Ox,

where Fo = fi; = %), qor=[qix1), g4x2),--» i(x,)]" and g = du/ox,.
5 Solution on the boundary of the domain

Unlike the LBIE, the RBIEM does not require integration over any part of the
global boundary. When the source point is on the global boundary, the part of the
local boundary T'; of the sub-domain €; containing the source point would
partially be located outside the problem domain Q, see Figure 1. For the nodes
on I'; which are outside (2 and I', extrapolation for the potential and the partial
derivatives is required, as can be seen in Figure 1, in order to be able to solve (3)
and (4) at x,. The values extrapolated at o for parts of circles outside the problem
domain are required in the solution procedure, but do not have a physical
meaning. However, these values are not presented in the final solution and
therefore do not affect the validity of the approach.

The boundary conditions (BC) are imposed at the nodes, e.g. x., located at the
boundary I'. Therefore, it is necessary to place some of the nodes on I' in order to
define the geometry of the problem and to be able to impose the BCs. If Dirichlet
BCs are imposed on the part of the boundary where x; is located, the following
equation would be applied at x.

ulx,)=U, ®)

which would reduce the number of equations at x: to two. If Neuman BCs are
given on the part of the boundary where x; is located, one of the partial
derivatives would be eliminated by using (5) and only two equations would
remain at x; .
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Figure 1: Extrapolation of field variables at a point on I'; of sub-domain €;
located outside the problem domain Q.

6 Solution procedures

The RBIEM generates one circular sub-domain for each of the nodes located
inside the domain Q or on the boundary I'. In Figure 2 several such sub-domains
are shown. The eight nodes on the boundary of the circles are introduced as
nodes where the potential and derivatives are evaluated using interpolation (6).
The values at the eight nodes are than used to calculate the integrals in (3) and
(4) at node i.

Since the current formulation employs the DRM approach, an approximation
procedure is used to represent the non-homogeneous term in (1) as is shown in
(4). The DRM approximation employs a number of nodes located around node i.
It is possible to use different set of nodes for the approximation of the field
variables on the boundary of the sub-domain to the ones used for the DRM
approximation. In this case, for each sub-domain, the same set of nodes was used
for interpolation of the field variables over the circular local boundaries; this
means the same set was used for each of the eight nodes on the circle, and for the
DRM approximation. This significantly simplifies the search for the
neighbouring nodes and saves CPU time.

Figure 2: Distribution of some of the circular sub-domains in the problem
domain.
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7 Numerical examples - convection-diffusion equation

The numerical example used to test the developed approach is a Convection-
Diffusion equation with variable velocity field and reaction term [7]:
2
pTH _y o ©)
dx dx
A rectangular domain with length L and width W is considered. The following
BCs were applied:
ou Ou

u0,9)=Ug; u(L,y)=U;; — | pn=— |y:-W/2: 0

"’ oy (10)

The velocity field is defined as:
Vv=an1+k[x—lj. (11

A 2
The analytical solution of the above problem for L = Im and D =1 m’s" is
given by:
u(x)=U, exp Ex2+ lnﬂ—ﬁ x (12)
2 U, 2

Two values for k in (11) are used; £ = 10 and k£ = 40. The maximum Peclet
number for the examples is Pey. = 8.4, for k= 10, and Pe,.x= 23.4 for k = 40.

The accuracy of the RBIEM is studied by comparing the numerical results
with the analytical solution (12) and with the numerical results obtained from the
DRM-MD (7] and the FEM.

In the following examples the distribution of the nodes in the domain was the
same irrespective of the approach applied. The distribution of the 185 nodes used
and the boundaries of the sub-domains used in the RBIEM are shown in Figure
3. The nodes are located at the centres of circles. In the examples 15
neighbouring nodes are used in the DRM approximation and to approximate the
value of nodes on the local circular boundaries.

OV YTy STy e YTy S o OV

0.06 e -] -A-A-A-A-A-A- -A-A-A -_A-A-A-A-A.- )G
O O OO )

R o RO O RO OROR )

! i I N N R T AT A AN AT RV
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0.1 = —9— 9 — — 0 — = — P~ PGP GGG}
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Figure 3: Distribution of the 185 nodes and the size of the circular sub-

domains used.

In Table 1 the value of potentials for the case of £ = 40 obtained by using the
RBIEM are compared with the analytical results and the results obtained using
the DRM-MD [7], and the FEM. It can be seen that the RBIEM produces more
accurate results than the other two approaches. The only part where RBIEM did
not perform better was the first part of the domain, x = 0.02, which is close to the
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boundary. It could be the influence of the boundary conditions or the very high
gradients in this part of the domain. However, even in this part the error for
RBIEM is less than 5.5% and it is the only approach of the presented ones that
did not have error higher than 10% within the domain.

Table 1: Potential values at internal points obtained using the RBIEM and
compared with the analytical solution, DRM-MD [7], and Galerkin
FEM for a mesh with 185 nodes (case £=40).
r | Coion | RBIEM | DRMaMD |
0.00 300.00000 | 300.00000 | 300.00000 |  300.00000
0.02 189.38055 | 179.04666 | 186.34900 187.68159
0.04 121.47817 | 118.35698 | 117.97600 119.41530
0.07 64.30894 |  63.18108 |  60.98710 61.66200
0.10 3529222 | 3516106 |  32.87830 33.14000
0.14 16.77039 |  17.05505 15.19730 15.10380
0.19 7.23952 7.47060 6.38346 6.12290
0.25 3.01465 3.14630 2.60870 2.36960
0.32 130135 1.34937 1.12280 0.96120
0.40 0.63337 0.66253 0.55476 0.45580
0.56 0.32339 0.34728 0.29582 0.25190
0.75 0.55040 0.59498 0.52845 0.48900
0.85 1.30052 1.32975 1.29153 1.21380
0.93 3.45102 3.28041 3.46916 3.33370
1.00 10.00000 |  10.00000 10.00000 10.00000

The results for the derivative of the potential at internal points for the case
k=40 obtained by using the RBIEM and DRM-MD are shown in Table 2. It can
be seen that RBIEM follows accurately the analytical solution and shows higher
errors only at the boundary x=0, where the values are the highest.

7.1 The convergence of the meshless method

To test the convergence different number of nodes were used for the same
problem given above. Five different distributions of nodes were used with 95
nodes, 185 nodes, 689 nodes, 1513 nodes and 2657 nodes distributed inside the
domain and on the boundary.

The convergence of the proposed method is tested by examining the
maximum error and average error of the numerical results compared with the
analytical results. The maximum error is defined as
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Table 2: Results for the derivative of the potential at internal points
obtained using the RBIEM and compared with the analytical
solution and DRM-MD for k& = 40 and mesh with 185 nodes.

. DRM-MD
X Analytical RBIEM NOSD
0.00 -7020.35921 -6177.92330 -7161.47021
0.10 -684.71146 -643.60917 -639.22498
0.25 -40.39990 -38.82190 -33.38770
0.40 -4.68772 -4.52786 -3.80930
0.56 -0.32378 -0.19140 -0.23255
0.63 0.59819 0.77870 0.61766
0.75 3.63196 4.08681 3.62576
0.80 6.92022 7.63943 6.89101
0.85 13.78396 14.96371 13.81320
0.93 47.61990 50.71610 46.83430
0.97 95.28866 99.77956 93.10570
1.00 165.98803 165.13214 159.87601
1
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Figure 4: The convergence of the RBIEM (case £=10).

max|u —u
ey = ———1100% (13)
u;

The average error is defined as

A n
Nlu;

/
1 &
e :iE
average

N4

100% (14)
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i

u
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where N is number of nodes, u," is the potential at node i obtained by numerical
method and w; is the analytical solution for potential at node .

In the tests of convergence the values for k£ = 10 was considered. Figure 4
shows the convergence of the proposed method. It is clear from the figure that
the maximum error reduces from 9.6% when 95 nodes are used to 0.32% for the
case when 2657 nodes are used. The average error also reduces from 5.27% for
the case with 95 nodes to 0.13% for the case with 2657 nodes. It is seen that both
maximum error and average error decrease continuously as the number of nodes
increase from 95 nodes to 2657 nodes.

8 Conclusions

A meshless method based on the BEM and combined with the sub-domain
approach has been proposed for solving the convection-diffusion equation. The
approach uses circular sub-domains and places source points in the centres of the
sub-domains. Three equations in 2D are solved at each node, where one equation
is used for solving the potential and the remaining equations are used for solving
the partial derivatives. Radial basis function interpolation is applied in order to
obtain the values of the field variable and normal derivatives on the boundary of
the circular sub-domains. DRM has been applied to convert the domain integrals
into integrals over the boundary of the sub-domains. The current approach does
not require any integration over the boundary of the computational domain and
the application of the boundary conditions is straightforward. The only
evaluation of the integrals is performed over the circular boundaries of the sub-
domains. The accuracy of the method has been compared with the accuracy of
the DRM-MD with overlapping sub-domains. In all cases the current approach
has shown comparable to higher accuracy than the formulations which used a
mesh, in this case DRM-MD and the FEM. The method shows good
convergence for the tested convection-diffusion problem. Though the method
has been applied to 2D problems, extension of the approach to 3D problems is
straightforward.
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A method of fundamental solution without
fictitious boundary

W. Chen & F. Z. Wang
Center for Numerical Simulation Software in Engineering and Sciences,
Department of Engineering Mechanics, Hohai University, China

Abstract

This paper proposes a novel meshless boundary method called the singular bound-
ary method (SBM). This method is mathematically simple, easy-to-program, and
truly meshless. Like the method of fundamental solution (MFS), the SBM employs
the singular fundamental solution of the governing equation of interest as the
interpolation basis function. However, unlike the MFS, the source and colloca-
tion points of the SBM coincide on the physical boundary without the requirement
of fictitious boundary. In order to avoid the singularity at origin, this method pro-
poses an inverse interpolation technique to evaluate the singular diagonal elements
of the interpolation matrix. This study tests the SBM successfully to three bench-
mark problems, which shows that the method has rapid convergent rate and is
numerically stable.

Keywords: singular boundary method, singular fundamental solution, inverse
interpolation technique, singularity at origin.

1 Introduction

Meshless methods and their applications have attracted huge attention in recent
decades, since methods of this type avoid the perplexing mesh-generation in the
traditional mesh-based methods such as the finite element method and the finite
difference method. In comparison with the boundary element method, a variety of
boundary-type meshless methods have been developed. For instance, the method
of fundamental solutions (MFS) [1-4], boundary knot method [5], boundary col-
location method [6], boundary node method [7, 8], regularized meshless method
(RMM) [9, 10], and modified method of fundamental solution [11] etc.

Since the boundary node method still requires meshes in its numerical inte-
gration, it is not a truly meshless scheme like those moving least square based
meshless finite element method [12].
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The MFS is an attractive method with merits being integration-free, truly mesh-
less, super-convergent, and easy-to-use. On the downside, the MFS requires fic-
titious boundaries outside the physical domain to avoid the singularity at origin
because of its use of singular fundamental solution of the governing equation. In
practical applications, this artificial boundary is somewhat arbitrary and not easy
to determine optimally and makes the MFS unstable in the solution of complex-
shaped boundary problems.

As an alternative method, the BKM [5] has been introduced to use the non-
singular kernel functions such as general solutions or T-complete functions [13]
which also satisfy the governing equation. The collocation and source points are
coincident and are placed on the physical boundary of the problem in the BKM.
However, the nonsingular kernel functions are not available in some important
cases such as Laplace equation.

The RMM has recently been introduced by Young et al. [9]. This method has
advantages over the above-mentioned meshless boundary methods in that it applies
the desingularization of subtracting and adding-back technique to regularize the
singularity and hypersingularity of its interpolation basis function, namely, double-
layer potential. With the increasing of the boundary knot number, the condition
number of this method remains small and almost not changed. However, our
numerical experiments find that the solution accuracy and the convergence rate
of the RMM are not very accurate. In addition, the method requires the equally
spaced points to guarantee the solution accuracy and stability, which seriously
restricts its applicability to the real-world problems. Based on an idea similar to the
RMM, Bozidar Sarler [11] proposes the modified method of fundamental solution
(MMFS), which has better accuracy than the RMM, but the MMFS method
requires numerical integration.

In this study, we propose a novel meshless boundary method called the singular
boundary method (SBM) [14]. This method is mathematically simple, accurate,
easy-to-program, and truly meshless. Similar to the MMFS, the SBM also directly
uses the singular fundamental solution of governing equation of interest as the
interpolation basis function. Dissimilar to the MMFS and all other boundary-type
meshless methods, the SBM uses an inverse interpolation technique to evaluate
the diagonal elements of the interpolation matrix to circumvent the singularity at
origin of fundamental solutions. In the rest part of this paper, numerical experi-
ments of this method are presented to demonstrate its convergence, accuracy and
stability.

2 Formulation of singular boundary method

Without loss of generality, we consider the Laplace equation boundary value prob-
lems as described below

Au(z) =0 inQ (1)
u(z) = u(x) onTy )
m(z) =m(xz) onTly 3)
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where u(x) and m(z) = 8’5—,(;”) are the potential and its normal derivative (flux),
respectively, n denotes the unit outward normal, €2 is the physical solution domain
in R, where d denotes the dimensionality of the space, and 9Q = I'; U T'3 rep-
resents its boundary. For the two dimensional Laplace equation, the fundamental
solution is given by

The approximate representation of the MFS solution for this problem is written
as [3,15-17]

N
u(z;) = Z viln|jz; — ;|| (5)
j=1

where N represents the total number of boundary collocation points, v; are the
unknown coefficients. Obviously, the superposition of the collocation points z;
and source points z; will lead to the well-known singularity at origin, namely,
In||z; — x| = In0 for i = j. In order to circumvent this troublesome problem,
the MFS places the source nodes on the fictitious boundary outside the physical
domain. However, despite of great effort of 40 years, the placement of fictitious
boundary in the MES remains a perplexing problem for complex-shaped boundary
problems.

Like the MFS, the SBM also uses the fundamental solution as the kernel func-
tion of approximation. Unlike the MFS, the collocation and source points of the
SBM are coincident and are placed on the physical boundary without the need of
fictitious boundary. The interpolation formula of the SBM is given by

N
u(@) = D ajInllz — 2l + g (6)
j=Li#i

where «; are the unknown coefficients, g;; are defined as the origin intensity fac-
tor. Eqn (6) of the SBM differs from eqn (5) of the MFS in that the fundamental
solution at origin is replaced by g;; when the collocation point z; and source point
x; coincide (i = j).

The MMFS [4] also uses the fundamental solution as the interpolation basis
function while placing the source and collocation nodes at the same physical
domain. The essential difference between the SBM and MMEFS is how to evaluate
the origin intensity factor ¢;;. The latter uses the numerical integration approach,
while the SBM develops an inverse interpolation technique as detailed below to
calculate q;;.

The matrix form of equation (6) can be written as

{@ijHayt = {u(z:)} @)

where g;; = In ||x; — x;||. We can see that g;; are actually the diagonal elements of
matrix @) = {g;; }. By collocating IV source points on physical boundary to satisfy
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the Dirichlet boundary condition eqn (2) and the Neumann boundary condition
eqn (3), we obtain the following discretization algebraic equations

Ny
Zaj In Hl‘z — .QTJH = a(xl), z; € I'q, (8)
J=1
N
Oln ||z; —
3 ajw =m(z;), ; €Ty, ©)
Jj=Ni1+1

where N; denotes the number of source points placed on the Dirichlet bound-
ary. Obviously, we can not simply use the fundamental solutions to compute g;;.
Instead we propose an inverse interpolation technique (IIT) to evaluate the diago-
nal elements g;; of interpolation matrix () in the SBM.

For the boundary value problem eqns (1)—(3), we locate source points x; on the
physical boundary and place computational collocation points xj, inside physical
domain. And then, we use a simple particular solution as the sample solution of
Laplace equation (1), for example, © = x + y. Using the interpolation formula
eqn (6), we can get

{bjuHs;} = {zx + ur}, (10)

where b;, = In ||z, — x;]|. Thus, the influence coefficients s; can be evaluated.
Replacing the computational collocation points z; with the boundary source
points z;, we have

{aieHsit = {z; +y;} (11)

where the off-diagonal elements of interpolation matrix @ = {g;x} can be com-
puted by ¢, = In ||z — x;||. It is noted that the influence coefficients of the eqn
(10) are the same as in eqn (11). Therefore, eqn (11) can be solved to calculate the
unknown diagonal elements ¢;; of the matrix Q.

With the previously-calculated origin intensity factor, the SBM can be used to
compute arbitrary Laplace problems with the same geometry by using interpo-
lation formula eqn (6). Here we summarize the SBM solution procedure by the
following two steps:

Step 1. First, we place source points z; on the physical boundary and select
computational collocation points z; inside physical domain. And then we
choose a simple sample solution of the governing equation of interest and us
the SBM interpolation formula to get its physical solutions at these interior
nodes. Since the sample solution is known, we can calculate the influence
coefficients s; of the boundary source points x;. Finally, replacing the com-
putational collocation points x by the boundary source points x;, we can
calculate the origin intensity factor g;;.

Step 2. Using the origin intensity factor evaluated from Step 1 and the interpo-
lation formula (6), we can solve arbitrary problems with the same geometry
and governing equation.
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As discussed in the following section 3, the diagonal elements of Laplace equa-
tion with circular physical domain do not need to use the inverse interpolation tech-
nique to evaluate numerically. They are simply a summation of the corresponding
off-diagonal elements, that is,

N

QUi = Y qli,j). (12)

i#j,j=1

However, this is an very exceptional case. To our numerical experiments, the
inverse interpolation technique has to be used to determine the diagonal elements
in all other geometric domains, irrespective of domain regularity and nodes place-
ment.

3 Numerical results and discussions

In this section, based on the above-mentioned numerical formulation, we examine
three benchmark examples. The relative average error(root mean square relative
error: RMSRE) is defined as follows [18]:

RMSRE = (13)

w8 | for Ju(xy)| > 10~* and Rerr = [u(z;) — ()

for |u(x;)| < 1073, respectively, j is the index of inner point of interest, u(z;)
and u(x;) denote the analytical and numerical solutions at the j-th inner point,
respectively, and K represents the total number of test points of interest.

Unless otherwise stated, the diagonal elements of interpolation matrices in the
following three cases are all numerically evaluated by using the inverse interpola-
tion technique. For Laplace governing equation, we use © = = + y as the known
sample solution; for Helmholtz equation

where Rerr =

Au(z) + Nu(x) = 0,

u = sin(x)cos(y) is chosen as the known sample solution, where A represents the
wave number.

3.1 Case 1: Circular domain case

For convenience, the boundary points are distributed uniformly on a unit circle.
The exact solution of this case is u = 22 — y2. To examine the resulting solution
accuracy, the number of testing points scattered over the region of interest is chosen
to be 620.
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Here, the diagonal elements of the SBM interpolation matrix are evaluated by
two different approaches: (1) eqn (13), a summation of the corresponding off-
diagonal elements and (2) the inverse interpolation technique introduced in Sec-
tion 2.

The relative average error versus boundary point numbers for this problem is
illustrated in fig. 1. It is noted that the SBM error curves using the approach of
a summation of the corresponding off-diagonal elements (called the summation
approach in fig. 1) and the inverse interpolation technique for the diagonal ele-
ments are very close. To our experimental experiences, it is stressed that a summa-
tion of the corresponding off-diagonal elements to evaluate diagonal elements only
works for the circular domain Laplace problems. On the other hand, it is observed
that error curves of both the SBM and the RMM are decreasing with increas-
ing boundary points, while the SBM converges faster than the RMM. When the
boundary point number K = 100, the SBM solution accuracy is of order 107,
which is three orders of magnitude less than the RMM one 1072,

Figures 2 and 3 show the condition numbers of the RMM and the SBM against
the boundary point numbers, respectively. We can see that the RMM condition
number is relatively smaller than the SBM ones, which may be an attractive advan-
tage in solving large-scale problems.

3.2 Case 2: Multiply connected domain case

Here we consider a multiply connected domain case. The geometric configuration
is depicted in fig. 4, and the exact solution is u = 2% — y? + xy. The number of
testing points scattered across the connected domain is 651.

Figure 5 shows the convergence rate of relative average error versus boundary
point numbers, which indicates that the SBM has a faster convergence rate than the
RMM. We also observe that SBM convergence curves oscillates, while the RMM
has a stable convergence. The reason for the SBM oscillatory convergence curve
may be due to the severely ill-conditioned interpolation matrix. On the other hand,
the solution accuracy of the SBM solution appears higher than that of the RMM.

—e— summation approach
—*—RMM
——SBM

Average Relative Error

20 40 60 8_0 100
Numbers of boundary points

Figure 1: Relative average error curves for Case 1.
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215

Condition Numbers

20 40 60 80 100
Numbers of boundary points

Figure 2: Condition number curve for Case 1 by using RMM.

Condition Numbers

20 40 60 80 100
Numbers of boundary points

Figure 3: Condition number curve for Case 1 by using SBM.

X

2
-2 -0.5 ] 2
-2

Figure 4: Configuration of 2D multiply connected domain.

For example, the SBM relative average error is RMSRE = 3.734 x 104 with
boundary point number K = 200, in contrast to RMSRE = 1.069 x 10! for
the RMM.
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Figure 5: Relative average error curves for Case 3.

Average Relative Error
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Figure 6: Relative average error curves for Case 4.

3.3 Case 3: Helmholtz equation case

Besides the previous Laplace equation cases, we also examine Helmholtz problems
with wave number & = /2 and its exact solution is v = sin(z + 0.5) cos(y). The
boundary points are distributed uniformly on a unit square domain. We choose
1369 test points scattered across the physical domain.

Figures 6 and 7 show the relative average errors and the condition numbers
versus boundary point numbers of the SBM and the RMM, respectively. Unlike
the previous two Laplacian cases, we can see that the RMM accuracy is better than
the SBM one when the boundary point number K < 20. But with the increasing
number of boundary points, the relative average error of the SBM improves faster
and exhibits a rapid convergence rate, while the relative average error of the RMM
remains RMSRE = 1.0 x 1071,

Figure 7 shows that the condition numbers of the RMM are relatively lower than
those of the SBM. For both methods, the condition numbers are no more than 102.
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—— RMM

Condition Numbers
>

0 20 40 60 80 100
Numbers of boundary points

Figure 7: Condition number curves for Case 4.

4 Conclusions

This paper introduces a novel meshless singular boundary method. Like the MFS,
the RMM and the MMFS, the SBM uses the fundamental solution as the interpo-
lation basis function. Unlike the MFS, the source and collocation points coincide
in the present method and the fictitious boundary in the MFS is no longer required.
Also, unlike the RMM and the MMFS, the SBM uses a new inverse interpola-
tion technique to remedy the singularity at origin of the fundamental solutions.
Numerical solutions of the SBM agree well with the analytical solutions. From the
foregoing figures of relative average error versus the increasing number of bound-
ary points, we can see that numerical results of both the SBM and the RMM exhibit
stable convergence trend in all tested cases, while the SBM converges faster than
the RMM. However, it is also observed that the RMM condition number is in gen-
eral much smaller than the SBM one in all tested cases.

Mathematical analysis of the SBM is now still under study and will be reported
in a subsequent paper.
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Abstract

This work addresses local radial basis function (RBF) collocation methods for
solving a major class of non-linear boundary value problems, i.e., Lu = f(z,u)
being f a non-linear function of w. This class of problems has been largely ana-
lyzed in the BEM community.

To our knowledge, few works are reported where the local RBF collocation
methods (LRBFCM) based on the generalized Hermite RBF interpolation (dou-
ble collocation) have been extended successfully to solve semi-linear problems
even when extending to more complex nonlinear cases are not reported yet. The
studied schemes are based on a strong-form approach of the PDE and an overlap-
ping multi-domain procedure combining with standard iterative schemes. At each
sub-domain, a locally meshless approximation solution by a standard or Hermite
RBF expansion can be constructed. We studied also the performance respect to the
shape parameter of RBF. It is confirmed that the local RBF double collocation can
improve greatly the accuracy order. Some 2D benchmark problems with mixed
boundary conditions showing the accuracy, convergence property and implemen-
tation issues of LRBFCM are presented.

Keywords: RBF interpolation, double collocation, Domain decomposition meth-
ods, semi-linear equation, fully Newton method, Picard iteration.

1 Introduction

The PDE Lu = f(z,u) where x represents the vector of position, u being the
field variable and f the only nonlinearity arising from the source term, is encoun-
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tered in heat conduction, chemical rate models, gas dynamics, among other prac-
tical applications [1-5]. Its numerical solution in steady-state or unsteady-state
with advantaged boundary element methods (BEM) is well established. In the
context of dual-reciprocity boundary element method (DRM) [3], it is introduced
in turn the normal gradient information at the boundary to improve the needed
RBF interpolations (Hermite type) providing more accuracy for permitting addi-
tional degree of freedom (DOF) for the same number of interior knots. Extend-
ing from this approach in the method of fundamental solution (MFS) is carried
out elsewhere [5], improvements of accuracy were also observed when solving
aforementioned equations. In unsteady-state solution cases, an efficient formula-
tion that combining DRM and Laplace transforms (LTDRM) can be performed [2].
There a clear advantage of the LTDRM over time-stepping methods was demon-
strated through the numerical results, especially if the solution at a particular time
is sought. It has been shown that the success relies mainly on the linearization of
the nonlinear source term by a first-order Taylor series expansion over u, namely
a second-order Picard iteration.

Meshless methods have been proposed and achieved remarkable progress over
the past years [6, 7]. They were born with the objective of eliminating part of the
inherent difficulties that rely on complex, connected meshes or elements. Accord-
ing to the formulation procedures, they can be mainly classify in global and local
weak-forms and global and local strong-forms [8]. For instance, the global element-
free Galerkin (EFG) method and the very popular meshless local Petrov-Galerkin
(MLPG) method are including under the first group which were developed in 1994
and 1998, respectively [8]. These two methods are widely employed in different
complex areas of applications.

On another group of meshless methods, there exists RBF-based methods that
have enjoyed tremendous research for solving PDEs. Kansa [9] was the first to
use directly globally-supported RBF interpolant, particularly multiquadrics like
basis functions, in a point collocation technique to approximate the strong-form
of PDEs. Following this idea, Fasshauer [10] suggests to change to generalized
Hermite-RBF interpolation. These two techniques are known as unsymmetric and
symmetric methods, respectively. The last turns out a collocation matrix that is
dense, symmetric and non-singular, whereas Kansa’s collocation matrix is dense,
non-symmetric and the non-singularity is not guaranteed [11]. This group of mesh-
less methods possesses the following advantages: straight forward process for
obtaining discrete equations by directly use the PDE (strong-form), simple imple-
mentation, computationally efficient (no numerical integration is required) and
truly meshless (by using mainly a meshless interpolation/approximation function).
It should be to point out that in [11], the author finds well-suited to solve vari-
able coefficient elliptic and time-dependent PDEs through unsymmetric method.
But applying Fasshauer’s method to solve a variable coefficient problem finds it
very cumbersome. Moreover, he says to be not clear to deal with nonlinear prob-
lems using the symmetric method. For a treatment of time-dependent PDEs and
one unsteady non-linear heat conduction equation based on the symmetric method
together with an implicit time-stepping algorithm looks at [12, 13].
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In addition, it has been shown that global RBF collocation methods using some
infinitely smooth RBFs are highly accurate and converge exponentially [14]. Even
shortcomings are also known as the trade-off principle between the accuracy gained
by increasing the c-shape parameter of RBF or the system size and the stability
lost due to large matrix condition number created [14], and poor performance
accounts for derivative boundary condition [15-17] and non-smooth boundary
conditions [18]. To circumvent the ill-conditioning problem and to improve the
solution accuracy, several techniques have been explored as matrix preconditioner,
multizone methods, variable RBF shape parameter and overlapping and nonover-
lapping domain decomposition methods (DDM) [19-22].

A very promising based-LRBFCM have been proposed in [23-27]. They can
be seen like a novel implementation of overlapping sub-domain RBF collocation
DDM in the limiting case of a very large number of sub-domains. Standard DDM
deal with an iterative procedure due to transmission of information for yielding the
numerical solution; herein the multi-domain formulation generates a discretized
equation for each sub-domain (based on a localized RBF interpolation function)
and together with a point collocation technique then arises a global, sparse and
well-conditioned collocation matrix as result from an easy assembling process.
The major difference between the local RBF methods and the previously pre-
sented global ones is the set of unknowns obtained from steady-state governing
equations; for the former the unknowns represent the discrete values of the field
variable (by defining approximations in term of shape functions) whereas for the
latter the unknowns represent the coefficients of a linear combination of basis
functions. This is a key step that makes local methods much more flexibility than
global ones [25,26]. For instance, LRBFCM have been more effective than global
RBF collocation approaches when solving 2D convection-diffusion problems with
moderate-to-high Peclet number [28,29]. Various strategies have been proposed
for determining the number of sub-domain nodes, mostly based on counting the
number of them into a specified regular-shaped form of the sub-domains, i.e., cir-
cle, rectangles, etc.; or the number of nodes n is fixed and selecting them according
to certain criterion, i.e., nearest searching, four quadrant, among other more elabo-
rates [8,26,30,31]. This mild connectivity can be accomplished in a preprocessing
stage in the cases that collocation points does not alter its distribution. From here
on we will call computational molecules with their star points instead of the so-
called sub-domains.

A recent approach was proposed in [32], it aimed to exploit the combination
between LRBFCM and the classical control volume (CV) method. There a bound-
ary value problem is solved for every cell and then constructing the cell shape
functions from which the evaluation of the flux across the cell faces is obtained. By
this way, they were able to improve the performance of the CV method. So far we
believe that this approach has been applied successfully to 3D linear convention-
diffusion problems for predicting high Péclec number models.

LRBFCM are essentially one truly meshless version that can be applied to
large problems reasonably inexpensive and without numerical conditioning issues
like 3D problems and Navier-Stokes equations in fluid dynamics, see very recent
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papers in [29,33,34]. The major goal of this paper is to present new numerical
results of LRBFCM for semi-linear problems with further findings compared to
few prior implementations [26, 35].

2 PDE model

We consider a PDE model in which the nonlinearities arises from source terms.
For simplicity, it has been considered of the form

Lu=Au= f(z,u), inQ (1)

the boundary conditions are assumed to be of the form

u=mu, only 2
ou

q = 8_ = 65 on F2 (3)
n

where v is the unknown field variable, A is the Laplacian operator, g is the flux, n
being the unit outward normal, 7 and § are given functions and I' = I'; UT'; is the
boundary of the whole problem domain 2. A fully Newton scheme can be applied
straightforward due to the use of the RBF shape functions and discrete values of
the field variable.

An alternative numerical treatment is as follow. Let us linearize the nonlinear
source term by a first-order Taylor series expansion as

f(x,u) = fi(2,0) + fa(z, W)u “4)
where
Pte ) = S ) -7 5L pen=g o ©

and thus eqn. (1) can be rewritten for a suitable iterative scheme of which arises
the Picard iterations

Lau:Au_fQ(x7a)u:f1(x7ﬁ>7 in (6)

where wu is the previously iterated solution and f to be a differentiable function.
Note that the discretization of eqn. (6) and its corresponding global system of
equations need to be recalculated at each iteration because of new linearized vari-
able coefficient operator depends on the solution iterates.

3 Meshless shape functions and implementations

Let us assume that at each collocation point (node) z; € 0, = {x]—}jﬁl is
selected (in some way) a subset S; C 6, named the computational molecule of
such that S; is the set of surrounding points (centers) of =; (the star point) which
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includes n << N distinct grid-points of which m < n could be used in a dou-
ble collocation way. It assumes that x; € S;, and it is the first element. At every
molecule S;, a locally meshless approximate solution ; is sought by a general-
ized Hermite RBF interpolation function augmented with a constant polynomial
term [11]:

i) = No(lz =&l + D arr® o (lz — &) + x 9
=1 k=1

which interpolates both functional values u(x) on all points and derivative infor-
mation yu(x) at the double collocation points. Note that this interpolant guaran-
tees reproduction of constant functions. If m = 0 (the simplest RBF interpolant),
it interpolates functional values only, and if m # 0 then a RBF double colloca-
tion is possible to exploit, i.e., in these locations two interpolation conditions are
simultaneously satisfied. The latter can be a way to increase the accuracy, without
increasing the size of the molecule, whether there is information about the deriva-
tives of the unknown function at some data points. The coefficients of the basis
functions have to be determined.

By evaluating the different interpolation conditions into eqn. (7) at the corre-
sponding supporting points n of the molecule for leading to n + m + 1 linear
equations, that is, n equations by function values, m equations by derivative val-
ues and add one standard homogeneous constraint by the polynomial term. The
block matrix form of these equations is:

¢z =&l Yollz—¢ll) el|A] |u
o (lz—¢ll) o (lz—<€l) el lal=|yu (8)

el vel 0|x 0

A

where e; = 1 and the local interpolation matrix A is symmetric, small and non-
singular [26]. As always, the centers £ and nodes = physically coincide. Also, y¢
is equal to v¢ up to a possible difference in sign [12]. It is worth noting that the
interpolation matrix A is a constant matrix for a given star point x;. As such, it
shall change only if the distribution of collocation points or the derivative func-
tional are changed.

Combining eqn. (7) along with the linear system eqn. (8), it leads to that the
approximation function can be expressed in term of a linear combination of mesh-
less shape functions (called cardinal basis functions in interpolation terminol-
ogy) with discrete values of the field variable and their derivatives as the coef-
ficients [26]:

uj(r) = Z u; P (x) + Z'yukik(x) 9)
=1 k=1

like shape functions possess the Kronecker delta property [26] then it is easy to
implement the essential (Dirichlet) boundary conditions, e.g., not molecules are
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sought at star points belonging to not-derivative boundary. For a linear differential
operator £ with variable coefficients, it can be easily discretized by applying to
shape functions, i.e.

Lij(x) = > uwil®i(w) + > yurldy(z) (10)
=1

k=1

The derivative functional yu(x) in eqn. (9) can be assumed in several ways for the

construction of approximations. Further details on constructing shape functions

look at the reference [28]. Herein three options have been proposed

1. When m = 0, i.e., it is not assumed a derivative functional as known, so
there is not a special treatment for the derivative boundary conditions. This
is the simplest formulation that we refer as the local RBF single collocation

approach [24].
2. When m # 0 for molecules that intersect the global derivative boundary since
the derivative functional is assumed to come from yu(z) = g—;‘b = ¢.Inthese m

intersecting points within a molecule, their normal derivatives ¢ are included as
additional unknowns. At derivative star points, the PDE and the normal deriva-
tive boundary condition are satisfied simultaneously with the advantage does
not need more meshing work outside the domain; it increases the number of
collocation equations needed to close the system. This formulation gives rise
to the local RBF double boundary collocation approach [8].

3. When m # 0 in all molecules since the derivative information is assumed to
come from the source term, i.e., yu(x) = Lu(x) = f(x). This formulation
gives rise to the local RBF PDE collocation approach [26]. In our tests, m < n
in interior molecules and m < n in molecules with the star point along of the
derivative boundary were assumed, reported also in [28]. The former condition
rejects explicitly the derivative information at the star point [26].

Applications of whichever above approaches for constructing the approximation
functions and the simple point collocation technique, using eqns (1), (2) and (3),
lead to a set of nonlinear algebraic equations which can express in the standard
valued-vector residual form:

@ (U)=0 (11)

where U is the vector of nodal unknowns at all collocation points.
Alternatively, we use eqns (6), (2) and (3) to lead a set of linear algebraic equa-
tions at each iteration which can express in the standard matrix-vector notation:

KUu® = F (12)

where K is the collocation matrix, U (%) is the vector of unknowns in the kth
Picard iteration and the vector F' collects the source terms in both the interior
and on the boundary. Notice that at each iteration, K and F' must be updated. The
iteration process is continued until the convergence criteria are satisfied. It is worth
noting that the unknown vector U is given term of (u, q)T into eqns (11) and (12)
when using the above second option.
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4 Numerical evaluations

For eqn. (11) we use a Newton method with line-search, without attempting to opti-
mize, and the Jacobian matrix required by the general-purpose solver is supplied
analytically. For deciding the convergence of the solutions by Newton method, tol-
erances T'ol Fun = 10~ 7 for residual function and T'ol X = 10~® for incremental
correction of the solution vector have been used. For eqn. (12) we use a direct
solver in order to invert the linear system and ||U* — U*~1|| / ||U*|| < 107 for
convergence criterion. In both cases a data structure based on a sparse storage for-
mat is used which stores a list of coordinates of non-zero elements. To deal with
eqn. (8), it is used an appropriate direct solver in order to invert the small sym-
metric matrix A. Also the most popular RBF is used, namely ¢(r) = v/r2 + ¢?
(MQ-multiquadric) along with a constant shape parameter c> given by end-user.
In our computations, uniformly distributed collocation points and five n = 5 and
nine nodes n = 9 in the molecules have been used. The relative total error norm at
the end iteration is taken to measure the accuracy of the numerical results.

For the sake of clarity, we point out the three RBF local methods and their leg-
ends that we will use throughout the section. The local single collocation method
to be refereed as methl, the local RBF PDE collocation approach to be refereed
as meth2 and the local RBF double boundary collocation method to be refereed as
meth3. It is worth noting that meth2 is well suited when the problem has mixed
boundary conditions. The other approaches can be well applied to problems with
only Dirichlet and also mixed boundary conditions.

4.1 Analytic case

We consider a smooth solution problem in a square domain 1 x 1 given

Au = exp (—2z)u® inQ (13)
u=g only={(z,y)[y=0,1,0<2<1}
ou

%:h onTy ={(z,y)|z=0,1,0<y <1}

Exact solution of this problem is

Y

V2

where g and h functions are obtained from the exact solution.

The computations are performed on two uniform point distributions 21 x 21
(N = 441) and 41 x 41 (N = 1681) and different shape parameters (0.05 < ¢ <
1). The solution is approximated using methl with n = 5, meth2 with n = 9 and
meth3 with n = 9. Figure 1 shows the discretization of the domain and the choice
of different molecule sizes used in meth1 and meth?2.

Figure 2 displays the error norm of the local RBF collocation methods combin-
ing with Picard iterations for different ¢’s and two point distributions. In general,

u(z,y) = exp x tanh (14)
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® star point

O surround points

@ double points

Figure 1: Computational molecules including five and nine supporting points
assumed on derivative boundary and internal star points.

Figure 2: Convergence of the relative error with ¢2. Solid line: meth1, dotted line:
meth2 and dash-dot line: meth3. On the left uses 21 x 21 and on the right
uses 41 x 41.

one can see that the error decreases as c increases. Also the error looks to be
decreasing as point density increases. Furthermore, we can see also that the accu-
racy greatly improved using both Hermite collocation approaches (double collo-
cation near and at the derivative boundary and throughout domain), i.e., meth3
and meth2. Accordingly they have the line slope values larger than methl, i.e.,
recovering a higher order of accuracy. We observe that beyond to a certain shape
parameter presents unavoidable instabilities in the local and/or global systems. To
this respect, we felt that meth! with a five molecule size is more attractive com-
pared with meth2 and meth3 because less sensitive to ¢ and very much stable
and fast computationally. In the present study, at meth1 passing from five to nine
molecule size, the computational effort increases more than two times and the error
norm does not decrease generally in accordingly (see also [33,34]). Comparing
the meth1 with five molecule size and meth2 with nine molecule size, the former
is faster than the latter about 10 times because a less elaborate assembling matrix
and less terms in the approximations. Though the latter can be more accurate than
the former over 100 times into a wide range of c’s. After many tests, on the full
range of shape parameter tested, always converged solutions were achieved.
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Figure 3: Convergence of the relative error with 2. Solid line: meth1 and 11 x 11,
dashed line: methl and 13 x 13, dotted line: meth2 and 11 x 11 and
dash-dot line: meth2 and 13 x 13.

4.2 Kinetic rate problem in a square

Simplified kinetic rate problem in steady-state can be analyzed by means the forced
diffusion equation
Au = U2y (15)

which governs kinetic and diffusional phenomena in a homogeneous
medium where ¥ and 7 are known parameters. Our computations are compared
with an exact solution from [4] which is given for u = 0.4352 at point (0, 0). There
the problem domain is the unit square centered at (0, 0), only Dirichlet boundary
condition 4 = 1 is prescribed on whole domain, using ¥ = 5 and = 2. The com-
putations are performed on two uniform point distributions 11 x 11 (N = 121) and
13 x 13 (N = 169) and different parameters (0.05 < ¢ < 2). The other parameters
are similar to previous problem.

Figure 3 shows the accuracy of the solution as a function of MQ shape param-
eter, different point distributions and two local RBF methods combining with
Newton method. One can observe also that both methods can achieve an accu-
racy improvement with higher values of ¢ and denser collocation points. It can be
seen that solution error at methl decreases very smooth as c increases until to be
nearly constant. On the other hand, meth2 (double collocation) is more sensitive to
c owing to the error decreases as c increases but now one observes a certain recov-
ery of spectral convergence for a range of c’s. Always converged solutions were
found with less than five iterations. With this problem, we confirm the applicability
of local RBF collocation methods to deal with the simplest nonlinear problems.

5 Conclusions

Here we show that meshless local RBF collocation methods (LRBFCM) are well
suited to solve the simplest nonlinear boundary value problems. Particularly we
were able to incorporate standard iterative procedures based on fully Newton and
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second order Picard methods in all local methods. Though the performance of both
procedures was not compared in this work. However, the combination with New-
ton method can require optimization for reducing the computational cost. In addi-
tion, the molecule size can also affect adversely the efficiency due to higher sizes
require many computations, e.i., roughly O(Nn?), see [29]. New details about the
performance of the schemes varying the constant shape parameter are shown as
such can affect strongly the convergence order and accuracy itself even though it
seems dependent on the problems. Furthermore, in the full range of shape param-
eter tested, always converged solutions were found with few iterations. We are
to sure that local RBF methods are quite stables and efficients compared to the
counterpart global ones. By the simplicity of these methods, we hope that they
can follow up being applied to a wide variety of important applications in the near
future.
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Three-dimensional unsteady heat conduction
analysis by the triple-reciprocity
boundary element method

Y. Ochiai & Y. Kitayama
Department of Mechanical Engineering, Kinki University, Japan

Abstract

The conventional boundary element method (BEM) requires a domain integral in
heat conduction analysis with heat generation or an initial temperature
distribution. In this paper it is shown that the three-dimensional heat conduction
problem can be solved effectively using the triple-reciprocity boundary element
method without internal cells. In this method, the distributions of heat generation
and initial temperature are interpolated using integral equations and time-
dependent fundamental solutions are used. A new computer program was
developed and applied to solving several problems.

Keywords: boundary element method, heat conduction, meshless method.
1 Introduction

The unsteady heat conduction problem without arbitrary heat generation and a
nonuniform initial temperature distribution can be easily solved, without using
internal cells, by the conventional boundary element method (BEM). For special
cases, unsteady heat conduction problems with constant heat generation and
uniform initial temperature distribution can solved by the standard BEM without
the need for internal cells. When an analysis of heat conduction under arbitrary
heat generation or a non-uniform initial temperature distribution within the
domain is carried out by the BEM, a domain integral is generally necessary [1,
2]. However, by including the domain integral, the merit of BEM, that the
preparation of data is simple, is lost. Thus, several other methods have been
considered. Nowak and Neves proposed a multiple-reciprocity method [3].
Tanaka et al. have proposed a dual-reciprocity BEM for transient heat
conduction problems, and V. Sladek and J. Sladek proposed a local boundary
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integral equation for unsteady heat conduction problems. However, these
methods do not employ a time-dependent fundamental solution, which gives an
accurate result.

Ochiai proposed the triple-reciprocity BEM or improved multi-reciprocity
BEM for steady heat conduction, steady thermal stress and elastoplastic
problems [4-6]. The triple-reciprocity BEM for two-dimensional heat
conduction and thermal stress analysis for an unsteady state has also been
proposed [7, 8]. In this paper the triple-reciprocity BEM is used for three-
dimensional unsteady heat conduction problems. In this method, heat generation
and the initial temperature distributions are interpolated using the boundary
integral equations. The triple-reciprocity method, which does not require internal
cells, uses a time-dependent solution.

2 Theory
2.1 Unsteady heat conduction

In unsteady heat conduction problems with heat generation W (q,f), a

temperature 7 is obtained by solving
N
v+ K*la—T, (1)
A ot

where x, A and ¢ are the thermal diffusivity, heat conductivity and time,
respectively. Denoting an arbitrary time and the initial temperature by t and

T%(q.,0), respectively, the boundary integral equation for the temperature in the
case of unsteady heat conduction problems is expressed by [1, 2]

T (Pt = [ [1(0.5) THDELD)

_9M©Q.D) 1+ p 0.4, 7)jdrdz
on

+xf [T (P.g.t, Z')W 97 joyir + [T (P.g.LO)T (4.0)d22, (2)

where ¢=0.5 on the smooth boundary and c=1 in the domain. /" and £ represent
the boundary and the domain, respectively, p and ¢ are respectively an
observation point and a loading point, and 7 is the distance between p and g¢.
The notations p and g are written as P and Q on the boundary, respectively. In
the case of three-dimensional problems, the time-dependent fundamental

solution 7, (p,q,t,7) in Eq. (2) for the unsteady temperature analysis problem
and its normal derivative are given by [1, 2]

X 1
T (p,g,t,7) —Wexp[—a] (3)
6Tl*(p,q,t,z') -2r 6
on e on P @

where
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2
r

a =——-

4x(t—1)

As shown in Eq. (2), when there is an arbitrary initial temperature or heat
generation distribution, a domain integral becomes necessary.

©)

2.2 Interpolation

An interpolation method for a distribution of heat generation W,*(¢q,7) is shown
using the boundary integral equations to avoid the use of internal cells. The

polyharmonic function Tl[f Y(p,q) for the steady state is given by

(/1 r

TVN(P,Q)=—F——.
(#0) 4z(2f -2)!

In reference [15], the polyharmonic function of body distribution is used.

However, the corresponding functions for the unsteady three-dimensional case

are very difficult to obtain. In this paper, the polyharmonic functions of the

surface distribution are used. Figure 1 shows the shape of polyharmonic

(6)

functions; the biharmonic function 7™ is not smooth at »=0. In the three-
dimensional case, smooth interpolation cannot be achieved using only the

[2]

biharmonic function 7'“'. To achieve smooth interpolation, the polyharmonic

214

function with surface distribution 7% is introduced. A polyharmonic function

with surface distribution 7'/1* as shown in Fig. 2, is defined as [14]
TVM = [*(["1V) 47 sin0dO)dg . )

TYM can be easily obtained using the relationships 7* = R* + 4> —2AR cos &
and dr = ARsin@d@ , as shown in Fig. 2. This function is written using r instead
of R, similarly to Egs. (3) and (6), although the function in Eq. (7) is a function
of R. The newly defined function 7'/ can be explicitly written as

A{(r+ Y = (r—-A)Y"}

7L _ r>A 3
202/ —Dlr

p MDAy ©)
Q@f-Dr

The following equations can be used for the three-dimensional interpolation

[9]:

VWS (q,7) =-W5 (q,7) (10)
VW, (g.0) ==Y W(q,,.0)6(q —q,,) (11)

m=1

M is the number of internal points for interpolation. Assuming the spatial
distribution of W, (¢,7)to be governed by Eq. (11) with point sources, it is

known that W (q,7) will be divergent at these source points as the particular
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M
solution > TM(p,q,)W,"(q,,,7) . Nevertheless, we can evaluate ¥, (¢,7) on

m=1
the boundary. The term W,° of Eq. (10) corresponds to the sum of the curvatures
o’w? |ox*, 0°W,* /0y* and 0°W,® /6z* . The term W,™ is the unknown strength

of a Dirac function. From Egs. (10) and (11), the following equation can be
obtained.

VWi g1 =3 W(q,.7)5(q~4q,) (12)

m=1

Figure 1: Polyharmonic functions. ~ Figure 2: Notation for polyharmonic
function with surface
distribution.

This equation corresponds to equation for the deformation of an idealized thin
plate with M point loads. The deformation W,*(q,7) is given, but the force of

the point load W, (g,7) is unknown. W, (q,7) is obtained inversely from the
deformation W,°(¢q,7) of the fictitious thin plate. 7, corresponds to the

moment of the thin plate. The moment #,° on the boundary is assumed to be 0,

which is the same as that in a natural spline. This indicates that the thin plate is
simply supported. Moreover, the distribution of the initial temperature can be
interpolated as follows.

VT (¢,0) = -T," (¢,0) (13)

VT (g.0)=-) T'™(q,.008(q-q,) (14)

m=1

On the other hand, the polyharmonic function T ; (p,q,t,7) in the unsteady

heat conduction problem and T f; (p,q,t,7) are defined by
VL. (p.g,t,7) = T/ (p,q,1,7) (15)
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% 27 T, % .
T (p.got,0) = |, 1], T/ (p.g:1,0) 47 sin0d61dg (16)
Using Green’s theorem twice, and Egs. (10)-(16), Eq. (2) becomes

eT(P.1) =[] [T (0. NG (PQ”)

_9MQ.D 1+ p 0.1 )T dr
on

WS
—Z( D[ [T P L (Qr)

_WW S(0,7)JdTdr +% Zj WL @O Pt o)

an m=1
2 . T (0,00  oT;,,(P,0,1,0)
+ 2D [T (PO, 0)— = - — = T (0, 0)1dT
7=
M
+ > 1"(q,, 0T, *(P.q,,,1,0) . (17)

m=]
Using Green’s second identity and Egs. (10) and (11), we obtain for W]S and
» [7-9]

Lf
_WW/S (Q,r)}dr—Z_T PG (g,7) (18)
CVst(P’Z') :J' {T[l](P,Q)w
r on
_WWZS(Q,T)}MWiT“]A(P,qm)WGPA(‘Im’T) (1)
n m=1

2.3 Unsteady polyharmonic function

The three-dimensional unsteady polyharmonic function T’ ; (P,q,t,7) in Eq. (17)

is determined as
* 1 *
Tra(pgts7) = [ [r°T; (pog.t. )drdr (20)

The polyharmonic function T f (P,q,t,7) in the unsteady state and its normal

derivative are explicitly given by

* 1 1
7, (¢, p.t,7) = =5~ {7 (1.5,a) + [ —exp(-a)]} == S (050 @D
277 r 27
o7, T 1
(‘gn" ) =515 > (22)
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*

T, = T ———{3y(1.5,a)+ 6a"* y(2,a) - 3a 'y (2.5,a) +a'"”

+ 3;/(1.5,41)l —3a™"?[1 - exp(-a)]}

o m{ 7(0.5,a)+ 2y (1.5, a)——za"/2[1 exp(—a)]} (23)
o, _ 1 s or
TSI [7(0.5,a) a;/(l.S,a)]an , (24)

where y(,) is an incomplete gamma function of the first kind and

r,,=0r/0ox, . Using Eqgs. (7) and (17), the polyharmonic function with a surface

distribution is obtained as follows:

2A(kt)*"?
3 1/2

— 2y (3,u,)+ 61,y (2 ,uy) — 61, 7(2 1) — 61, 2y (2.5 )+ 6,y (2.5 )

T = =2u," 2y (1.5 uy)+ 20 Py (LS u) + 273 uy)

+%u2 —%ul +6u2I }/(1.5,uz)—6u1”27/(l.5,ul)—67/(2,u2)

+6y(2,u;) —3u, + 3u, —3exp(—u,) +3exp(—u,)} , 25)
where
(r A)? v = (r+A)? 26)
] 4K(t -7y ? 4k(t—7)

Numerical solutions are obtained using the interpolation functions for time
and space. If a constant time interpolation and time step (z, —¢,_, ) are used, the

time integral can be treated analytically. The time integrals for 7 ; (P,q,t,7) and

or, ,* /On from 7, to 7, are given as follows:
1

5 o
[, T (pgt:)de = —5-T(05,a)) 27)
v O (pygsts?) , 1 ar
Lf T = o TS (28)
o r 2
[, Epanodr = —ly(15.a)) ——r<05 a;)+—7-T(-05,a,)]
ar "f
= 05,4y ——r( ~0.5,a,)] (29)
ay
v 0T, (p,q,1, D) s
I,,- = S o s, a, )?”(05 a,)] (30)
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3
tF % r 1
[} T (pgtn)dr =5 =67 (1.5,af)a——r<o.5,af) +8y 2a;)—5

f ar
-3y(25a,)— + +3;/(l 5 af) > +30(-0.5,a,)
ar af a;’
4
B +6F(—l.5,af)] 30
ay

2

IIF aT;(P,q,t,T) dT _ r 2

1
-6y (1.5,a,)—=3I'(0.5,a,)
a

1y on 96k’ on .
1 8 3
+3y (2.5,61,»)—2 +— —}/(l.S,af)—2—3F(—0.5,af)] (32)
af af a.f
where

2
7

a,=——
T Akt —t,)
I'(,) is an incomplete gamma function of the second kind. The time integral

of Eq. (25) can be obtained as follows:

(33)

_— A (r=4) 11
T, ,q,t,7)dt = 2y\1.5,a,,)— +=TI'(0.5,a
J‘tf 3 (pq,t,7) 4872, { 7’( 1[) a, 5 ( 1_/)
4 1 1 1 1
_g7(3’“1f)W _47(2’“1,1‘)W + 37(25’“1/’)_2 T2
Gy iy 4y a4y
1 3
~3y(1.5,a, ) —-=T (-05,4,)
a, 5
12 1 2
+—=y(2a,)—= +—5 BO(254,)}, (34)
5 a, a,
where

L =)
Y k()

For the sake of conciseness, the terms involving u, in Eq. (34) are omitted.

(35)

If there are no arbitrary heat generation or initial temperature distributions,
internal points are not necessary. Also, for the special case of the formulation of
an unsteady state from a steady state, internal points are not necessary. If the heat
generation and initial temperature distributions are governed by Laplace equation
instead of Egs. (10)-(14), Eq. (17) becomes

cT(P,t) = _KIOtIF[T(QsT) o1 (P,Q,t,z')

_TQD r+p 04 )T dr
on

ow’ (Q r) 0T, (P,Q,1,7)
on

—J' j T, (P,0,t,7) W (Q.)ldTdr
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ar" (Q 0) 075 (P,0,1,0) 708

[ 1120007 =

(0,0)]dI". (36)

3 Numerical examples

To verify the efficiency of this method, an unsteady temperature distribution in a
sphere is obtained. The initial temperature of the sphere is 7; =10°C, and the

temperature on the surface suddenly becomes 0° at time ¢#=0. It is assumed
that the thermal diffusivity is & =16 mm’s™ and the radius of the sphere is
b =10 mm. Figure 3 shows the boundary elements. In this example, Eq. (36) is
used; therefore, internal points are not necessary. Figure 4 shows the temperature
change. The solid lines in Fig.4 show the exact solutions, which are given by

T(r,t)= 2:;];02 - DM exp(—anﬂzt). 37

n=1

10
of
O 8
e 7t
E
g or
[
g 5
a e 8
- ]
| 3r
| 2r
1
0 9 —6—gq
o1t 2 3 4 5 6 7 8 9 10
F AT r (mm)
Figure 3: Boundary elements of Figure 4: Temperature distributions
spherical region. in sphere.

The next numerical example is a cubic region with length L =10 mm with
heat generation. Using internal points as shown in Fig. 5, it is assumed that the
thermal diffusivity & is 16 mm’s’. The number of boundary elements and
internal points are 600 and M =729, respectively. The surface temperature is
0°C and the initial temperature is 0°C. Step heating is assumed. The heat
generation is given by

. TX . Ty . 7wz
W(x,y,z) =W, sin—sin——sin— (1 >0). 38
(x,y,2) =W, 7 . I (t20) (38)

Using a Laplace transformation and a finite sine transformation, an exact
solution is obtained as follows:
X . Ty .
L

(39)

14
T(x,y,2,0) = ’;E“
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(40)

W,/ A=10K/mm® is assumed. Figure 6 shows the comparison between this
method and exact solution given by Eq. (39) at £ =0.05, 0.1, 0.2, 0.4 and 1 s.

T

(a) Boundary elements (b) Internal points
Figure 5: Cubic region.
5 10
9
e o 8
[l
5 g
£ g 5
@ £
[ K
3
2
1
03]234‘56789]0
x (mm)
Figure 6:  Temperature distri- Figure 7: Temperature  distri-
butions in  cube butions in  cube
(y=2=3). (y=z=9).

For the special case of the formulation of an unsteady state from a steady
state, internal points are not necessary. Temperature of cubic region is obtained
using boundary elements as shown in Fig. 5. In this calculation, internal points
are not necessary. The thermal diffusivity & is 16 mm’s™”. The temperatures at
x=0 and x=10 are 0°C and T, =10°C, respectively. The other surfaces are

adiabatic. Initial temperature is given by

T(x,0) = % . A1)
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The temperature at x=10 suddenly becomes T, =0 °C at time 7=0s. The

unsteady temperature distribution is obtained by Eq. (36). Using a Laplace
transformation and a finite sine transformation, the exact solution is obtained as
follows:

—2T, & cos(zn) . mnx Kn’m’t
T(x,t) = 0 sin exp(— . 42
(r0)=— Z . T eXP-———) (42)

Figure 7 shows the comparison between this method and the exact solution
given by Eq. (42) at =0.01, 0.05, 0.1,0.2, 0.4 and 1 s.

4 Conclusion

It has been shown that it is possible to express the distributions of heat
generation and initial temperature for the three-dimensional case using only the
fundamental solution of lower order by the triple-reciprocity boundary element
method. It has also been shown that highly accurate unsteady heat conduction
analysis using the boundary integral is only possible using the polyharmonic
function and the surface-distributed polyharmonic function, even in the case of
arbitrary distributions of heat generation and initial temperature. Therefore, by
adding only the data of the values at internal points and on the boundary for the
distributions of heat generation and initial temperature, the analysis of three-
dimensional heat conduction for the unsteady state with heat generation and
initial temperature distributions has become possible. A reduction of the
dimensionality of the problem has been effectively achieved.
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Radial basis integral equation method
for Navier-Stokes equations

T. T. Bui & V. Popov

Wessex Institute of Technology, Environmental and Fluid Mechanics,
Southampton, UK

Abstract

A meshless BEM approach has been developed, which has been applied for solu-
tion of the Navier-Stokes equations. The approach subdivides the original prob-
lem domain in a number of circular sub-domains around nodes used to represent
the solution of the problem. Dual reciprocity method has been used to convert
the domain integrals into integrals over the boundary of the sub-domains. Six
equations are solved in 2D to obtain the solution of the Navier-Stokes equations,
of which two are for solving the velocity components, one for pressure and the
remaining equations are for solving for stresses. The developed formulation has
been tested on the lid-driven cavity problem and the results have been compared
to the results of Ghia et al., showing good agreement.

Keywords: Meshless method, integral equations, circular sub-domains, radial basis
functions, Navier-Stokes equations.

1 Introduction

Meshless approaches based on the integral equations are receiving increased atten-
tion due to their accuracy associated with the integral equations methods, of which
the most widely used so far has been the BEM, and the flexibility they offer as the
meshing requirements are either eliminated or largely reduced.

The Local Boundary Integral Equation (LBIE) method [2,3] uses domain decom-
position into a large number of circular sub-domains, with the source point in the
centre of the circle. The LBIE uses the concept of “companion solution” in order to
eliminate the single layer integral from the local boundary integral equation, leav-
ing the potential field as the only unknown in the equations. For source points that
are located on the boundary of the given problem part of the local circular bound-
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ary is replaced by the part of the global boundary and the integrals are evaluated
over this part of the global boundary and remaining part of the circle.

Recently [4] LBIE has been employed for solution of the Navier-Stokes equa-
tions by using the velocity-vorticity formulation in combination with the radial
basis functions (RBFs) used for interpolation of the field variables over the circu-
lar boundaries of the sub-domains.

Though the present formulation may seem similar to the LBIE in certain aspects,
overall it is a fundamentally different approach. Similarly to the LBIE it is imple-
mented over circular sub-domains where the source points are placed in the centres
of the circles and uses RBFs for interpolation of the field variables over the circu-
lar boundary. However, the present approach is implemented using the velocity-
pressure formulation, it does not use the companion solution concept and does not
need any integration over the boundary. More on the current formulation can be
found in Bui and Popov [5].

2 Velocity-pressure formulation
For the incompressible flow, the equation of continuity is

V-u=0 ey
The conservation of momentum for an incompressible fluid is expressed as:

8ui (’)ui o 80'ij

where u; is the component of the velocity vector along the ¢ direction, p is the
density and F; is the net body force along the ¢ direction; o;; is stress tensor cor-
responding to the flow u, p. For Newtonian fluid

8ui 6uj ) (3)

= _
o = w4 5

where p is the fluid pressure, d;; is the Kronecker delta and f is the viscosity
coefficient.

The integral representation for Navier-Stokes equations for a given point z
inside the domain () bounded by boundary S is given by Ladyzhenskaya (1963) [6]
as:

wle) = [ tieus)as, - [ wientwas, + [ v
s s Q
4)
where g; = puju; ; are convective terms; ¢; = o;;n; are the traction components,
n; is the outward normal vector; u¥ is the velocity field fundamental solution of
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the Stokes equations. In two dimensions, uj, is given as [6]

1 1 (i — yi)(xr — yk)
i =——|In{=]d 5
ug; (z,9) T [n <r) k+ 2 (5)
with a corresponding pressure ¢ which is given by
1 (zr —yr)
k
= 6
¢(@y) =53 (6)
where r = |z — y|. The fundamental traction ¢}, (x, y) is defined as

thi(@,y) = ol (uF (@), ¢" (z,1))n; (y)

1 (zi — i) (k. — yi) (25 — y5)
T r3

tri(2,y) = — n; 7

The DRM approximation was introduced to express the domain integral in (4)
in terms of equivalent boundary integrals. The convective term is expanded in the

form
N+A

Z f™ (@) 5. ®)

The coefficient o™ is unknown which can be determined by applying (8) on N
collocation nodes y™, (m = 1,..., N). The collocation nodes are the nodes on
the boundary S and the nodes inside the domain 2.

With the approximation (8), the domain integral in (4) becomes

N+A

/ukl(az y)gi(y)dQ = Z o /um z,y) f™(x)6;dQ 9

The new auxiliary velocity field (a!™(x),p"™(z)) is defined by the following
equations
82 lm(x) aplm( )
8333 Ox; 0x;
811?”
aii

= " ()i (10)

—0 (11)
Applying the Green’s identity to the new flow field (4™ (z), p'™(z)) yields
(@) = [t )il w)ds, (12
s

- [ vile it was, + [ wilen) " @600
where the traction £/ is defined as

B (y) = o (@™ (y), 9™ (y))ns (y) (13)
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Rearranging the terms in (12) we have the transformation from the domain integral
to the boundary integral

/ i (2, 9) ™ (y)5adQ = — / £, (2, )8l ()dS,
Q S

+ / upi(z, ) B (y)dS, + 4™ (x)  (14)
S

Substitution of (14) and (9) into (4) leads to integral representation formula in
which only boundary integrals are present

wila) - /S £, y)us(y)dS, + /S ula(z,9)ts(y)dS,
N+A A
—S oy {— [ tuteitnmas, + [ i oas, +ﬁﬁm<x>}
m=1
(15)

3 Implementation of the meshless method

The proposed method will solve at each interior node six integral equations in
order to obtain the velocities uy, us, stresses 011, 012, 029 and pressure p. The
integral equation for velocity components is given by (15). Equations for stresses
and pressure will be described as follows.

3.1 Integral equation for stresses

Stresses are obtained from

3uk auh> (16)

Okh = —POkh + 4 (@ ur
v

The value of derivatives duy, /Dxy, are obtained by differentiating (15) in respect
to xp,, where xy, is the component of z.

Ouy(z) _ oty (z,y) ) o Ouj;(z,y) B )
orn 578“ ui (y)dSy 57333;1 aij(y)n;(y)dSy
Ny+A « " Alm
m [ [ O, Y) im /5%1‘(957?!) fim ou" ()
3 {- [ 2aeniinas, + [ 2ELDjing)as, 1 O
(17)
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Substituting (17) into (16) yields equation for o, (x)

K S

H 8£Eh 85Ek

_ Oup(z,y) | Oupi(zy)] ‘

/S [ dzp, N Oy, i (y)n; (y)dSy

N,+A

8t*2 x,y at*z z,y .

i Z { /{ kai:h )+ hai;k )]“i (y)dS,

m=1

Qi) | D) o, | [PH0) D0

+/5[ Oxp, * O " (y)dSy + O + o

(18)
3.2 Integral equation for pressure

The pressure corresponding to the velocity field for the Newtonian fluid can be
obtained in the integral form as (for more details, see Ladyzhenskaya [6])

k x
) == [ entias, -2 [ 2D )is,

S
+ /Q " (z,y)gr (y)dy (19)

With the approximation (8), the domain integral in (19) becomes

N+A

/Q " (2, 9)gr(y)d2 = Y of" / (,9) /™ ()12 (20)

m=1

Applying the Green’s identity to the new flow field (/™ (), p'™ (x)) produces

@) = [ i eas, -2 [ 2D i, s,

+ / ¢" (2, y) f™ (y)drady 1)
Q
Substitution of (21) and (20) into (19) leads to

k
p@) = = [ s, -2 [ SEB g, )as,

N+A k
w3 ar (376 + [ a i es, +ou [ HEED i 0)as, )
2)
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4 Interpolation for the unknown fields

In order to perform the integration over the local boundaries of the circular sub-
domains, values of the velocities and stresses must be known on the circles. The
unknown velocity at any node on the local boundary is approximated by /N neigh-
boring nodes by the following formula:

N

u(z) = flx,2:).a; (23)

=1

Equation (23) is applied on all N neighboring nodes x;, 7 = 1,..., N and the
following system of equations is formed

N

u(a;) = flaj,).a; (24)

i=1

Equation (24) can be written in the matrix form as

Ug — Foa (25)
where up = [u(z1),u(x2),...,u(zn)]’; Fo = [fii] = [f(zj,z)], j = 1,2,
..., N;i = 1,2,..., N. The unknown coefficients a are determined by a =

Fqy Luo. Hence, the potential at point & can be written as
u(xr) = F(z)Fg 'ug (26)

where F'(z) = [f(x,21), f(z,z2),..., f(z,zN)].
In the similar way, the stresses are approximated by the following formula

0ij(z) = F(z)Fg o) (27)

where O'g = [O'Z‘j(ail), O’ij(xz), ce ,O'ij(SUN)]T.
S Solution procedures

The RBIEM generates one circular sub-domain around each of the nodes located
inside the domain or on the boundary (see [7]). The eight nodes on the boundary
of the sub-domains are introduced as nodes where the velocities and stresses are
evaluated using interpolation by employing the surrounding nodes located at cen-
ters of surrounding sub-domains. For each sub-domain, the same set of nodes was
used for interpolation of the field variables over the circular local boundaries; this
means the same set was used for each of the eight nodes on the circle, and for the
DRM approximation. This significantly simplifies the search for the neighbouring
nodes and saves CPU time. The set of nodes was found by prescribing the required
number of nodes in the interpolation/approximation and then the code defined the
set by selecting the required number of the nearest nodes to node <.
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Figure 1: The circular sub-domains distributed in the problem domain.
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Figure 2: Lid-driven cavity configuration with boundary conditions.

6 Numerical examples

The laminar incompressible flow in a square cavity whose upper boundary is mov-
ing at a constant velocity (see Figure 2) is considered for benchmarking the numer-
ical approach. The velocity is given as zero on all the walls except at the top,
where the horizontal velocity equals to unity. The problem is solved by the pro-
posed method for two different Reynolds number Re = 100, Re = 400. The
results obtained by the proposed method are compared with the benchmark values
obtained by Ghia et al. [1], using a finite difference multigrid numerical scheme
with very fine mesh. For the both cases, the radius of the sub-domain for boundary
nodes is set as small as 5.10-3 to reduce the error due to the extrapolation by reduc-
ing the distance between the nodes on the external part of the local circular bound-
ary. The radius of the sub-domain for internal nodes is the distance to the nearest
node. All simulations are done on a PC Pentium IV 3.0 Ghz, 1.0 Gb of RAM. The
resulting sparse matrix produced by the method is solved by SPARSKIT solver.
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Figure 3: Velocity field at Re = 100
obtained with 313 nodes in

the domain.
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Figure 5: Horizontal fluid velocity
distribution at the verti-
cal center line, at Re =
100 with 313 nodes in the
domain.

Figure 4: Velocity field at Re = 400
obtained with 5951 nodes
in the domain.
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Figure 6: Vertical fluid velocity dis-
tribution at the horizon-
tal center line, at Re =
100 with 313 nodes in the
domain.

The domain for the case Re = 100 has 313 nodes. Velocities of the flow for
the case Re = 100 are depicted in figure 3. Figures 5 and 6 show horizontal fluid
velocity distribution at the vertical center line and vertical fluid velocity distribu-
tion at the horizontal center line, respectively. They are in good agreement with
the results obtained by Ghia et al. [1].

As pointed out by Power and Mingo [8], at the flow regions near the corners,
the flow has singularities associated with infinite values of the velocity and sur-
face traction. One way to circumvent these problems is to use a high density of
boundary elements in the vicinity of the singular points. In the case Re = 400
there are 5951 nodes in the domain. Figure 4 shows the obtained velocity filed
which is in good agreement with previous method. Figures 7 and 8 show a com-
parison between velocities obtained by proposed approach and those reported by
Ghia et al. [1] on the horizontal and vertical center-line fluid. Good agreement of
the results has been archived.
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7 Conclusions

A meshless method based on the integral equations and combined with the sub-
domain approach is applied to the Navier-Stokes equation. Six equations in 2D
are solved at each node, where two equations are for velocities, one equation is
for pressure and the remaining equations are used for solving stresses. Radial
basis function interpolation is applied in order to obtain the values of the field
variable and normal derivatives on the boundary of the circular sub-domains. The
inversion of the matrix is calculated only once for every nodal point. Every nodal
point is connected with few surrounding nodal points, leading to a banded sys-
tem. The DRM has been applied to convert the domain integrals into integrals
over the boundary of the sub-domains. The numerical results produced by mesh-
less method for two cases Re = 100 and Re = 400 are in good agreement with
the results obtained by Ghia et al. showing that proposed method can be used for
solving the Navier-Stokes equations.
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Efficient Boundary Element Method for a
focused domain

S. Takiguchi, K. Amaya & Y. Onishi
Department of Mechanical and Environmental Informatics,
Tokyo Institute of Technology, Japan

Abstract

An efficient Boundary Element Method for focused domain is developed. In this
method, whole boundaries are divided into near boundaries which are near to the
focused domain and far boundaries which are sufficiently far from it. We set up
boundary integral equations and express these integrals which contain unknown
quantities on the far boundaries as low order multipole moments, approximately.
Thus the number of unknowns and boundary integral equations set up are decreased
drastically by this method, and enables us to compute them efficiently. When
unknown quantities are required only in a specific domain, especially on large-
scale boundary value problems, this method enables us to compute them effi-
ciently. The capability of this method is verified with some numerical experiments.
Keywords: Boundary Element Method, 2D potential problem, focused domain,
multipole expansion, generalized inverse matrix.

1 Introduction

The Boundary Element Method (BEM) is one of the major numerical solutions
for boundary value problems and the Fast Multipole Boundary Element Method
(FMBEM), is in widespread use as an efficient solution for large-scale boundary
value problems.

The BEM is generally used to obtain all unknown quantities with uniform accu-
racy in a whole analytical domain. However, in reality, there are not a few cases
where the unknown quantities are required only in a specific domain, that is, the
focused domain for practical purpose. For example, we can point to corrosion or
anticorrosion analysis for the evaluation of anti-corrosion effect on specific parts
of structures such as boats and ships, and elastic analysis for the evaluation of
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strength on stress concentration zones. In such cases, it is advantageous to com-
pute more efficiently unknown quantities only in focused domain with the same
accuracy as the conventional BEM[1].

Based on the above-mentioned background, we developed a new efficient bound-
ary element method for a focused domain.

In this method, a whole boundary is divided into near boundaries which are near
to a focused domain and far boundaries which are sufficiently far from it (Fig. 1).
Then, we set up boundary integral equations (BIEs) whose collocation points are
on all the elements of the near boundaries and express these integrals which con-
tain unknown quantities on far boundaries as low order multipole moments by
using a multipole expansion of the fundamental solution. Moreover, we also set
up boundary integral equations whose weighting functions are harmonic functions
by the number of those multipole moments. The boundary integrals which con-
tain unknown quantities on the far boundaries are expressed approximately as the
multipole moments by using a generalized inverse matrix. Thus the number of
unknowns and boundary integral equations set up are decreased drastically by this
method, and enables us to compute them efficiently (Fig. 2).

This paper presents the efficient boundary element method for the focused
domain, that is the “Focused Domain Efficient Boundary Element Method (FD—
EBEM)”. The capability of this method extended to 2D potential problems is ver-
ified with some numerical experiment.

Whole Domain BN

- . ~  Far Boundas
Near Boundary 4~ >+ (Laplace Field) N F i
[ Near f Focused s v [rar
. Domain} Q !
@ “\Q Fo cused, G 3 @

/
Seme? :
" 7 Transfer unknown quantity

=7 into Multipole Moments

Treat unknown quantity
as the conventional BEM

Figure 1: Division of boundary into near and far boundaries.

Solve Huge Simultaneous Liner Equations

ity

Conventional BEM | Near | Far

lTransfer into Multipole Moments

______________________________________ .
FD-EBEM | Near | N High Order Multiplole Moments (Ignored) _E

"Low Order Multiplole Moments

Solve Small Simultaneous Liner Equations

Figure 2: Reduction of the number of unknown quantities.
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2 BIE formulation and the conventional BEM approach

The BIE formulation and its discretization using the conventional BEM for 2D
potential problems are summarized in this section. They are fundamental to FD—
EBEM.

2.1 Setup of boundary value problem

For simplicity, consider the following Laplace equation governing a potential prob-
lem in a 2D domain €2 (Fig. 3):

Viu(z) =0 (Vz€9Q) (1)

under the boundary condition u(z9) = v’ (20 € I'). u(z) is potential field in
domain 2, I is the boundary of the 2, and the symbol prime(") quantities indicate
given values on the boundary.

Whole Domain (Laplace Field) “xField Point

Q

Collocation Point
20
Im

] All Dirichlet Boundary [’
Re
Figure 3: Domain €2 and boundary I (discretized).

2.2 BIE of potential problems

The BIE for this boundary value problem can be expressed as the following for-
mula:

c(z)u(z) =Re [/P u*(z0,2)q(z)|dz| — Aq*(zo,z)u(z)|dz| , 2)

where ¢ the flux ¢(z) = Ou(z)/0n(z), n(z) outward normal, zy the collocation
point, z field point and ¢(zg) coefficients that are equal to 1/2 if zp € I" and I’
is smooth around zg, or 1 if zg € Q; u*(20, z) and ¢* (29, z) are the fundamental
solution given by:

3)

W) =gl ) q ) =g
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2.3 Discretization

In this subsection, discretization with constant boundary elements is explained for
simplicity. The boundary I" is divided into N line elements I (k =1,2,--- ,N)
and one node z} is placed on each element. We obtain the following discretized
equation of BIE (2) in matrix form:

Grqr = Hru'p, “4)
where
hir -+ hin g1 '+ gIN
HF = ) GF - )
hyt -+ hnn gN1 ' gNN
6j1€ *(_J Y
hik = —+ | q"(2h,2)|dz], gix = | u(2),2)|dz|, ©))
2 Iy, Iy
uy q1
uly qN
ug and g, (k = 1,2,...,N) are nodal values of u and ¢ on the element I,

respectively. Obviously, the construction of matrix Hr and G requires O(N?)
operations using the two expressions in Eq. (5) and the size of the required memory
for storing them is also O(N?) since they are in general non-symmetric and dense
matrices. The solution of system in Eq. (4) using direct solvers such as Gauss elim-
ination is even worse, requiring O(NN?3) operations because of this general matrix.
That is why the conventional BEM is not so efficient for large-scale problems,
despite its robustness in the meshing stage as compared with other domain based
methods [2].

3 FD-EBEM formulation for 2D potential problems

As stated in the previous section, the conventional BEM is not so efficient for
large-scale problems because of requiring vast operations and memory. FMBEM
was developed for getting over this weak point of the conventional BEM. But, it
is hard to say that FMBEM is always efficient, especially, in the case where the
unknown quantities are required only in a specific domain, because, FMBEM is
the method for obtaining all unknown quantities with uniform accuracy in a whole
analytical domain. In such cases, FD-EBEM enables us to compute efficiently
the unknown quantities only in a specific domain. In this section, we explain the
formulation of FD-EBEM for 2D potential problems.
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3.1 Setup of boundary value problem

For simplicity, consider the same Laplace equation (1) governing potential prob-
lem in a 2D domain 2 (Fig. 4) under the boundary condition u(z9) = v’ (29 € I)
as given in the previous section. We also assume that a specific domain is focused
domain Q¥ocused jn the whole domain Q and potential u(zg), zo € Focused
is a requisite unknown quantity. Far boundary 17" is sufficiently far from the
focused domain Q2F°°used, Far boundary I"™* and the center of multipolar moments
2. are determined so that Vz € I'™ (C I') satisfy the following formula for
VZO c QFocused:

|z — ze| < |20 — 2], @)

Additionally, the boundary near the focused domain QFocused is denoted near
boundary I"Near (: In FFM), and Jzy € I'Ne* gatisfies Eq. (7) for Vz €

FFar (g F)

Field Point | All Dirichlet Boundary
< L o r

Near Boundary
[vNear

= -y

5 Laplace Field
Focused's

Q

Iitipolar Moments

Multipolar Mpments

20

F
Collocation Point Far Boundary ™"

Figure 4: Focused domain and classification of boundary.

3.2 Division of boundary integral into near and far boundary

Now, we deal with the boundary value problem where the potential v on the whole
boundary I'is given. Thus, the boundary integral contains unknown quantity in the
first right-hand term of Eq. (2), where 2y € I'. In this method, the first right-hand
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term of Eq. (2) is devided into the near boundary I"N®*" and the far boundary I"F2"
part as follows:

Ceoputen) =Re | [ u02) - ale)las
# [t a@la - [ aGos) u@ie]. ®

3.3 Multipole expansion of boundary integral on far boundary

The displacement component of the fundamental solution in complex notation
u* (20, z) can be transformed as the following formula:

1 Z2— 2
u*(z0,2) = —%{10g|zo—zc|+log (1— )} 9)

20 — Zc¢

In the case where zg, z and z. satisfy Eq. (7), we can apply the following Taylor
series expansion:

L e
bgl-6~> S <, (10)

and we obtain

L
. 1 1 Z— Ze t
u* (20, 2) ~ 5 {log|zo—zc — g T ( : ) } (11)

{=1

Therefore, the second right-hand term of Eq. (8) is described by Eq. (11) as fol-
lows.

L
/FFar u* (20, 2) - q(2)]|dz| = % Zz:; O¢(z0 — ze)My(2¢) (12)
where
_ (z — 2)* ) ~ Jloglz| (£=0)
ME(Zc) = /FFar 7 q(z)ldz|, Og(z) = {z_e ([ N 1) . (13)

In the case where z( and z satisfy the following formula : Eq. (14), the finite series
of Eq. (12) is known to be sufficiently convergent by approximately 15 terms.

|20 — zc| > 3|z — 2| (14)

It means that the finite series of Eq. (12) is sufficiently convergent by a few terms
in the case where the collocation point zq is placed in the focused domain QFocused
and on the near boundary I™N°®" but it is not convergent in the case the collocation
point is placed on the far boundary """
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3.4 BIE whose Collocation Point is placed on near boundary

When the collocation point zj is placed on the near boundary "N and the field
point z is placed on the far boundary """, z and zq can satisfy Eq. (7). Therefore
Eq. (8) can be transformed into the following formula:

c(z0)u(zo) =~ Re[/r u*(z0,2) - q(2)|dz| — /Fq*(zo,z) ~u(z)|dz|

Near
L

+% > Ou(z0 — 2e)Mi(zc)|  (15)
£=0

Consider the case where we discretize boundary I by constant boundary elements

and set BIEs whose collocation points are placed on elements of the near boundary

I'Near only. In this case, we can’t solve the simultaneous linear equations due to

insufficiency of equations by the increment of multipolar moments, or L. Addi-

tional equations for this insufficiency will be demonstrated in the next subsection.

3.5 BIE whose weighting functions are harmonic functions

We set up boundary integral equations whose weighting functions are harmonic
functions, that is O;(z — z.) by the number of those multipole moments, or L. In
this case, BIEs is the following formula:

/FOg(z —2c) - q(2)|dz| — /FNear Py(z — z.) - u(2)|dz]

- Pi(z — z.) - u(z)|dz| =0 ((=0,1,---,L) (16)
[Far

where

00y (2) £-n(z)
P = =— 17
[4 (Z ) on ( P ) P /+1 ( )
The process for expressing the integral in Eq. (16) which contains unknown quanti-
ties on far boundaries as these multipolar moments approximately is demonstrated
below. We discretize the boundary by constant boundary elements and obtain the
discretized BIE in matrix form:

[KF KFFM] et e, (18)
qFFar
where
koo -+ kon Jo1 -+ Jon
Kr= Jr = , (19)
ko -+ krn jro -+ JLN
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Re l:/FkPg(z —zc)ldz@ .

Re {
ko, = s Jee =
Im {/ Py(z — zc)dz] Im [ O(z — zc)dz]
Iy Iy

Ou(z = z)ids|

(20)

Re[z] and Im[z] represents a real and an imaginary part of z. We discretize Eq. (13)
by constant boundary elements in the same way.

M = IFFaquFar, (21)
where
. . r ¢
to1 - N Re / MM]
. Y4
Ir=|:+ -~ |, Lok = ALY )
. . Im / Gz gy
i1 - LN L/, l
M, )
My(zc
|| a — [Relitz0)
Im[My(2.)]
My, -

Letus assume g; can be described as the following formula by using I I‘L'FM , Moore-
Penrose type generalized inverse matrix of I pra: in Eq. (21) :

1

grrar IFFMM = IIT:FM (IFFar . II,J:Far) - M, (22)

where A7 is the transposed matrix of A. Therefore the third left-handed term of
Eq. (16) is:

Kpewqres & KpewI e (Ipese - Thea ) M. (23)
3.6 Simultaneous linear equations
As mentioned above, this method drastically reduces the number of unknown

quantities and the BIEs set up. We can set up the simultaneous linear equations
by discretizing Eq. (15) and Eq. (16), and substituting Eq. (23) as the following:

G[‘Near O q[‘Near H[‘ ’
T T —1 ~ U'F7 (24)
Ko KpeaI %, (Ipea - T5;,,) M Jr
where

Qo on Re[O(2f — 2)]
. . . e|Up(2zh — Z¢
= . . . y = . . 2
o : R E Oje {_Im[oe(zé B zc)]} (25)
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We can compute unknown quantities ¢ on the near boundary I"N¢*" and multipolar
moments M;(z.) by solving Eq. (24). In the case where a collocation point zg is
placed in the focused domain QFo¢used ¢(2;) = 1 in Eq. (15), hence unknown
quantity « in QF°°"ed can be computed with the same level of accuracy as the
conventional BEM.

4 Numerical results

In order to examine the accuracy and efficiency of FD-EBEM, we carry out a
numerical experiment with this method and the conventional BEM.

4.1 Setup boundary value problem

We consider a tube-shaped Laplace field with a square hole as shown in Fig. 5.
Boundary conditions on the inner square and outer circle are Dirichlet conditions
as shown in Fig. 6. The requisite unknown quantity is assumed to be potential u
in focused domain Q¥°¢"¢d shown in Fig. 5. The inner square and outer circle are
far boundary 17" and near boundary "', respectively. The center of multipole
moments z. is placed at the center of the outer circle so that Yz € QFocused gatisfy
Eq. (14) for Vz € I' The number of multipole moments is set to be 15.

All Dirichlet Boundary [’

Focused Domain
QFocused

Near Boundary
I Near

Figure 5: Model for the numerical experiment.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
=L www.witpress.com, ISSN 1743-355X (on-line)



160 Mesh Reduction Methods
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Near Boundary ——
Far Boundary ----------
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0
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-0.01
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Figure 6: Boundary condition.
0.0015 ‘ ‘
FD-EBEM ——
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o> 0.001
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Figure 7: Neumann data (flux) ¢ on near boundary J'Near

4.2 Verification of accuracy

For the problem indicated in the previous subsection, we divided I'™N°®* and I"Far
into 1000 and 5000 constant line elements, respectively, and computed flux ¢ on
I'Near and potential u by this method and the conventional BEM.
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Focused
! Domain |
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001 FD-EBEM -
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0.000 [ A
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0.0075
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0.0055
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Potential Data U,
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Distance from Z¢ (6 = 0)

Figure 8: Potential data w in domain £2(6 = 0).

Fig. 7 compares this method with the conventional BEM in the computational
results of flux ¢ on the near boundary I'N°*". Good agreement in computational
results is observed.

Fig. 8 compares this method with the conventional BEM in the computational
results of potential u on the line of parameter § = 0 within the whole domain
Q. Though this method differs from the conventional BEM in the computational
results external to the focused domain QF°¢"s¢d  they are in good agreement in the
focused domain QFocused,

It seems that this method is capable of computing flux g on the near boundary
I'Near and potential u in the focused domain QF°acused with the same sufficient
accuracy as the conventional BEM.

4.3 Verification of efficiency

For the problem indicated in the previous subsection, we divided "¢ and I"Fa"
into constant line elements and computed unknown quantities by this method and
the conventional BEM.

The number of elements on I'N?" fixed at 1000 and the number of elements on
' is varied from 1000 to 10000. All the computations in this subsection were
done on Intel(R) Core(TM) 17-965 Extreme Edition(3.2 GHz).

Fig. 9 shows the relationship between computational time and the total number
of elements V. It demonstrates that the computational cost of this method is about
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O (N), while the cost of the conventional BEM is about O (N?). This method is
more efficient as the number of elements on far boundaries I'¥" is larger.

1000
[ FD-EBEM «© 1
Conventional BEM + ¥
+
+
+
- 100 +
@ ¥
o1
=
= + o O
E N o o
O 10 @
T o
1
2000 4000 6000 8000 10000

Total Number of Elements

Figure 9: Comparison of CPU time between FD-EBEM and the conventional
BEM.

5 Conclusions

In this paper, we presents the efficient boundary element method for the focused
domain, that is the “Focused Domain Efficient Boundary Element Method (FD—
EBEM)”. We validated FD-EBEM in accuracy and efficiency by carrying out a
numerical experiment.

There are many practical applications in which unknown quantities only in a
specific domain are required. This method can extended not only to potential prob-
lems but also any other boundary value problems such as elastostatic analysis.
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Performance of GMRES for the MFS

A. Karageorghis & Y.-S. Smyrlis
Department of Mathematics and Statistics, University of Cyprus, Cyprus

Abstract

In this work we present some preliminary numerical results regarding the perfor-
mance of the Generalized Minimal Residual (GMRES) method when it is applied
to the solution of the linear systems arising from the discretization of certain ellip-
tic boundary value problems in two and three dimensions by the Method of Fun-
damental Solutions (MFS).

Keywords: method of fundamental solutions, generalized minimal residual method,
Laplace equation, iterative methods.

1 The problem and method
We consider the solution of Laplace’s equation

Au=0 in € (1.1)
subject to the Dirichlet boundary condition

u=f on 0N (1.2)

where the domain 2 is bounded in R?, d = 1,2 and f is a given function.
In the MFS [1], the solution w of (1.1)-(1.2) is approximated by

N
un(e,Q;P)=> cKa(P,Qr), PeQ, (1.3)

(=1
where ¢ = (c1,¢2,...,cn)T and Q is a dN-vector containing the coordinates of

the singularities Q;, £ = 1,. .., N, which lie outside Q. The function K4(P, Q) is
a fundamental solution of Laplace’s equation given by
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1
— = log|P-Q|, d=2,
21

Ka(P,Q) = (1.4)
L
wip—qr 77
with | P — Q| denoting the distance between the points P and (). As recommended
in [2], the singularities ), are fixed on a pseudo-boundary € similar to dQ and a
set of collocation points { P }_, is placed on 5.
The coefficients ¢ are determined so that the boundary condition is satisfied at
the boundary points { P, }2¥_; :

un(e,Q; Pr) = f(Py), k=1,...,N. (1.5)
This yields a linear system of the form
Gle = f, (1.6)

for the coefficients ¢, where the elements of the matrix G are given by
1
_Q_IOg‘P]@_Qfla d:27
™

R
dm [Py — Qe
fork=1,...,.N {¢=1,...,N.

The matrix G¢ is full and, in general, not symmetric. Also, as the pseudo-
boundary dQ moves away from the boundary Of) the matrix becomes very ill-
conditioned resulting in loss of accuracy of the MFS approximation [3].

In most applications of the MFS so far, system (1.6) is solved using standard
Gaussian elimination at a cost of O(N?) operations. The question is whether an
iterative technique would lead to savings in the cost of solving the system and
the effect it could have on the accuracy of the approximation. Since the matrix
G% is full and, in general, not symmetric, and as recommended in the literature
(see, for example [4]) we shall experiment with the Generalized Minimal Residual
(GMRES) method derived by Saad and Schultz [5].

In this work we shall try and address the following two questions:

1. When N is large the cost of solving (1.6) is obviously large. Would the cost
be reduced if one used an iterative method to solve system (1.6)? In order to
address this question we shall investigate the performance of GMRES.

2. When the distance of the pseudo-boundary from the boundary is large there
is the additional problem that the matrix G in (1.6) becomes ill-conditioned.
Would the use of a pre-conditioner in GMRES improve the situation [6]?
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What would a suitable choice for such a pre-conditioner be ? We shall exper-
iment by taking the pre-conditioner P to be a diagonal matrix consisting of
the diagonal elements of G?. Such pre-conditioners were found to be effec-
tive when using GMRES to solve systems resulting from Boundary Element
Method (BEM) discretizations [7-9].

2 Well-conditioned systems

We first consider the case when the MFS systems are (relatively) well-conditioned.
This occurs when the distance of the pseudo-boundary from the boundary is small,
and becomes smaller with increasing N.

2.1 Example 1

We consider the boundary value problem (1.1)—(1.2) when Q C R2, in particular
when ( is the square (—1,1) x (—1,1) and f corresponds to the exact solution
u(x,y) = e” cosy. The boundary points and the singularities are uniformly dis-
tributed around the boundary and pseudo-boundary, respectively. We calculated the
maximum error on a set of uniformly distributed points on the boundary (differ-
ent from the boundary collocation points) for various values of the distance of the
pseudo-boundary from the boundary, ranging from O to 0.05. In Figures 1(a), 1(b),
1(c) and 1(d), in the upper subplots we present the maximum error on the boundary,
obtained (i) with Gaussian elimination, (ii) with 4 log, N, 8log, N and 121og, N,
iterations of GMRES, and (iii) preconditioned GMRES, in each case, versus the
distance of the pseudo-boundary from the boundary, for N = 400, 600, 800 and
1000, respectively. In the lower subplots of each figure we present the 2-norm con-
dition number x5 of the matrix G versus the distance of the pseudo-boundary from
the boundary. The results indicate that for values of k, less than 1029, the results
obtained with GMRES are indistinguishable from those obtained with Gaussian
elimination for as few as 4log, N GMRES iterations. When k2 reaches 102,
4logy N GMRES were no longer sufficient. The number of GMRES iterations
started depending on both the distance from the boundary and the value of N.
For N = 400, 4log, N iterations yielded better results than Gaussian elimina-
tion for a distance up to 0.04, whereas 8log, N and 12 log, N iterations yielded
better results than Gaussian elimination for a distance up to 0.05. For N = 600,
4logy N iterations yielded better results than Gaussian elimination for a distance
up to 0.02, whereas 8log, N and 12log, NN iterations yielded better results than
Gaussian elimination for a distance up to 0.05. For N = 800, 4log, N itera-
tions yielded better results than Gaussian elimination for a distance up to 0.01,
8log, N iterations yielded better results than Gaussian elimination for a distance
up to 0.022, whereas 12 log, [V iterations yielded better results than Gaussian elim-
ination for a distance up to 0.032. The difference in accuracy between GMRES and
Gaussian elimination for 8log, N and 12 log, IV iterations was small all the way
up to 0.05. Finally, for N = 1000, 4log, N iterations did not yield better results
than Gaussian elimination beyond the point where k2 reaches 1020, 8 log, N iter-
ations yielded better results than Gaussian elimination for a distance up to 0.018,
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Figure 1: Example 1: Plots with ¢log, N GMRES iterations ¢ = 4,8, 12.
Key: — Gaussian elimination, * GMRES, + preconditioned GMRES.

whereas 12]og, N iterations yielded better results than Gaussian elimination for
a distance up to 0.024. The difference in accuracy between GMRES and Gaussian
elimination for 8log, /N and, in particular, 12 log, IV iterations was small all the
way up to 0.05. No particular improvement was observed for the pre-conditioned
GMRES. In Figure 2 we present the timings recorded using the Matlab commands
tic and toc for various values of N and iterations and using Gaussian elimina-
tion. We observe that with the exception of 121og, N iterations, in the other cases
substantial savings are achieved using GMRES. Note that for GMRES we used the
Matlab command gmres with the tolerance set at TOL = 1.e — 10.

2.2 Example 2

We consider the boundary value problem (1.1)-(1.2) when Q C R3, in partic-
ular when € is the cube (—1,1) x (—1,1) x (—1,1) and f corresponds to the
exact solution u(x,y) = cosh(0.3z) cosh(0.4y) cos(0.5y). The boundary points
and the singularities are uniformly distributed around the boundary and pseudo-
boundary, respectively. As in Example 1, we calculated the maximum error on a
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Figure 2: Example 1: Timings recorded for various numbers of degrees of freedom
and iterations.

set of uniformly distributed points on the boundary (different from the boundary
collocation points) for various values of the distance of the pseudo-boundary from
the boundary. In Figures 3(a), 3(b) and 3(c), in the upper subplots we present the
maximum error on the boundary, obtained (i) with Gaussian elimination, (ii) with
4logy N, 8logy, N and 12log, N, iterations of GMRES, and (iii) preconditioned
GMRES, in each case, versus the distance of the pseudo-boundary from the bound-
ary, for N = 600,864 and 1176 (i.e. 6 x 10%,6 x 122 and 6 x 142), respectively.
In the lower subplots of each figure we present the 2-norm condition number x2
of the matrix G versus the distance of the pseudo-boundary from the boundary.
The observations from these plots are similar to the ones drawn from the corre-
sponding plots for Example 1. Interestingly, the conditioning of the MFS matrix
for the three-dimensional example is considerably better that the one for the two-
dimensional example, in the sense that the condition number ko stays below 1020
for considerably longer distances of the pseudo-boundary from the boundary. As a
result, the range of distances of the pseudo-boundary to the boundary was extended
from O up to 2. For N = 600, 4log, NN iterations produced identical results to
Gaussian elimination for a distance up to 1, while remaining very close up to 2.
For both 8log, N and 12log, IV iterations the GMRES results were identical to
the results obtained with Gaussian elimination. For N = 864, 4log, N iterations
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Figure 3: Example 2: Plots with ¢log, N GMRES iterations ¢{ = 4,8, 12.
Key: — Gaussian elimination, * GMRES, + preconditioned GMRES.

yielded identical results to Gaussian elimination for a distance up to 0.5, while
remaining close up to 2. For 8log, NN iterations the GMRES results were identical
to those obtained with Gaussian elimination up to 0.8 and for 12 log, NN iterations
this range went up to 1.5. For both 8log, IV and 12 log, N iterations the GMRES
results were very close to the results obtained with Gaussian elimination up to 2.
For N = 1176, 4log, N iterations yielded identical results to Gaussian elimina-
tion for a distance up to 0.25. For 8log, N iterations the GMRES results were
identical to those obtained with Gaussian elimination up to 0.5 and for 12 log, NV
iterations this range went up to 0.7. For both 8 log, N and, in particular, 12log, N
iterations the GMRES results were very close to the results obtained with Gaussian
elimination up to 2.

3 Ill-conditioned systems

We now consider the case when the MFS systems are ill-conditioned. This occurs
when the distance of the pseudo-boundary from the boundary is large, and becomes
the ill-conditioning becomes more severe with increasing V.
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Figure 4: Example 1: Plots with flogo, N GMRES iterations ¢ = 1,2,4.
Key: — Gaussian elimination, * GMRES, + preconditioned GMRES.

3.1 Example 1

As in Section 2.1 we calculated the maximum error on a set of uniformly dis-
tributed points on the boundary (different from the boundary collocation points)
for various values of the distance of the pseudo-boundary from the boundary. This
time we considered the range from 0 to 50. In Figures 4(a), 4(b), 4(c) and 4(d),
in the upper subplots we present the maximum error on the boundary, obtained
(i) with Gaussian elimination, (ii) with logy N, 2logy N and 4log, N, iterations
of GMRES, and (iii) preconditioned GMRES, in each case, versus the distance of
the pseudo-boundary from the boundary, for N = 400, 600, 800 and 1000, respec-
tively. In the lower subplots of each figure we present the 2-norm condition number
ko of the matrix G versus the distance of the pseudo-boundary from the boundary.
The results indicate that in all cases, as few as 4log, N GMRES iterations yield
considerably more accurate results than Gaussian elimination, with the exception
of the cases when the pseudo-boundary is very close to the boundary. No improve-
ment was observed for more than 4 log, N GMRES iterations. Also, as in Section
2.1, no particular improvement was observed for the pre-conditioned GMRES.
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Figure 5: Example 2: Plots with flog, N GMRES iterations ¢ = 1,2,4.
Key: — Gaussian elimination, x GMRES, + preconditioned GMRES.

3.2 Example 2

We consider the example of Section 2.2 examining the maximum error for the dis-
tance of the pseudo-boundary from the boundary ranging from 0 to 50. In Figures
5(a), 5(b) and 5(c), in the upper subplots we present, as before, the maximum error
on the boundary, obtained (i) with Gaussian elimination, (ii) with log, N, 2logy N
and 4 log, N, iterations of GMRES, and (iii) preconditioned GMRES, in each case,
versus the distance of the pseudo-boundary from the boundary, for N = 600, 864
and 1176, respectively. In the lower subplots of each figure we present the 2-
norm condition number ko of the matrix G versus the distance of the pseudo-
boundary from the boundary. The observations from these plots are similar to the
ones drawn from the corresponding plots for Example 1, namely that for as few
as 4logy, N, GMRES iterations considerably more accurate results are obtained
than using Gaussian elimination. No further improvement was observed for larger
values of the number of iterations.
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4 Conclusions

In this work we carried out some preliminary numerical tests on the performance
of GMRES when applied to the solution of the linear systems arising from the
MES discretization of certain two- and three-dimensional elliptic boundary value
problems. For the case when the pseudo-boundary is located very close to the
boundary, yielding well-conditioned systems, the accuracy of the iterative solver
is satisfactory, although, in general inferior to that of Gaussian elimination. Inter-
estingly, in the case when the pseudo-boundary is located far from the boundary,
yielding ill-conditioned systems, the accuracy of the iterative solver is superior to
that of Gaussian elimination, even for relatively few iterations. No improvement
was observed in either case by the use of a preconditioned GMRES.
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On the use of integrated radial basis function
schemes in weighted residual statements
for elliptic problems
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Abstract

In this paper, we discuss the use of integrated radial basis functions (IRBFs) in
solving elliptic differential equations. Various formulations, namely point collo-
cation, subregion collocation, Galerkin and inverse statements, are considered.
IRBFs are incorporated into these formulations to represent the field variables.
Numerical results indicate that this use of IRBFs leads to a considerable improve-
ment in accuracy and convergence rate over the case of using conventional low-
order polynomials.

Keywords: integrated radial basis functions, collocation method, Galerkin method,
control volume method, boundary element method.

1 Introduction

Mathematical modelling of physical processes usually leads to partial/ordinary dif-
ferential equations (PDEs/ODEs). Consider a differential problem governed by

Lu=0b x€Q, (1)
where @ is the field variable, b a given function, £ a differential operator, x the

position vector and €2 the domain. A function @(x) can be sought in the form of
truncated series

u(x) 2 u(x) =Y ulP(x)+4, xeQ, @)
=1
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where {qﬁ(i) (x) }:I:l is the set of basis/trial functions which are known, {u(i) }?21
the set of nodal variable values to be found, and v a known value. The weighted
residuals approach tries to reduce the residual of (1) to a minimum through

/ Y(x) (Lu—b)dQY =0, x€Q, 3)
Q

where 1(x) is a weighting function. Different choices of t(x) result in differ-
ent discretisation formulations such as point collocation, subregion collocation,
Galerkin and inverse statements. More details can be found in [1].

RBF networks (RBFNs) have emerged as a powerful approximation tool [2].
A network relies on a set of points that can be uniformly/nonuniformly distributed
throughout the domain for the representation of a function. Some RBFs such as the
multiquadric and Gaussian basis functions can offer an exponential rate of conver-
gence. To avoid the problem of reduced convergence rate caused by differentiation,
integrated RBFNs (IRBFNs) have been proposed [3]. In this paper we discuss the
use of IRBFNs as an interpolating method for different discretisation schemes for
the solution of elliptic DEs. This discussion is based on our previous works on
IRBFNs reported in [4-7].

The remainder of the paper is organised as follows. Section 2 gives a brief review
of IRBFNSs. Section 3 is concerned with the discussion of using IRBFNSs as trial
functions for the solution of DEs, in which several representative examples are
given. Section 4 concludes the paper.

2 Integrated radial-basis-function networks

RBFNs allow a conversion of a function f from a low-dimensional space (e.g.
1D-3D) to a high-dimensional space in which the function will be expressed as a
linear combination of RBFs

Fx) = wg(x), e
=1

where the superscript (i) is the sum index, x the input vector, {w(®}m,
the set of network weights to be found, and {¢(”(x)}/, the set of RBFs.
An example of RBFs is the multiquadric (MQ) basis function
gD (x) = /(x — )T (x — c®) + a2, where ¢ and a(¥ are the centre and
width of the ith MQ-RBF, respectively.

IRBFNSs consist in decomposing the highest-order derivatives of u in (1) into
RBFs in the form of (4) (f(x) = 0Pu(x)/02%) and then integrating them to obtain
lower-order derivatives and the function itself

OPu(x @ i
%_Z [(w)]g()( ), 5)
J i=1
p—1y, m+qi
o) Z wi HY (), (©)
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m-+qp

HOW)(
Ufe) (X Z wi B (x), 7

where the subscript [x;] is used to denote the process of integration with respect
to x;; g1 the number of centres in a subnetwork that is employed to approximate

a set of nodal integration constants, ¢ = 2¢1,--- ,q, = pqi; and H [(;)Ep U _
fg(i)do:j,H[(;zgp_z] = fH[(Qgp_l]dxj,~~ ,H[(’) fH(Z)[l]d:vj For conve-

nience of presentation, we introduce another notation, H, [(m)gp ]( ), to denote the
J

RBF (i.e. H{\P(x) = g (x)) so that H'V ™Y = [ HWda;. 1tis noted that
the new centres and their associated known basis functions in subnetworks are
also denoted by the notations w*) and H® (x), respectively, but with i > m. An
IRBEN is said to be of order p if its starting point is the pth-order derivative.

We seek the solution in terms of nodal variable values for the purpose of having
a clear physical meaning and computational efficiency. The evaluation of (5)—(7)
at a set of collocation points {x(¥}™ , which is selected to coincide with the set

of centres {c(V}1 |, yields

Py ~1o] ~
da? ~ e Ve ®
or—1ly ~lp—1] ~
— — =H" Mo, 9
813?71 [z; [x;] ©)
i=H @, (10)
[x;]Clz5]
where
~ @@ (mtg)]T
Wia;) = [w[m W) Wiay) } ’

U= [U(X(l))7u(x(2))7... 7u(x(m))r — [u(1)7

&Tj Dk B Dk oxk

ak [ak (X(l ) - % (X(m )]T _ [ak 3ku(m ]

[x; [
where 1 <! <mand1 < i < (m+ gp). In (8)—(10), the matrices, H[I ],H[pfl]

- [z;]

R HE:],], are augmented using zero-submatrices so that they have the same size
J

~ ~ (L,%)
k= {1,---,p}, and the matrices ’H['] . have entries (H[] ]) = H(l)%](x( ),

as the matrix 77421]
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Owing to the presence of the constants of integration (extra coefficients), one
can add extra equations to the conversion system that transforms the RBF space
into the physical space

~ ~10]
U H ~
= | Wl @, =Crpaw 11
_ = (23] = Cla;) Wi, (1D
<%]> Kiz;)
Ty =04 L), (12)
J [x4] 6[ ]
Zj
where 5[1_7.] is the conversion matrix, 6[%] = IE[I].]@[I].] the set of extra equations.

When the boundary data involve derivative values, these extra equations can be
used to represent derivative boundary values in the x; direction.
Substitution of (12) into (5)—(7) yields

HOL (), gL 51 [ u
NZ({ ) (%), H (x),...]c[m (A )) (13)

e[-’”]]
du(x) _ (L[] 2)[1] ~ 1 u
Oxj [HW (), gy (), "}C[wﬂ €1/ (1
9Pu(x) _ (1)[p] (2)[p] 51 u
83:? B [H[zj] (X)’H[zj] (X>7 . } C[Ij] é\[:Ej] 7 (15

where N is the dimension of the problem and the approximate function u(x) is
taken to be the average value of the [, ,}(x) due to numerical error.
The calculation of cross derivatives of u is based on the following relation

oPu 1{ 0" (0% 0 (0"u ..
73933—5(@7(@7)*3—(37)) p=rts iz (6

which reduces the computation of mixed derivatives to that of lower-order pure
derivatives for which IRBFNs involve integration with respect to x; or =; only.

Since all integrals involved can be obtained analytically, IRBFNs only require a
set of distinct points for the approximation of a function.

3 IRBFN:s for PDEs

IRBFNSs are employed to represent the field variable. The governing equation is
discretised using various formulations, namely point-collocation, control-volume,
Galerkin and boundary integral equation schemes. We implement IRBFNs with
the MQ basis function. The MQ width a(?) is simply chosen to be the minimal
distance between the centre c(?) and its neighbours. The accuracy of a numerical
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scheme is measured through the discrete relative Lo error of the solution u, denoted
by Ne(u). Let h and n;, be the “mesh” size and the number of interior points.
Another important measure is the convergence rate of the solution u, defined by
Ne(u) = 0h” = O(h”) or Ne(u) = On, = O(n,) where 6 and v are the
exponential model’s parameters. Only 1D and 2D elliptic problems are considered
here.

3.1 Point-collocation schemes

For these schemes, the residual of (1) is exactly zero at certain points. There are no
integrations required in discretising (1). Two versions of IRBFNs are considered.

3.1.1 Two-dimensional IRBFNs

The problem domain is discretised using a set of scattered points (Figure 1a).
We employ (13)-(15) over the domain, i.e. 2D-IRBFNSs. It can be seen that the
2D-IRBFN collocation technique is truly meshless. The accuracy of the tech-
nique is demonstrated through the solution of V2% = sin(mzy)sin(rz2) on a
unit square with homogeneous Dirichlet boundary conditions. Its exact solution
is (21, 79) = —(1/272) sin(mzy) sin(was). Four scattered data sets of interior
points using n;, = {32,52,89,145} are employed . We discretise the bound-
aries using uniformly-distributed points with ng, = ng, = /M. The value of
q1 is taken as 3n,,. The variable u is represented using IRBFNs of second order,
where € and K in (13)—(15) are simply set to null. For comparison purposes, the
conventional (differentiated) RBFN (DRBFN) approach is also considered here.
Results are displayed in Figure 2, indicating that the IRBFN approach is superior
to the DRBFN approach regarding accuracy and convergence rate. The solution

converges apparently as O(ni;)l“lﬁ) for IRBFN and O(ni—po.m) for DRBFN.

(@) (b)

Figure 1: Point-collocation scheme: scattered point (2D-IRBFNs) and Cartesian-
grid (1D-IRBFNs) discretisations.
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Figure 2: Point collocation scheme, 2D-IRBFNs: accuracy by the IRBFN and
DRBFN methods.

3.1.2 One-dimensional IRBFNs

The problem domain is discretised using a Cartesian grid (Figure 1b). We employ
(13)—(15) on grid lines, i.e. 1D-IRBFNs. The construction of the 1D-IRBFN
approximations for a point x involves only points that lie on grid lines inter-
secting at x rather than the whole set of data points. The inversion is now con-
ducted for a series of small matrices rather than for a large matrix. This use of
1D-IRBFNS thus leads to a considerable economy in forming the system matrix
over that of 2D-IRBFNs. Consider the biharmonic equation V4u = 256(72 —
1)?[sin(47x;) cosh(4ay) — cos(4mz) sinh(4z2)] defined on an annulus domain
of radii Ry = 1/4 and Ry = 1/2 (Figure 1b) and subject to Dirichlet bound-
ary conditions (@ and 0u/0n). The exact solution is & = sin(47rz ) cosh(4xs) —
cos(4mzy) sinh(4x2). We employ 1D-IRBFNs of fourth order, where €|, | is made
up of the values of 0u/0x; at the two end points of a grid line. Double boundary
conditions are thus incorporated into the system in an accurate manner. Table 1
shows that the proposed method produces a very high convergence rate, O(h%-39)
with relatively-low matrix condition numbers.

3.2 Boundary integral equation (BIE) schemes

These schemes are based on free-space fundamental solutions. One attractive fea-
ture of BIE schemes is that the differential equation is satisfied exactly. Consider a
Dirichlet biharmonic problem. The BIE analog of V*% = b can be written as

H X
Ciyaly) + [ HE2 a(ny’ Lutyir
B X V(X
/GH )dl“ A(W@(x)—GB(y,x)aa(n)>dF
- /Q GB(y,x)b(x)dS, (17)
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Table 1: Point collocation scheme, 1D-IRBFNs: Condition number of the system
matrix A and accuracy of the solution u. Notice that a(—b) means a x
107,

Grid condAd  N,(u)
11x 11 2.93(1) 1.15(=2)
17 x 17 5.402) 1.05(—3)
21 x 21 2.12(3) 5.56(—4)
27 x 27 3.53(3) 4.81(-5)
31x31 1.41(4) 2.47(=5)
37 x 37 1.24(4) 1.46(—5)
41 x 41 3.41(4) 8.37(—6)
47 x 47 5.80(4) 1.97(—6)
51 x 51 8.37(4) 1.77(—6)
57 x 57 1.50(5) 1.37(—6)
61 x 61 2.29(5) 8.85(—7)
67 x 67 2.70(5) 5.87(=7)

O(h?39)

where y is the source point, x the field point, I' the piecewise smooth boundary of
a domain 2 in R?, C(y) the free term coefficient, v the new variable defined as
o = V2a, n the outward normal direction at a point on the boundary, and GH and
G the harmonic and biharmonic fundamental solutions.

For traditional BIEMs, two BIEs are required and often solved in a coupled
manner. Lagrange polynomials such as constant, linear and quadratic functions
are usually employed to approximate the variations of v and 9v/9n along the
boundary.

A domain-type interpolation scheme is adopted here to represent the variable u,
from which approximations to the unknown variables © and 9v/9n are derived.
From the prescribed boundary conditions @ and 0@/dn, the values of 9u,/0z; and
Ou/0xo at a boundary point can be easily obtained. We implement 2D-IRBFNs
of fourth order, where €[, is made up of the values of 9u/0x; at the boundary
points. The 2D-IRBFN BIE technique requires only one BIE, namely (17). The
present unknowns are the values of w at the interior points. The algebraic system is
generated by applying the BIE (17) at the interior points. It should be emphasised
that the present equation system consists of the interior equations only, thus com-
pletely avoiding all difficulties in numerical computation caused by the singularity
of boundary integrals.
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Table 2: BIE scheme: accuracy and convergence rate.

Linear IRBFN-4
Ne(v) Ne(v)
Ng, = Nz, Boundary Interior Boundary Interior
5 4.6349(0) 1.7829(—1) 1.0325(—1) 2.6475(—1)
7 4.3553(0) 1.2632(—1) 2.1247(—2) 3.1643(-2)
9 4.0599(0) 9.0515(—2) 9.8104(-3) 1.0121(-2)
11 3.7946(0) 7.0285(—-2) 5.6267(—3) 4.6423(-3)

13 3.5625(0) 5.7887(—2)  3.5808(—3) 2.5094(—3)
15 3.3602(0) 4.9755(-2)  2.4541(—3) 1.5060(—3)
17 3.1830(0) 4.4192(~2)  1.7799(—3) 9.7711(—4)
19 3.0262(0) 4.0332(=2)  1.3494(—3) 6.7476(—4)
21 2.8860(0) 3.7703(—=2)  1.0595(—3) 4.9015(—4)
23 2.7592(0) 3.6049(—2)  8.5548(—4) 3.7082(—4)
25 2.6431(0) 3.5238(—2)  7.0667(—4) 2.8978(—4)
27 2.5356(0) 3.5226(—2)  5.9459(—4) 2.3265(—4)
29 2.4348(0) 3.6038(—2)  5.0821(—4) 1.9050(—4)
31 2.3393(0) 3.7778(—2)  4.4080(—4) 1.5844(—4)

O(h0.35) O(h0.84) O(h2'58) O(h352)

A test problem chosen here is V4 = 0on —2 < 1,25 < 2 with Dirichlet
boundary conditions. The exact solution of this problem is @ = (1/2)x1(sinx
cosh xy — cos x; sinh x9) Results concerning Ne are shown in Table 2, together
with those obtained by a linear-BIEM. The present method yields a much faster
convergence rate.

3.3 Galerkin schemes

For these schemes, the residual of (1) is zero in an average sense. Galerkin schemes
have a smoothing capability owing to their integral nature. Consider a rectangu-
lar domain. We use a Cartesian grid to generate the finite trial and test spaces.
1D-IRBFNSs are employed on grid lines. The present solutions are constructed to
satisfy the boundary conditions using the point-collocation approximation and the
governing DE using the Galerkin approximation. A distinguishing feature here is
that the networks are sought to satisfy a priori the derivative boundary conditions
in an exact manner. Moreover, any derivative of the field variable is defined and
continuous throughout the entire domain.
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(a) Dirichlet conditions (b) Dirichlet and Neumann conditions

N (1)
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Figure 3: Galerkin scheme, 1D-IRBFNs: Error N, (u) versus the centre spacing h
for the Galerkin and collocation solutions. They converge as O(h*8%)
and O(h3-28) for (a) and O(h>39) and O(h*%°) for (b).

3.3.1 Dirichlet boundary conditions

The accuracy of the 1D-IRBFN Galerkin method is demonstrated through the solu-
tion of V24 = —(27%/(1 + 27?)) cos(mzy1) cos(mzz) on —1 < xq,m5 < 1
with Dirichlet boundary conditions. Its exact solution is @(z1,z2) = (1/(1 +
272)) cos(mx1) cos(maz). Uniform grids, 3 x 3,5 x 5, -+, 71 x 71, are employed.
As shown in Figure 3a, error reduces rapidly with decreasing h for both the
Galerkin and collocation solutions. The former outperforms the latter regarding
accuracy and convergence rate. Condition numbers of the present system matrix
are in the range of 1.0 to 1.3 x 10%.

3.3.2 Neumann boundary conditions

This problem is exactly the same as the previous one, except that Dirichlet bound-
ary conditions prescribed along the two horizontal boundaries are replaced with
Neumann ones. Figure 3b indicates that the accuracy of the Galerkin solution is far
superior to that of the collocation solution. The condition numbers of the Galerkin
approach are relatively low, varying from 3.24 x 10° to 1.16 x 10%.

Through Figures 3a (Dirichlet-type problem) and 3b (Neumann-type problem),
it can be seen that the order of accuracy reduces from O(h32%) to O(h*°) for
the collocation solution, but slightly increases from O(h384) to O(h3-%9) for the
Galerkin solution. The 1D-IRBFN Galerkin technique is able to work well for
Neumann boundary conditions without the need for refining the grid near the
boundaries, as is often the case with conventional techniques. This is a clear advan-
tage of the present implementation.
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i—1 i i+1

Figure 4: Control-volume scheme: Node (i, j) and its associated control volume
Q(57) Note that the dash lines represent the faces of the control volume.

3.4 Subregion-collocation/control-volume schemes

For these schemes, the weighting function is chosen to be unity over a control
volume. Control-volume (CV) formulations are based on the actual satisfaction of
the physical laws (i.e. the conservations of mass, momentum and energy) rather
than on the satisfaction of approximate discrete expressions controlled by means
of mesh size. The accuracy of a CV technique depends on both the approximation
of gradients (e.g. diffusive fluxes) and the evaluation of integrals involving these
gradients. For the latter, assume that the flux evaluations are sufficiently accurate,
the midpoint rule is capable of yielding second-order accuracy only. Consider the
diffusion equation V - Vu = 0 on 0 < x1,22 < . Its exact solution is 4 =
(1/ sinh(r)) sin(xy) sinh(x2). The problem domain is discretised using a uniform
Cartesian grid. For each grid point (zgi), x(Qj ) ), one can construct a CV Q-9 with
its interfaces ') as shown in Figure 4. There is a full CV for an interior node and
only a half CV for a boundary node. The CV equation of the governing equation
takes the form

/ Vi ndl =0, (18)
1(.35)

which involves first derivatives of u only. Flux integrals over line segments of
I'(49) are evaluated using Gaussian quadrature which facilitates a high-order accu-
rate solution. Two different cases of boundary conditions, namely (i) Dirichlet
conditions only and (ii) Dirichlet (z; = 0 and ;1 = 7) and Neumann (z3 = 0
and x5 = ) conditions, are considered. The 1D-IRBFN approximations are con-
structed in the same manner as in the case of Galerkin schemes. Figure 5 shows
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a) Dirichlet conditions only
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Figure 5: Control-volume scheme, n = [9,25,---,5041]: Comparisons of the
accuracy and condition number between the conservative IRBFN and
standard CV methods.

comparisons of the condition number and accuracy of the conservative IRBFN
and standard CV methods. For the case of Dirichlet conditions, their rates respec-
tively are O(h3%°) and O(h'-#*) for the accuracy N.(u), and O(h=2:°8) and
O(h~29) for the matrix condition number condA. For the case of Dirichlet and
Neumann conditions, they are O(h39?) and O(h!'-%®) for N.(u), and O(h=1:94)
and O(h~19) for cond A. Both techniques have similar condition numbers, but the
former yields much faster convergence than the latter. Like in the case of Galerkin
schemes, conservative IRBFN solutions to Dirichlet and Dirichlet-Neumann prob-
lems have similar degrees of accuracy.

4 Concluding remarks

In this paper, trial functions are implemented using IRBFNs rather than the usual
low-order polynomials for the solution of elliptic DEs. Attractive features of
IRBFNSs include (i) to result in mesh-free methods for the collocation statement,
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(i) to provide effective treatments of irregular boundary geometries for Cartesian-
grid-based methods, (iii) to offer a proper way of implementing derivative bound-
ary conditions, (iv) to avoid the application of the BIE on the boundaries when the
domain-type approach is adopted for the inverse statement, and (v) to allow the use
of high-order integration schemes to evaluate flux integrals arising from a control
volume discretisation. Various examples are presented to demonstrate high-order
accurate solutions and accurate implementation of derivative boundary conditions
of IRBFNs.
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A time domain Galerkin boundary
element method for a heat conduction
interface problem

R. Vodicka
Technical University of Kosice, Civil Engineering Faculty, Slovakia

Abstract

A heat conduction problem with a material or other type interface is solved. The
numerical method used includes a boundary element technique presented as a
Galerkin boundary element method for the space variables together with
convolution quadrature in time. The treatment of the interface conditions enabled
them to be formulated in a weak sense, with generally curved interfaces and
independent meshing of each side of the interfaces. Results of the examples
present influences of non-conformingly meshed interfaces, a comparison with a
known analytical solution, and the time evolution of the interface solution with
different material properties of the substructures adjacent to the interface.

Keywords: boundary element method, interface problem, non-matching meshes,
heat conduction, convolution quadrature.

1 Introduction

Many problems of civil engineering are modeled by initial-boundary value
problems (IBVP) for partial differential equations. Numerical algorithms used
for their solution may also include methods based on boundary integral equations
(BIE). If, in addition, the solved problem includes an interface, e.g. due to
different materials in the analyzed structure or for algorithmic reasons such as
parallelization, finding an efficient solver for determining the interface solution
may be rather involved. Moreover, atime-dependence may even more
complicate the task.
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The time-dependent problems can be successfully treated by BIE methods. A
nice survey of BIE applications for time dependent problems is given by
Costabel [1]. Such methods are widely and successfully being used also for
numerical modeling of problems in heat conduction.

The formulation of BIEs, which leads to Symmetric Galerkin Boundary
Element Method (SGBEM), has already become classical, see Bonnet ef al. [2].
It has advantages of symmetry of used boundary integral operators and also their
discretized forms — matrices used in numerical solution. It also provides nice
convergence properties in energetic norms of Sobolev spaces. With time
dependence, there appears a question how to resolve this aspect of the problem.
It is possible to use complete space-time solution, or to treat the time variables
separately, either by integral, usually Laplace, transform or by a time-stepping
algorithm.

In the present paper, the approach introduced uses the Galerkin method only
for space variables. The time dependence, which includes the use of convolution
in the operators of the integral equations, is treated separately by calculation of
the convolution quadrature as introduced by Lubich and Schneider [3], which is
based on a linear multistep method and uses only the Laplace transform of the
time-dependent fundamental solution.

The existence of an interface requires a split of the space domain into several
parts in the solution and usually includes domain decomposition techniques to be
used as described by Hsiao et al. [4] or Wohlmuth [5]. In the present approach,
these are applied very naturally: A variational formulation, originally discussed
by Carini [6], of the IBVP directly provides a BIE system with interface
conditions directly included into the integral equations as an innovation of the
original formulation. Moreover, these conditions are satisfied in a weak form,
which has an advantage in the numerical solution for the both sides of the
interfaces could be discretized separately. A similar algorithm has been
presented for the use with elastic interface problems by Hsiao et al. [4], Langer
et al. [7] or Vodicka et al. [8].

Independent meshing of both sides of an interface requires a special
procedure for cross-transferring of the solution, mainly when the interface is
curved. The present approach uses the implementation of data transfer with an
auxiliary interface mesh referred to as common-refinement mesh; nevertheless
there exist also other possibilities which have been discussed, for example, in de
Boer et al. [9].

The paper is divided into four main parts. In the first one, Section 2, the
solved problem of heat transfer is briefly described. Then, in Section 3, the
variational solution leading to a system of BIEs is presented and numerically
solved in Section 4 by convolution quadrature in time and by a Galerkin method
in space. Finally, Section 5 presents two examples with their solution by
suggested approach. One of the examples includes aproblem with known
analytical solution, so that a comparison can be shown. The other example,
although without an analytical solution, even defines different materials for sub-
domains and jumps in initial conditions along the interfaces.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
=L www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 189

2 A heat transfer problem with an interface

Let us consider a body defined by adomain QcR? in a fixed Cartesian
coordinate system x;, i=1,...,d, with a bounded Lipschitz boundary I'=0Q. Let
I'scl” denote the smooth part of I, i.e. excluding corners, edges, points of
curvature jumps, etc. Let n denote the outward unit normal vector defined on [s.

The presence of interfaces causes the domain Q to be split into several parts.
For the sake of simplicity, let us divide Q into two non-overlapping parts Q* and
Qf whose respective boundaries we denote I and I'’. There also exists a
common part of both boundaries, let us denote this coupling boundary by ...

Let us denote the temperature solution of an initial-boundary value heat
conduction problem with an interface in each sub-domain Q7 asu”(x;7) (the
superscript 77 distinguishes the sub-domains, here it can be either 4 or B),
obtained during a time intervalte(O;f). If neither volume heat sources nor

convective boundary conditions are considered and each Q" is homogeneous, the
problem can be formulated as follows:

Gu”(x;t)

p ) , xeQ’, te<0t> n=A4,B,

A (x;

u?(x0)=uj(x). xeQ,

u”(x; ):g i), xeF”te<0t>

q" (x;t)=—k ( =h"(x;z), xel, te(0;i),
( ) ( ) , xeFC,te<0;t:>,

q (x,t)+q (, ):0, xel"c,te<0;t>.

The equations include diffusivity coefficient a’=k"/(y’p") defined by specific

(M

heat »/, mass density p” and thermal conductivity k”. The function ¢”(x;¢)

determined by the normal derivative of the temperature field introduces heat flux
density along the boundary. The split of each boundary I'”into three non-
overlapping parts due to the boundary and interface conditions can be written

as[" =TI Ul UT, . The functions g” (x;¢) and A"(x;¢) introduce given

boundary conditions, while the function u(x) defines the initial condition.

When a problem of heat conduction is to be solved by BIEs, the fundamental
solution of the pertinent differential equation eqn. (1); is required. This is the
solution of eqn. (1), at the point x of the equation, where the right hand side
contains a point pulse at y and time instance 7, instead of zero. The function and
its normal derivatives are given as follows:

G
a exp[ 4er(}1‘ r)j

U'x,y;t—17)= 27, 2
k" (47[0:" (e- T)Tg @
n o 2rm .t
Q”(x,y; t— 1'): Q”*(y,x; t— 1-): k" w’ D’7(x’y; t— 1-): szM.
on} onjon’]

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
S www.witpress.com, ISSN 1743-355X (on-line)



190 Mesh Reduction Methods

They will be used in the next section to introduce the energy functional and
the kernels of the resulting BIEs.

3 Variational formulation

The SGBEM approach is usually connected with a variational principle based on
a boundary saddle-point quadratic functional, the time dependent problems need
it to be convolutive in time, see Bonnet ef al. [2]. Let us introduce the boundary
energy functional I, established by Carini et al. [6] and modified here for a
different treatment of the interface conditions, as a function of boundary
temperatures and flux densities

m(u'.u”.q".q")=- AB{Z Hq X7 —1) jU” X, p;1)*q" (v;1)dS, deds, +

ry. o

+4 I ju” (x7-1) I D" (x,y;t)*u” (y;1)dS,dedS, —
70 r
j (7 -1) jQ" (x,y;1)*u” (;1)dS, dzds}
. 0 .
—% I j[qA (x; t_—t)(u/’ (x;0)—u” (x; t))—us (x: t_—t)(qA (x0)+q" (x t))}dtdSX -
r. o
]q (x;7—1)g" (x;¢)dedS, + _[ Ju" x;1—t)h " (x;7)dedS, }
n=A4,B l"’ 0 I'7 0
3)
The terms ¢” and 4" are defined by the prescribed boundary values, eqns. (1)23.4,
g’ IU” xy,)*h”(y, )dS —pVJ‘Q” xy,)*g”(y, )dS
ry
+py [ U (x,p5t)ul (v)dy—c! (x)g” (x:1),
. 4)

AET) :—pva’7 x,y;t)*h" (y;1)dS, +fij” x,y;t)xg" (vit)ds,

1"’7

—p7f O" (x,y:t)ug (y)dy +c (x)h" (x; t).

IfxeI{, the free term ¢ (x) is equal to one half along I'” and vanishes

elsewhere on I'” for any r=u,q,c or their combination. The marks ‘p.v.” and ‘f.p.’
refer to the Cauchy principle value and the Hadamard finite part, respectively,
the methods of strongly and hyper singular integral evaluation.

The weak solution of eqn. (1) can be obtained from the first variation of the
energy functional IT, it may provide the BIEs and also the interface conditions. A
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slight rearrangement of the terms appearing in the first variation renders the
relation

él'[(u“‘,u”,qﬂq”; 5144,514”,5(]”',55]”):

n=A.B |1 0 I,

T
- ”&/’ x Tt [ju’f x,y;0)*q" (y;1)dS —_[Q” xpit)su’ (y;1)ds, ]dtdS +
+'f Ié'u" (x;t—t){—.[ O™ (x,y:t)*q" (y;1)dS, + J. D" (x,y;t)*u" (y;t)dSy]dtdSX -
r Iy,

[651/’ (x; f—t)(éuA (xs0)—u” (x; t))+%5u/’ (x7-1)g" (x; t)} drdS_ +

A
Sl | O —

[5u8 (x;7—1) (qA (x0)+34¢° (x t))-t—%éqg (v —t)u(x; t)} dedS, - ®)

+
Te—,

n=A,B [n 0o 1—/7 0

- {I Jé‘q" x; 1 —1)g" (x;¢)ddS, + J I5u 57 —0)h (x t)dtdS}

The stationary point of the functional IT determined by its vanishing first
variation provides the BIEs:

0= I U'(x,y;t)%q" (y; 1)dS, —p.V.j Q" (x,ys t)*u” (y;1)dS, = (x)u” (x; 1)+ 8" (x5 1),
. r,
0= 7p.v,J‘ 0" (x,y;t)*q" (y; 1)dS, +f.p.j D" (x,y; t)*u" (y; 1)dS, + ¢’ (x)q" (x; t)+l;”(x; ).

r r

(6)

Notice that for points x from to the interface I'. the free term contains an

unknown function, while the terms ¢” and %7 defined in eqn. (4) do not contain

this free term for interface points. It also makes true a weak representation of
interface conditions eqns. (1)s,6

0= J.j.é'q/4 (v 7 —t)(uA (x5 2)—u®(x; t))dtdSX,
o )
0= Ijé‘u’s (x; ?—Z)(qA (x; t)+q3(x; t))dtde.

This weak form of the interface conditions should be seen in view of Vodicka
et al. [8]: the compatibility condition eqn. (7); is satisfied with respect to sub-

domain Q, u” (x; t) being assumed as a known function, on the contrary, the
flux equilibrium condition eqn. (7), is satisfied with respect to sub-domain Q®
and with ¢ (x; t) supposed to be given.

4 Numerical solution

The time variable will be treated in a way different from that one used for space
variables. Therefore, there appears a difference also in the treatment of the
weight functions in eqn. (5). First, let us suppose that the test function includes
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an impulse at the time 7 € <O;t_>, so that it can be rewritten in a weak form with

respect only to the space variables

0= J. 5q” (x)[J U (x,p;7)*q" (1;7)dS, — I 0" (x,ys7)*u’ (y;7)dS, + 8" (x; r)]de +

+I Su” (x)[j o (x, s r)*q/’ (v 7) s, + J' D* (x, 3 z-)*u’1 (v z')dSy +h! (x: r)] ds, +
rj T

A
T

+[5q" (x)[f U* (x,y57)*q" (y57)dS, -

A4
Fie

_ J 0" (x,yit)*u’ (yi7)dS, +3u’ (x;7)—u® (x5 7)+ 2" (x5 r)]dSK +

T

+J ou (x)[—J. o* (xy57)xq" (1 r)dSy +iq" (x7)+

+ I D* (x, y;7)*u (s r)dSs, +h? (x r)]dS) +
)]
“f fsqﬂ(x{f Ui ) 055, — [0y ) (s, +8° (s ’)]ds”

B B
Tuc Tge

+ j&us(x{— IQB*(x,y; o) q”(v; r)dSy + _[DB (e, 7)xu (y; r)dSy +};B(x; T)}dSX +

B
r} 2 rh

+ ,[593()‘{](]3("’)’; 7)xq" (vi7)ds, -

B
Tue

B
rs

- IQB(x,y; o)’ (v )dS, —du” (6 7)+ 8% (x; z’)]de +

+ IﬁuB(X){—qA(x; 7)- [0" (.33 7)*q” (v 7)dS, — 34" (v 7)+

T, o
+ JDB(x,y; o)xu(y; r)dSy +h? (x; T)Jde.
ro.

The convolution can be evaluated numerically, see Lubich [3], by a
quadrature formula whose weights are determined with the help of Laplace
transform -£(f)of a function /

L(F(0)(5)= | £ (1) exp(-st)dr ©)

and a backward difference formula of order p<6 for ordinary differential
equations with the generating function ¢, see below eqn. (11).
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Let us rewrite the space double integrals in eqn. (8), using a mask integral
kernel Z”7 instead of the pertinent fundamental kernels U7, Q7, D". The
approximation of the convolution at time 7=nt,, where #,=¢/N, is a time step and
N, is the total number of time steps, renders

I v (x) J Z" (x,y;7)*w" (y;7)dS,dS, = I I o' (x)zn:Z;lj (x,y)w! (y)dS,dS,.
r’ r’ rrr’ =0

(10)

The quadrature weight functions Z,” are the coefficients of the power series

expansion associated to the Laplace transform of the pertinent integral kernel Z”
evaluated at a point depending on the used backward difference formula

iZ;f<x,y>¢"=J<z"<x,y;r>)(5f§)} <1 ae)-3 an

n=0 h m=1 m

The details of the quadrature weight function calculation can be found in [3].
The solution (either u”(x; ¢) or g”(x; 7)) at j-th time step is denoted by the mask
function w7 (y) =w" (y; Jjt, ) .

The numerical solution of eqn. (8) by the Symmetric Galerkin Boundary

Element Method includes division of the boundaries I'” into boundary elements.
The simplest way of discretization suggests conforming isoparametric elements.

The approximation of the functions w7 (x) and the choice of weight functions in
eqn. (8) can be written in the following form

n
N7

w/ (x) = Zgﬁjk (x)w;’k, oV’ (x) =g (x), [=1,...,N" (12)

k=1
The functions ¢”* (x) are the nodal shape functions, according to the

discretization made, for the approximation w’;k of the nodal values of the
function w;.’(x), N is the number of nodal unknowns pertinent to

function w’ (x) The eqn. (8) can be written, after an appropriate reordering of the

terms according to given and unknown data in the n-th temporal step, as follows:

~(ul), (a2), +(in)° (u7), - (Ui), (a7), + (@), (u2), =

i), B[, o) ), (w0, (v, o) (ot (w) ]
(@), (0. -(03) (), +(05) (), (02, ),

=e, (i) -3 (2], (ar), (o), (u0) (@), (a), (o), (o0), |

J
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(13)

The symbols (Z” )l M?”?  denote matrices, whose elements are defined

sr

respectively by the relations

() =] [ ()27 (x.2)g (v)ds,ds,. (M) jw’

rrry

(14)
The nodal values either prescribed or not are gathered into vectors (w’] )j , with

subscripts s,7=u,t,c introduced according to boundaries’ splits.

It should be clearly seen that the solution at each time step uses the same left
hand side matrix with index O which is symmetric. Therefore, matrix
factorization has to be performed only once. However, at each time step, the
right hand side has to be evaluated from the results of the previous steps. The

vectors (g’j )j and (ﬁ:’ )/. contain nodal data given by the boundary conditions and

appropriately evaluated by eqn. (4). The numbers ¢, are the end-point correction
weights of the p-th order Newton-Gregory quadrature formula introduced in
order to obtain the convergence property according to [3]. Otherwise they can be
set to unity.

5 Examples

Although the developed formulation is valid in 3D space as well, for the sake of
simplicity we confine ourselves only to the 2D examples. Nevertheless, the
algorithm presented here only for a split of the solution domain into two parts
can be applied also for domains containing more sub-domains. An example
therefore contains three sub-domains to demonstrate this possibility.
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First, let us consider a square divided into two parts as shown on the left
picture in Figure 1. This example has been taken to demonstrate the properties of
the solution transfer across the interface. The material parameters have been set
to unity and all calculations have been done without units. The initial and
boundary conditions have been set according to the relations

u((xl,xz);O):O, u((xl,O);t)zo, q((O,xz);t)zo,
q((2,x2); t) =—4x; (1 —exp(—t)), q((xl,2); t) =—dx (1 - exp(—t)).

The problem is solved up to the unit total time 7.

The analytical solution is known, at least in the form of a series-expansion so
that a comparison of analytical and numerical solutions has been enabled. The
interface has been defined by a cubic spline passing through the points E, S; and
F, with: §[0.5;0.4], S,[1.0;1.1], 83[1.5;1.6]. Numerical solutions have been
compared for three boundary element meshes. The coarsest mesh consists of four
linear elements along the long segments of the outer contour of each sub-domain
and one along the short ones. Five elements have been put along both sides of
the interface meshed conformingly and a five-to-six non-conforming interface
mesh has been chosen in the other case. The mesh has been then two times
refined doubling at each step the number of elements. With respect to the time
variable, the total time 7 has been split into four equal time-steps for the first
boundary element mesh. The time step has been also halved for the subsequent
meshes. The order p of the backward difference formula, see also eqn. (11), has
been two.

In this example, the behavior of the errors with respect to the refinement can
be studied as long as the analytical solution can be calculated, too. The graphs of
Figure 2 and Figure 3 show the distribution of errors relatively to the magnitude
of the overall analytical solution obtained for conforming and non-conforming
interface meshes, respectively, of temperatures u and heat fluxes g plotted
against the arc length / of the interface measured from the point £. The letters in
the legends refer to the letters which distinguish the sub-domains on Figure 1
(left) and the numbers denote the smallest number of the elements used in the
interface meshes. The superscripts ‘num’ and ‘ex’ refer to numerical and
analytical results, respectively.

The results of conforming meshes are naturally smoother than those of non-
conforming meshes, their magnitudes, however, do not differ significantly.

(15)

PN =1000kgm~%,  p% = 7800Kgm~*
oA = 42000kg " K, 4 ® = d500kg T K
k' =08Wm 'K, kY = s02wm 'K

ry =0.1m
rg = 0.02m
ry = 0.04m

O [0;0], Ga[—0.3;0.5], O3[0.1; -0.2] (inm)

Figure 1: Geometry of the examples.
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Figure 4: Errors at the point S;.

Moreover, it can be seen that the errors diminish approximately four times for
each refinement, especially for temperatures, which confirms the expected
quadratic convergence of the errors, see Lubich and Schneider [3]. The
equilibrium and compatibility of the data, supposed to be satisfied in a weak
form, eqn. (5), are satisfied, with an excellent agreement for conforming meshes
and a quite good fit also for the non-conforming meshes.

The evolution of the errors in time at the point S; is shown on Figure 4, where
both conforming and non-conforming mesh results are presented. The
convergence observations from the previous paragraph can be repeated. The
quadratic convergence can be observed, here caused by the choice p=2, see
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Lubich and Schneider [3], a bit lower order appeared for the heat fluxes,
especially non-conforming mesh. Notice that the coarsest mesh behaves
differently in heat fluxes, probably due to the fact that it is actually rather coarse,
with respect to the curvature of the interface and its approximation by linear
isoparametric space elements.

In the second example, let us consider more realistic material parameters and
real units, see Figure 1 (right). The initial and boundary conditions have been set
as follows: the initial conditions have been given by different constant
temperatures in each of the sub-domains: u,"=290K, u,*'=280K, u,*’=320K with
vanishing flux prescribed along the outer contour. The problem is solved up to
the total time 7 =1h.

The boundary element mesh contains equally distributed 32 linear elements
along each circle of the boundary or the interface, with an exception of the upper
half circles of the interfaces with respect to B sub-domains, which contain 20
elements. The time step has been taken such that 16 steps have been done to
reach 7 with the order p=2 in the algorithm of the convolution quadrature.

The results shown on Figure 5 demonstrate the evolution of both calculated
functions along the interfaces evaluated with respect to the inclusions at the time
instances r=af. The data are plotted starting respectively from points A,, A3
counter-clockwise, the arc angle is denoted by ¢. No difference in the solution
appeared between the upper and lower half circles, possibly caused by the
different meshing properties supposed.

The graphs confirm expected behavior of the solution, where the heat flux
shows the concentration at inclusion points which are closest to each other. The
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Figure 5: Solutions along the interfaces: Q" Q7 (top), Q" Q”, (bottom).
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evolution of temperature is also natural, as depending on the size of the inclusion
and its position they tend towards the expected values of a stationary solution.

6 Conclusions

A solution of interface heat conduction IBVP by a Galerkin boundary element
technique has been discussed. In the proposed method, the two crucial points of
the solution, treatment of the interface relations and time dependence, have been
resolved satisfactorily by applying a variational principle to obtain a weak form
of the interface conditions for the former crucial point and by utilizing a
convolution quadrature method for obtaining a time-domain solution as the latter
one. It was demonstrated by two simple but problem describing examples. The
results provoke the further demonstration of the method in a wider range of
problems with interfaces in a forthcoming paper.
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Hierarchical matrices and adaptive cross
approximation applied to the boundary
element method with multi-domain governed
by iterative coupling

T. Grytsenko & A. Peratta
Wessex Institute of Technology, Southampton, UK

Abstract

The approach presented in this paper is based on the Adaptive Cross Approxima-
tion (ACA) applied to the matrices coming from the Boundary Element Method
(BEM) with multi-domain. The algorithm uses a hierarchical matrix (H-matrix)
storage approach splitting the coefficient matrices representing the interactions
inside the sub-domains into many blocks where rank of the off-diagonal blocks
is reduced with the help of ACA approximation. The sub-domains are then cou-
pled through the iterative process. These optimisations of the coefficient matrices
in conjunction with highly effective algorithms for manipulation with H-matrices
allow one to perform the operation of matrix-vector multiplication with almost
linear complexity O(NlogN). The approach allows one to solve the linear systems
of equations for BEM with multi-domain having nearly 100.000 DOFs using the
usual PC. This paper formulates the approach and demonstrates its numerical prop-
erties by means of a theoretical example involving a cube with 27 sub-domains.

1 Introduction

The Boundary Element Method (BEM) with multi-domain [1-3] produces as many
coefficient matrices as the number of sub-domains in the system. Those coeffi-
cient matrices can be coupled within either one matrix or unified into one system
through the iterative process [4].

The former approach works well if the neighboring sub-domains are coupled
exploiting the continuity of potentials and normal fluxes. However, if this is not
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200 Mesh Reduction Methods

the case and the relationship between the sub-domains have to be expressed using
the constraint equations, the latter approach has to be used [4].

In the case with iterative coupling of the sub-domains, each sub-domain pro-
duces a dense coefficient matrix having O(NN?) storage requirement. The solution
of such matrices forces the usage of direct LU-based methods requiring O(N?) of
floating point operations.

In this way the calculation becomes too expensive from a computational point
of view thus representing a big obstacle for solving large scale BEM problems
involving more than 20.000 unknowns.

The method presented in this paper allows to compresses the dense matrices
using the Adaptive Cross Approximation (ACA) [5] algorithm. The method uses a
hierarchical matrix (H-matrix) storage approach [6] where each sub-domain of the
model is split into many blocks classified into two categories, weakly and strongly
coupled. The formers are off-diagonal blocks which represent remote interactions
between the source points and field elements, and therefore can be approximated
by low-rank matrices using the ACA approach [5]. These blocks are stored in a
special Rk-format [6]. The latter blocks describing close interactions between the
source points and field elements are stored without any changes in a full-matrix
format [6].

This reorganisation of the LSE, implemented in conjunction with algorithms for
manipulation with H-matrices reduces the calculation complexity of matrix-vector
multiplication to approximately O(NlogN). The simplification of MVM reduces
considerably the computational burden of the solving stage and shows much better
solution time in comparison with standard iterative solvers such as preconditioned
GMRES, CG etc.

This paper formulates the approach and comments on the performance of BEM
with multi-domain using the hierarchical matrices and ACA. The theoretical exam-
ple involving nearly 100.000 DOFs is solved on a usual desktop PC.

The paper is organised as follows: in Section 2, the BEM with multi-domain
method formulation for Laplace equation is considered; Section 3 formulates the
method for iterative coupling of the sub-domains; Section 4 demonstrates the
numerical results of application to the theoretical example involving a model with
27 sub-domains and finally Section 5 makes the conclusions.

2 Boundary Element Method formulation

Consider solving the potential equation for the unknown scalar field u(x) given
by:

V- [-kVu(x)] =0, x€QCR? (1)

where k is conductivity, € is the integration domain with boundary I' = 9(2)
of outward unit normal #i, and proper boundary conditions are applied to T, i.e.
Dirichlet or Neumann type. Then, the boundary integral formulation for eq. (1)
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can be expressed in the following way [7, 8]:

ciu(x;) + / q* (x,x;)u(x) dI' — / u*(x,%x;)q(x) dI" =0, )
r r
where u is the unknown field, ¢ its normal derivative in fi direction, u* the Green’s
function of Laplace equation such that V2u* + §(x;,x) = 0, ¢* its normal deriva-
tive in 01 direction, and c; is the self-interaction coefficient. In 3D problems u* and
q* become: u* = 1/(47r) and ¢* = —r-f/(47r?), respectively, where r = x —x;
and r = |r| is the distance between the field (x) and source (x;) points.
In order to solve eq.(2), I' is discretised into N, constant triangular boundary
elements I'. Thus, the discretised boundary integral equation becomes:

Ne Ne
ciu; + Z hju; — Zgjqj =0, 3)
j=1 j=1

where u, is the potential at the CFN in the j-th element, ¢; is the mean normal
flux at central DFN of j-th element, and ¢; and h; are the following integrals:

1 1
gj 47T Fj T J ( )
1 r-n
hy=—— [ Zlar, 5
J 47 T 7"3 J ( )

The assembly scheme consists in appending one equation (2) per each selected
source point x; per sub-domain to the appropriate system of equations (A x = b),
where A € R™ ™ contains the coefficients h; and g;, x is a 1-column array
with the unknown u and ¢, b is the right hand side 1-column array formed by the
boundary conditions. The matrix A will be presented in hierarchical format [6].

3 The method formulation

An initial BEM 3D model is decoupled into a number of independent sub-domains
{1,909, -, Qn} each of which usually has different material properties. Those
sub-domains form the appropriate linear systems of equations A;x; = b; according
to Section 2, where i is an index of sub-domain. The matrices { A1, Ao, ..., An}
that correspond to the sub-domains {24, ()5, ..., Qy are represented in hierarchi-
cal format [6]. Each sub-domain is solved independently taking into account the
results from all its neighbors, i.e. each iteration includes the following stages:

1. The method forms an initial guess for ¢ that is located on the interfaces
between the current sub-domain A and all its adjacent neighbors. In general,
as an initial guess either u or ¢ can be considered, but for this particular
explanation it is assumed that the initial guess is always g. In order to refresh
the right-hand side vector RHS, the initial guess has to be applied as the
artificial Neumann boundary conditions. For the sake of simplicity, the part
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of the coefficient matrix corresponding to the imposed artificial Neumann
boundary conditions is allocated as a separate structure called refreshing
matrix R. Thus, each sub-domain forms the local LSE: A x + R Guess =
RHS.

2. Update the RHS vector of a local LSE with the current value of Guess
vector.

3. Solve the system of equation A; x; + R; Guess; = RHS; for the current
sub-domain and obtain the fluxes and the potentials at each freedom node.

4. The potentials that are the result of previous step are imposed as the artificial
Dirichlet boundary conditions to all adjacent neighbors. Consequently, all
adjacent sub-domains have the new values for the potentials w.

5. For each sub-domain the following steps has to be performed: update the
right hand side term with either artificial boundary conditions or imposed
initial guess or both; solve the system of equations to get the normal fluxes
at the freedom nodes.

6. Update the normal fluxes ¢¢, = qq, +(ga, —gqa,)/7, Where 7 is a relaxation
factor r > 1.

7. Test the convergence

MAX(Up+1 — Un) /Uy < error (6)

where u,,11 is a value of the potential at n + 1 iteration whereas u,, is at
iteration n;
MAX(Q(h - QQZ)/(JQl < error (7)

where qq, is a value of a normal flux for the sub-domain 2; and ¢q, is a
value of the corresponding normal flux in sub-domain €25. if (6-7) are not
achieved return to step 2.
The system of equations for each sub-domain is computed and approximated only
once at the very beginning of iterative scheme whereas the RHS is refreshed with
every iteration.

An example (see Figure 1) shows how the iterative technique is applied.

The sub-domain €2 has 6 surfaces and only 4 which the boundary conditions are
known for, i.e. there are two surfaces with unknown boundary conditions. At the
very beginning of iterative scheme, an initial guess has to be formed for those two
surfaces, i.e. the boundary conditions for the normal flux over those surfaces have
to be imposed. Hence, after this operation, the sub-domain {2; has the boundary
conditions for all surfaces. The coefficient matrix A}, can now be built and the
RHS can be computed taking into account imposed boundary conditions ¢} and g3.
Once the system A}, 2y = RHS; is solved and appropriate values for u} and u}
are known, they can be applied as temporary Dirichlet-type boundary conditions
to the sub-domains 25 and ()3 appropriately. Then, the sub-domain €2, has the
boundary conditions for all surfaces excluding the only one, where an initial guess
3 has to be applied again. Once the system A%,xo9 = RHSs is solved it will
produce the BC for the sub-domain €24. In this way, an initial guess qS’ has to be
applied in order to produce the integrity of the whole system. The iterative scheme
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u=0 u=C

‘(\/

g=0

Figure 1: Iterative technique for BEM with multi-domain. The strategy for cou-
pling two sub-domains consists of six steps: 1 - to solve the LSE for
a local sub-domain taking into account the initial guess for the normal
fluxes distributed over the interface, 2 - to get the solution for the poten-
tials located on the same interface, 3 - use the solution for the potentials
as the artificial BC which is at the same time the initial guess for the con-
nected sub-domain (4), 5 - solve the LSE for the next sub-domain and
get the solution for the normal fluxes, 6 - compare the solution for the
normal fluxes with the initial guess for the first sub-domain.

for the sub-domain €2; of the model demonstrated in Figure 1 is shown in Figure 2.
At the next stage of iterative scheme, the new values for g7, 3, ¢35 and ¢3 has to be
computed and appropriate RHS are refreshed. In order to do so, let’s consider the
sub-domains €27 and €2,. Once the system A%xg = RH S, is solved taking into
account an enforced value for u2, an appropriate value for ¢? will be computed.
In fact, ¢ and ¢? correspond to the normal flux of the same element and therefore
they have to be compared in order to be adjusted for the next iteration. Having an
initial value for q% from 2; as well as a new one q% from (25, those two values can
be prepared for the next iteration according to the following expression:

a =qi + (gt —ad)/r (8)

. . * . .
where r is a relaxation factor 7 > 1, g} is a new value for ¢} from the sub-domain
Q.
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Figure 2: Coupling the sub-domains {21 and 22 of the model shown in Figure 1:
A is the entire coefficient matrix, RHS is the corresponding right hand
side, BC is the vector of known boundary conditions, Guess is the vec-
tor of the initial guess, X is the result vector and u and q are the vectors
with the current results for the potentials and normal flux respectively.

In this way, all imposed BC has to be updated and the RHS refreshed. Once this
is done, the next iteration starts. At the end of each iteration the convergence has
to be tested in order to make a decision if more iterations are needed see eq.(6), i.e.
if the maximal relative difference between the potential at current iteration and at
the previous one is less than an appropriate error which is set up in advance, then
the scheme must stop. Instead of the potentials, the normal fluxes can be used.

Another expression (7) is for the normal fluxes only, i.e. if the maximal relative
difference between all corresponding normal fluxes over the all interfaces shared
between two volumes (in this case €2; and 25) is less than an appropriate error
which is set up in advance, then the scheme must stop. Both expressions (6-7) are
used at the same time in order to secure the precision of iterative scheme.
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Figure 3: The front 2D representation of 3D BEM with a multi-domain model con-
sisting of 27 sub-domains with uniformly distributed conductivity &k = 1.

4 Case study

This section examines the theoretical example in order to verify the accuracy, stor-
age requirements and the complexity of the solution of LSE for BEM with multi-
domain using the ACA-based approach and iterative coupling.

4.1 The model description

The problem represents a Laplacian equation in a cube consisting of 27 sub-cubes
coupled together as shown in Figure 3. The model is meshed with triangular con-
stant elements involving different level of mesh refinement yielding up to 95504
BEs.

Despite the ability of the developed method to deal with the models where
the sub-domains have different material properties, the conductivity of the sub-
domains is selected to be the same everywhere £ = 1. This allows to check the
accuracy of the numerical solution against the analytical one which is known for
the *Cube-like’ and in this particular case is defined as ©* = 1 — x/3 for the
potentials, where x is the x-component in 3D-coordinates (x,y,z) of the DOF
(see Figure 3).
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Figure 4: The coefficient H-matrix (to the right) and the refreshing H-matrix (to
the left) for the sub-domain €2; of the model shown in Figure 3 meshed
with 22566 triangular BEs: dark blocks are Full-matrices and the grey
ones are Rk-blocks.

Figure 4 demonstrates how the coefficient and refreshing matrix looks for a sub-
domain £2; of the model introduced in Figure 3 if it is meshed with 22566 BEs.

4.2 The numerical properties

Tables 1-4 demonstrate the numerical properties of the developed approach.

Table 1: The memory consumption (in Mb) required to store the coefficient and
refreshing matrices depending on the ACA-error e sca and V.

N/eaca | 1e-01 | 1e-02 | 1e-03 | 1e-04 | 1e-05
1944 3.1 3.1 3.1 3.1 3.1
5616 28.3 | 30.1 |322 34.6 | 369
10604 63.2 | 759 |894 1059 | 1134
22566 157.4 |1 203.9 | 255.5 | 319.4 | 390.6
47568 275.5 | 462.2 | 649.5 | 882 1128
95504 833 1156 | 1509.2 | - -
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Table 2: The CPU time (in sec) required to solve the LSE depending on the ACA-
error e4c4 and N.

N/eaca | 1e-01 | 1e-02 | 1e-03 | 1e-04 | 1e-05
1944 14 14 14 14 14
5616 19 20 23 25 26
10604 23 25 28 40 42
22566 63 68 77 98 119
47568 153 178 224 | 282 366
95504 390 | 425 - - -

Table 3: The second norm of the difference between the analytical S,,, and numer-
ical Syum solution e ox = ||San— Snum||2 in function of both the number
of DOFs N and € ac 4.

N/eaca | 1e-01 | 1e-02 | 1e-03 | le-04 | 1e-05
1944 0.0071 | 0.0071 | 0.0071 | 0.0071 | 0.0071
5616 0.014 | 0.0037 | 0.0032 | 0.0032 | 0.0032
10604 0.024 | 0.0029 | 0.0026 | 0.0026 | 0.0026
22566 0.034 | 0.0029 | 0.0024 | 0.0024 | 0.0024
47568 0.051 |0.011 | 0.01 0.01 0.01
95504 0.049 |0.008 | - - -

5 Conclusions

The memory consumption grows as the € 4c 4 decreases as well as grows propor-
tionally to the increase of IV as shown in Table 1.

As it is observed, the compression ratio increases as the number of unknowns
increases. Thus, the same model meshed with nearly 100.000 BEs has higher com-
pression ratio (8.7%) than the model meshed with 10.000 of BEs (46.6%).

The method requires more CPU time if € 404 decreases as well as when the
number of unknowns increases (see Table 2).

As is shown in Table 3, £ 45 decreases as the number of BEs increases. How-
ever, if the ACA-error € 4¢ 4 is high, the error € 4y may grow due to the fact
that the off-diagonal blocks of the coefficient matrix are heavily approximated
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Table 4: The compression ratio of the coefficient and refreshing matrices depend-
ing on the ACA-error € 40 4 and N.

N/eaca | 1e-01 | 1e-02 | 1e-03 | 1e-04 | 1e-05
1944 101.6 | 101.6 | 101.6 | 101.6 | 101.6
5616 82.6 | 89 96.4 | 104.8 | 113
10604 46.6 |59.8 |73.2 |89.9 |107.2
22566 272 1365 |46.8 |594 |734
47568 11.7 | 19.6 |27.6 |37.3 |47.7
95504 8.7 12.1 | 15.8 | - -

causing the serious damage to the coefficient matrix. Nevertheless, in general case
the higher level of mesh refinement improves the precision of the solution against
the analytical one.
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Boundary element modelling of non-linear
buckling for symmetrically laminated plates

S. Syngellakis' & N. Cherukunnath?
"University of Southampton, UK
’Rolls Royce plc, UK

Abstract

The non-linear buckling of composite laminates, triggered by geometric
imperfections, is here analysed adopting a boundary element methodology. The
non-linear theory for thin anisotropic plates couples in-plane forces causing
buckling with the consequent bending deformation. The adopted formulation for
in-plane forces in terms of the stress function is mathematically identical to that
for the bending problem, thus boundary integral equations and fundamental
solutions of the same form are used. Differential equations governing increments
of the stress function and the deflection are obtained; the resulting integral
equations include irreducible domain integrals depending on powers or products
of the second derivatives of the stress function and the deflection. The latter are
calculated through complementary integral equations obtained from the original
ones by differentiating the field variables in the domain. The solution process
accounts for the domain integrals through an iterative scheme; thus there is no
need for modelling any field variables in the plate domain although domain
meshing is necessary for performing numerical integrations. The boundary is
meshed into quadratic discontinuous elements while the domain is divided into
triangular cells with linear discontinuous variation of the relevant field variables
for integration purposes. The analysis is implemented through a suit of C codes
and applied to a rectangular symmetrically laminated plate. Its predictions are
compared with published results obtained by other methods. The accuracy and
limitations of the formulation are discussed and alternative approaches for
expanding its scope pointed out.

Keywords: boundary elements, composites, laminates, postbuckling, initial
imperfections, irreducible domain integrals.
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1 Introduction

Laminated plate structures are used for a variety of functions in aerospace and
other industries due to their favourable strength-to-weight ratio. During the
fabrication of such structures, it is possible that small deviations from the
intended, perfectly flat shapes may occur. These deviations, known as geometric
imperfections, may alter significantly the buckling behaviour of a plate. The
plate response to in-plane loads in the presence of imperfections is governed by a
non-linear thin-plate theory which can predict the large deflections occurring at
or above the critical buckling load.

Early numerical studies on the post-buckling behaviour of perfectly flat,
rectangular orthotropic plates were based on series solutions for the deflection
and the stress function [1-3]. This approach was extended to include the flexure-
extension coupling terms as well as the effects of transverse shear and initial
imperfections [4]. Shear deformation effects have also been studied through
finite element analyses based on higher-order theories [5]. Such analyses have
also allowed the assessment of boundary conditions [6]. Stiffened laminated
panels have been analysed by a spline finite strip method also accounting for
shear deformation [7].

The boundary element method (BEM) had originally been applied to the
analysis of non-linear isotropic plate behaviour induced by high lateral loads [8].
Other incremental and iterative approaches extended the scope of BEM to
predict the non-linear plate response to in-plane edge loading. Such a response
can either be generated as a bifurcation from the fundamental equilibrium path at
the critical load [9, 10] or initiated by imperfections [11]. There has not been any
known attempt at analysing the post-buckling behaviour of anisotropic laminated
plates using a BEM-based technique.

An analytical procedure is presented here whereby BEM modelling, based on
classical plate theory, is combined with irreducible domain integrals involving
the deflection curvatures and the membrane stresses. The non-linear plate
response to in-plane loading initiated by imperfections is determined
incrementally with the non-linear terms taken into account through iterations
within each loading step. The proposed boundary element formulation for the
post-buckling analysis of symmetrically laminated plates has the advantage of
using the same type of fundamental solution and its derivatives for both the
membrane stress and buckling analyses. This allows the use of non-uniform edge
loads for the analysis while facilitating the programming effort.

2 Non-linear plate theory

The orientation of a plate is assumed such that its mid-plane coincides with the
x1-x, plane of a two-dimensional Cartesian frame of reference. Greek indices for
the range from 1 to 2 and the summation convention for terms with repeated
indices are adopted. Plates with initial imperfections w'(x,), when loaded in their
plane, undergo some deflection w(x,) before the theoretical critical buckling load
is reached. The total plate deflection is given by
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W= wew
The developing in-plane forces N,z and bending moments M, satisfy the
equations of equilibrium
Nopptfa=0 (1)
Maﬂsaﬁ+ (Naﬂ V’{/,a )>ﬁ+ q= 0 (2)
where ¢(x,) is a lateral distributed force acting on the middle plane and f, the
body force, which may be derivable from a potential function V" according to
Jo ==V (3)
The solution of eqns (1) and (2) should satisfy the boundary conditions

ngNep= Py O Ug= il, 4

MM g+ 5 oS 1Moo+ $508 Mos+ 1N s Wop = V- Py, ot w= 1w (5)

nhgMop= M, or now,,= én (6)

[sanpMap], = C; orw= 1w, 7

where u, are the in-plane displacements, n,, s, are, respectively, the direction
cosines of unit vectors normal and tangent to the plate boundary, ¢ is the

boundary curvature; #,, w, 5n are, respectively, prescribed boundary values of
the in-plane displacements, deflection and deflection gradient relative to the
boundary normal; p, , I7n, M

.» C; are, respectively, prescribed boundary

values of the traction, shear force, bending moment in the plane of the boundary
normal, force at boundary corner j.
The constitutive equations for symmetrically laminated plates are

Na/f = Aa/};/zfg;/ﬁ (8)

Maﬂ = Daﬂyﬁ’(yﬁ (9)
where the mid-plane strains &,4 and deflection curvatures x4 are related to the
displacements by

1 A A . .
gaﬂ = E(uazﬂ+uﬂ7a+ W, Waﬁ_ Wlna Wl’/j’) (10)

Kaﬁ =W, aff (11)

The compatibility condition is obtained by eliminating the in-plane
displacements from eqn (10). This is accomplished by defining the operator

Lop= 04 V> — 0,0y (12)
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and applying it to both sides of eqn (10) leading to:

[Laﬁ(‘;{}aa W’ﬁ)_Ldﬁ(Wiya Winﬁ )] (13)

| =

Laﬁgaﬂ =
It can be shown that
Laﬁ(waa Waﬂ) == (Laﬁ W)Waaﬂ (14)
Hence the compatibility condition, eqn (13), becomes
1 AN A iNL i
Lapap=—7 [Lap(W) Wgp = Lap(W )W 5] (15)

Defining A;én? as the inverse of 4,

Arps Avsiu= S arOpn (16)
constitutive eqn (8) is re-arranged to
Eap = Aufys N (17)
Introducing the stress function F' such that

Nop= Logl'+ SapV, (18)

compatibility eqn (15) can be expressed in terms of F'and w:

3 1 AN A i
Laﬂ[ Aa};/& (L75F+ 57§V):75[Laﬂ(w)wsaﬂ*l‘aﬂ(w )W aaﬂ] (19)

Using constitutive eqn (9), curvature-deflection relation (11) and expressing
the in-plane forces in terms of the stress function according to eqn (18),
equilibrium eqn (2) can also be written in terms of F and w:

- Daﬂyé’ Waaﬁy§+ [(LaﬂF + 505/3’ V) V,i/,a ]aﬂ + q= 0 (20)

In the absence of body forces and lateral pressure, the only external action is
that due to in-plane tractions causing non-linear buckling. Thus, field equations
(19) and (20) are reduced to

. 1 P N
Ao Frano=— Lap P Wy~ Lag O )W 51 1)
Daﬁ’yﬁW’aﬂyb‘: (LaﬂF) w:aﬂ (22)
where
> | -1 -1 -1
Aaﬂy& - AKK/M 50!,3575 - Aa KK 5}’(5_ AKK}«S dlﬂ + Aaﬂyﬁ (23)

An incremental procedure is adopted for the solution of the non-linear system
of eqns (21) and (22). The two field variables are incremented by small amounts
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such that FF — F + OF, w —> w + Jw and the field equations governing the
increments are derived as follows

~ A 1
Ayps OFapps=— Lap(W )W, o5+ ELaﬁ'(éw)ﬁwmﬂ (24)
Daﬂ75 gwwtﬂyb‘z (Laﬂ w )5F;aﬁ+ (LaﬂF)é‘W;aﬂ + (Laﬂ5F')5W’aﬂ (25)

The field variable increments should also satisfy the boundary conditions

OPa=npONgg= 6P, OF du,= O, (26)
W+ Py + (Pa+ P)oW,o= SV, or Sw= W 27)
M, =5M, or 66,= 50, (28)
6C;=[6M,,] ;= 6C; or Sw;= & (29)

which are derived from eqns (4)-(7).

3 Boundary integral equations for the linear operators

The left-hand sides of both field eqns (21) and (22) or both incremental eqns (24)
and (25) involve linear operators in the form

A(u) = Caﬂ;/é' Usapys (30)

where Cop,5 15 a symmetric fourth-order constant tensor and u(x;,x,) a function
defined in the two-dimensional domain (2 bounded by contour /. Due to the
symmetry of Cp,s the reciprocity relation

[ Copysthsgp U sys 42= [ Cpp su™ 5 5 A2 (31)
Q Q
can be derived, where u*(xl,xz) is a second function, also defined in Q.

Integrating by parts both sides of eqn (31), applying Green's theorem and
defining the operators

M; ()=~ CoprsNaip Uyys (32)
Mrcls (W) = — CoppsNaSpitsys (33)
Vi(u) =— (Caﬁya‘”a + Cal(yo‘sasﬁnlc) U, pys — ¢ Caﬂyo‘sasﬁ Uy, (34)

eqn (31) is transformed to:

[ [u* A€ () —uA® @*)]dQ2 + I (uu*) +J(u,u*) =0 (35)
P

where ¢ is the curvature of the boundary contour /~ and
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],f (uu*) = f [wVe(u)—MEw),(w* ) +ME(w*)0,(u)—uVe)]dl™  (36)

F(uu®) = fl{[[M @], ;[ Mg @] u } (37)
=

where K is the number of corners along a non-smooth boundary 7 Relative to
the local n-s frame of reference relative to /-

2 2 2

¢ ou Ou ou
M (0 Commannit T 20 a0 o7

ou? ou? ou?
=— Cnnnn — + 2Cnnns —t Cnnss 5 38
( o0 pees 2 ) (38)

a 2 2 a 2
ns (1) = aﬁyﬁnoegﬂ(n/’léL+2nysa + }sé
I’l

ou? ou? ou?
=- Cnsnn — + 2Cnsns —t Cnsss 5 39
( o0 s 2 ) (39

Eqn (35) is transformed into a pair of boundary integral equations if u" is
replaced by the fundamental solutions u] ; A = 1,2, satisfying

Coppo Uy rapys = OuX — &) (40)

with
G(x—-§)=dx-8) (41)
S(x — &) = 0&(x - &)/om(&) (42)

where &x — &) is the delta function representing a unit action at the source point
& and m a unit vector of arbitrary direction emanating from the source point.

Substituting u; in eqn (35) and taking & to the boundary so that m becomes
normal to it, gives

[ (Actyu; d 2 —kuy () + 16 (u, uy) + Je(u, uy) =0 (43)
0

where u; = u, u, = ou/Om and k = 0.5 along a smooth boundary. Expressions for
u, can be found in earlier, linear BEM analyses of laminated plates [12].

4 Integral equations for the non-linear problem

Integral eqn (43) is applied to both extensional and flexural problems governed,
respectively, by incremental eqns (24) and (25):
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_kSFﬂ(g) +IZ (BF: F/I*) +JA(6F’ F;)+[‘Fi‘ (Waaﬁa SW’O(/ﬁF';T ) =0 (44)
—kdw, (8) + I}, (Sw, )y ) + Jp(dw, Wi ) + 1% (Frup, SF e Waaps OW,ap W ) =0
(45)
where
Id (Woap, W, F; ) = | (—Laﬂfv+%Laﬁ§w)§w,aﬂ F;do
0

I (Frap, OF sap Waapy SWaap W) ) = [ [LogWF o5 +L, 5 (F +8F)3w,, 5 IW;d2
Q

The domain values of the stress function and deflection increments are
obtained by setting k= 4 =1 in eqns (44) and (45) and recalling that F, = F, F’

=F,w=w, wo= w', so that
SF(E)=1"(8F, F') + J4(8F, F') + I (W, o3, W, F') (46)

SW(E) =10 (Sw, w) +Jp(Sw, W) + 1% (Fop 8F,0p Wyap OW,ap W) @7)

Thus, the incremental 2nd order derivatives of the stress function and
deflection are obtained from

6F,;/5 (E.!) = IZ (SF, F*syé) +JA(6F9 F*975)+ I;{ (Wsaﬂa Swwtﬂs F*,;/&) (48)

SW,}/(; (E.a) = [g (SWa W*975) + JD(6W9 W*’y5)+ I‘/dy (F’D!ﬂs 8Fstzﬁa Wsaﬂa SW,aﬂ, W*a;/ﬁ)
(49)

5 Solution procedure

Boundary element modelling of the plate contour, introduced to integral eqns
(44) and (45) as well as (48) and (49) leads to the incremental solution of the
problem governing the post-buckling behaviour of a symmetrically laminated

plate. The variables 8F and 6(8F)/0n in boundary integrals I’ (8F, F; ; A =1,2)

on the right-hand side of eqns (44) and (48) are functions of the edge traction
increments &p, [12]. The distribution of the other two boundary variables

M, (8F) and V,(8F) in the same integrals are unknown.

The deflection-related unknown boundary variables in boundary integrals
If) (8w, w} ; 2=1,2) on the right-hand side of eqns (45) and (49) are consistent
with the specified boundary conditions among eqns (27)-(29). The boundary is
discretised into quadratic discontinuous elements for evaluating the boundary
integrals and the domain is discretised into linear discontinuous cells for the
evaluation of domain integrals. The incremental membrane stresses and
curvatures at points inside the domain are obtained using eqns (48) and (49).
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All the incremental values are assumed zero at the beginning of each step. At
the first step and first iteration, an assumed pattern of very small initial
imperfection w' is considered as the total deflection w over the domain. The
unknown boundary distributions of M,(JF) and V,(JF) are obtained for an
increment of edge traction o6 p, by solving eqns (44) with Iﬁ Woap W, F; 5 A
= 1,2) set equal to zero. The incremental membrane stresses at domain cell nodes
are obtained using eqn (48). The distributions of unknown deflection-related
variables on the boundary are obtained by solving eqns (45). The domain
integrals Ii (Fuap, OF,ap, Woap OW,gp w;; A = 1,2) are evaluated using the
incremental membrane stresses obtained previously. The incremental deflections
and curvatures at domain cell nodes are obtained using eqns (47) and (49),
respectively. Replacing the incremental values of membrane stresses and
curvatures by the new values, the procedure is repeated in an iterative manner
until the specified convergence criteria are satisfied. The adopted convergence
criterion for the deflection after /" iterations is:

%l(éwi ) = (6w
i=1
Ny

2

i=1

<0.0005 (50)

@w)'|

where N, is the number of domain cell nodes. Similar criteria for the incremental

membrane stresses are also imposed in order to reduce the error accumulated at

each step. The final incremental values of the last iteration in the previous step
are added to the membrane stresses, deflections and curvatures for the next step.

The solution procedure is carried out in a similar manner for further steps. The

procedure at (i+1)™ step is summarised as follows:

(1) Fromstep i, W, W,,z3and Nygare known.

(2) For step (i+1), dw,,, are set equal to zero for the 1* iteration, otherwise
taken from the previous iteration.

(3) Domain integrals Iﬁ (Woap, OW,ap F; 3 A = 1,2) are evaluated using the
curvatures of the /™ step and the incremental curvatures from the previous
iteration within the (i+1)™ step.

(4) Eqns (44) are solved for the unknown boundary variables and then the
incremental membrane stresses are evaluated at domain cell nodes using
eqn (48).

(5) Domain integrals [fi (Foop, OF,0p Wagp OW,0p w3 A = 1,2), are evaluated
using membrane stresses and curvatures from the /™ step and the
incremental membrane stresses and curvatures from the previous iteration
within the (7+1)™ step.

(6) Eqns (45) are solved for unknown boundary variables and then the
incremental deflection and curvatures are evaluated at domain cell nodes
using eqns (47) and (49), respectively.

(7) Convergence criteria are applied.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
. www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 219

(8) If the convergence criteria are satisfied, the procedure moves to the next
step, otherwise steps 2 to 6 are repeated.
(9) Before moving to the next step (i+2), the values of W, W,,, and N, are

updated by adding the incremental values from the last iteration within step
(i+1).

6 Results

The proposed BEM formulation for the post-buckling analysis of laminated
plates was implemented through a suite of C codes. The analysis was applied to a
simply-supported square plate with a side length of 1.0 m and a thickness of 10
mm, subjected to uni-axial, uniformly distributed compressive loads along the
stiffer direction. Two cases were analysed corresponding to different initial
imperfection patterns with maximum values of 0.5 and 5 mm. The flexural
rigidities and extensional stiffness of the plate were

D11 =16692.7 Nm D22:417319 Nm
Dgs = 250.0 Nm Dy, =417.319 Nm

Ay =2.00313x10° N/m Ay =5.00782x10" N/m
A1 =1.25196x10" N/m Ags = 3.0x10" N/m

The boundary was discretised into 80 quadratic discontinuous elements with
50 linear domain cells over the plate. The results were compared with the
corresponding solution for a perfectly flat plate given by Prabhakara and Chia
[1], which was based on a double Fourier series for the transverse deflection and
a double series for the stress function consisting of appropriate beam functions.
The results are in good agreement for the range of post-buckling deflection
shown in Figure 1. The present method relies heavily on iterations and its
performance depends upon various factors like step size, the degree of non-
linearity, the convergence criteria and the rate change of slope of load-deflection
curve. Thus, further parametric studies are required for identifying an optimised
procedure for the solution. Alternative solution procedures whereby iterations
may be avoided or their number significantly reduced are described in the next
section.

7 Concluding remarks

A large deformation analysis leading to the prediction of the post-buckling
behaviour was developed as an expansion and coupling of the formulations for
linear analyses [12]. This problem is of considerable design interest since its
output is linked more closely than the critical load to the strength limits of
stiffened composite panels. The analysis performed shows that the present
procedure is highly dependent on the size of load step, the number of iterations
within each step, which is controlled by convergence criteria, and the degree of
non-linearity. The size of load step should be reduced near the critical load and
within the post-buckling region. Further validation of the proposed procedure is
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Figure 1: Non-linear  load-deflection curves for different initial
imperfections for a simply supported plate under uni-axial uniform
loading.

required for developing an optimised, efficient analysis in terms of
computational cost.

The advantage of the boundary element method relies on the existence of a
boundary integral equation that reduces the dimensions of a problem by one thus
leading to its more efficient formulation and solution. This basic advantage of
BEM is to a certain extent compromised by the presence of irreducible domain
integrals in the integral equations governing the plate post-buckling problem.
Transformation of such integrals into boundary ones is therefore desirable and
could be achieved by adopting suitable approximate representations of the
domain unknowns.
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The performance of the proposed scheme may be improved by dividing each
step into two sub-steps. Within the first of those sub-steps, the solution is carried
out without considering the quadratic terms in the unknown increments
appearing in the domain integrals of eqns (44) and (45). This will allow the
direct solution of eqns (44) and the determination of the incremental membrane
stresses over the domain from eqn (48). A consistent system of equations,
containing the deflection-related boundary unknowns and the domain curvatures,
is also obtained from integral eqns (45) and (49). After determining all
incremental quantities, the result is further corrected by including the quadratic
terms in the domain integrals and solving the system iteratively within the
second sub-step of the current load step.

An alternative scheme would rely on a model for the deflection that would
allow the numerical evaluation of the curvatures on which the domain integrals
in the post-buckling eqns (44) and (45) depend. This can be achieved by
adopting non-linear interpolation models in the form of higher order polynomials
or trigonometric functions. The curvatures can be obtained by differentiating
these models, which leads to a direct relationship between nodal cell curvatures
and deflections. An additional system of equations for the deflections can be
obtained from integral eqn (47). By eliminating the membrane stresses and the
curvatures over the plate domain, the final system of equations would contain
only the deflection-related boundary variables and domain deflections as
unknowns. As with the previously described scheme, the solution can be initially
carried out neglecting the quadratic terms in the domain integrals. After the
determination of all incremental quantities, the result can be further corrected by
including these quadratic terms and solving the system iteratively within the
current load step. This approach may lead to a reduction and a more efficient use
of iterations towards an accurate and stable solution.
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Effective properties of fibers with
various ratios of phase stiffness

P. Prochazka
CTU Prague, Civil Engineering, Prague, Czech Republic

Abstract

In the paper a new procedure for effective properties of nonlinear composites
will be proposed. Based on boundary element method various ratios of phase
stiffnesses are studied. Special properties of the stress distribution (or
concentration factors) on a unit cell are utilized. The overall properties start with
Hashin-Shtrikman idea, which is transformed to a numerical framework. Without
loss of generality geometrical boundary conditions on the boundary of a unit cell
are prescribed in this study. A special case of the presented approach is the effect
of pore pressure, occurring in fiber reinforced concrete, for example. Also
nonlinear behavior of the phases is taken into consideration, especially the von
Mises-Huber-Hencky criterion is adopted in the model of matrix. The examples
are exclusively prepared for two-phase materials.

Keywords: boundary element method, various stiffness of phases, plasticity,
Hashin-Shtrikman variational principle.

1 Introduction

Eigenstresses and eigenstrains play a very important role in many branches of
applied mechanics, e.g., in composites, geotechnics, concrete structures, etc. In
previous papers, the authors have formulated an effective approach to the
analysis and optimization of inhomogeneous bodies with prescribed boundary
displacements or tractions and have used the transformation field analysis for
relating the components of stress or strain tensors and of eigenstrains or
eigenstresses. The transformation field analysis established by Dvorak and
Prochazka in [1] has been applied to localization of stresses and strains in two-
phase composites. The eigenstresses stood for relaxation stresses while
eigenstrains represented plastic strains. This idea was extended in [2], where
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applications of a large scale of combinations of internal material situations using
boundary element method with eigenstress of composite structures were
considered.

In [3] an attempt for obtaining effective material properties of a nonlinear
isotropic composite has been made, using the basic ideas of Hashin and
Shtrikman, [4]. A new variational approach was proposed that provides the
effective energy potentials of nonlinear composites in terms of the corresponding
energy potentials for linear composites with the same microstructural
distributions.

Our approach is based on the idea of extended Hashin-Shtrikman variational
principles for nonhomogeneous bodies. By means of internal parameters,
eigenstrains or eigenstresses, involved in H-S principles, it is possible to obtain
new bounds on mechanical properties of the trial material, increase the bearing
capacity of structures, and to minimize the stress excesses.

2 Basic relations

We start with basic relations which are valid in mechanics of continuum and are
appropriate for our next considerations. Denote by £ a bounded domain,
r=r,vr,,r,nI, =0, being its Lipschitz's boundary, both representing

the trial body. On I, the displacement vector u = {u;,u,,us} is prescribed, and
on [, the vector of tractions p ={p;,p,,p;} is given. Recall the relation

stresses-tractions on the boundary I', : p; =o;n;, where n={n;,n,,n;}is the

j°
outward unit normal to the boundary, o;,¢; are components of stress and strain
tensors, respectively.

Hooke's law for anisotropic and inhomogeneous field is introduced in the

form

0 (x) = Lyg (X)e (x) + 2;(x) , £;(x) = M 3y ()0 (X) + p;;(x) )
where 4, are components of the eigenstress tensor, u; are the components of
the eigenstrain tensor, x is a position at which the material relations are studied,
Ly are components of the material stiffness tensor and M, describe its
compliance material tensor, both with the standard symmetry; the subscripts
i, j,k,l runthe set {1, 2, 3},

Moreover, we have

1
Li/'klelmn = I;’jmn ’ I;’jmn = E(ézm 5‘]'11 + 6[11 5‘jm ) (2)

where /;,, characterises the fourth-order unit tensor, J; is the Kronecker delta

ijmn
being equal to one for i = j and zero otherwise.

Note that for a homogeneous and isotropic material the material stiffness
matrix has the form
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Ly = 4004 + 2 (3)

where 1 and u are Lame's constants. Instead of u, the shear modulus G is

sometimes introduced.
Comparing both equations (1), we get

Ay ==Lt >ty =—M iy 4)
Kinematic equations may be written as
1 Oy, Ou j
K 2 (8x Ox; ) ®)

1

Note that displacements are said to be kinematically admissible if the relation
(5) holds.
Eventually, static equations or equations of equilibrium yield
00
—Y_0 (6)
ox;
provided no volume weight forces are taken into account. The last relation has to
be taken in the sense of distributions.
Note that one says that the stress tensor is statically admissible or its
components are statically admissible, if statistical boundary conditions on I,

are prescribed and (6) is fulfilled.

Substituting the kinematical equations into the equations of equilibrium leads
to Lame's equations for the unknown displacement vector # , which are written
in the sense of distributions:

0 Ou Ou .
K{L’fk’(axk o 2”"]}} b ?
J / k

0 Ou,  Ou )
K{Lllkl[ . : 6xl =24 H in Q (®)
J X k

for a given field p;, or 4.

or alternatively

Recall that on the part I, of the boundary I the displacement vector u = u

is prescribed, and the traction field p = ; is givenon I, .

3 Localization using the BEM

In this section we use extend Hashin-Shtrikman variational principle [4], by
introducing both the eigenstrain and eigenstress fields into the formulation. For
the sake of simplicity assume that no body forces are present.
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The idea of Hashin and Shtrikman consists in introducing new variables t;

(components of the polarization tensor). Let us consider again a bounded domain
© with its bounded Lipschitz's boundary /" and with subdomains &, i =

1,...,n, describing local inhomogeneities.
The overall strain £ is assumed to be given independently of the shape of

the unit cell and of the shape of the fiber. The loading of this unit cell will be

given by unit impulses ofE;, ie. we successively select

ijo =Ejyi, =L Ey =0for either iy#ior j,#j. How to select the unit
impulses of the overall strain components will be discussed later on.

Now we concentrate our attention on the approach of computing the
concentration factors, which play the most important role in our solution of the
optimal problem. The idea is adapted to the computation of the concentration
factors. Note that approximate estimates of the concentration factors can be done
using several formulas (Mori-Tanaka, self/consistent method, etc.). We are going
to show in this paper relatively simple calculation of the factors using the
boundary elements.

First let us specify the boundary conditions, being equivalent to the unit
impulses of the overall strain components. In elasticity it is possible to prescribe
the overall strain field all over the domain €2 of the unit cell. Then the solution
of responses to the unit impulses is given by the periodicity conditions and
tractions along the interfacial surface I between fibers and matrix. This
approach is little bit cumbersome in case of debonding is admitted. The latter
case is not considered here, but we apply more general form of introducing the
unit impulses. It is well known that because of identity; see (23) and Green’s
theorem:

_ = L1 20y 2 g =
Ej = Igg/(y) dQ = 2!{5){, W+ o, (Y)}LQ =

Q

©)
_ _% j [, (¥, () + 1, (9)m (D] dp(p)
0Q

From (9) it immediately follows that the unit responses are given by prescribed
displacements along the boundary of the unit cell.

The procedure is split into two steps. Assume the above described surface
displacements to be prescribed along the entire boundary 6Q and there are no
body forces here. In the first step, the unit cell obeys static equilibrium equations
and linear homogeneous Hooke's law (homogeneous and isotropic medium):

03 = Lgk,s,?], inQ, given boundary conditions are fulfilledon 0Q2 .  (10)

Lg-k, are components of a not yet determined material stiffness matrix (stiffness

tensor). These components will be stated later. Such a medium is called
comparative one.
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The solution of (10) is easy, as the comparative medium is homogeneous and
isotropic:

0

0
U;

0 . 0 0
=E;y;, & =E; inQ, p; =oyn;=LgEyn; on oR
In the second step a geometrically identical unit cell is considered. Also the

loading and boundary conditions on 02 remain valid. Define

- 0 " 0
Ui =u; —u; =u,-—Ei]-yj, ey‘:ei/-—eijzey-—E,-j, an
- 0 0 . - -
oij=0;—-0;=0;—LjyEy mQ wu;=0o0nI,, p,=0on I,
Our next aim is to determine primed quantities, components of displacement
vector u;and components of strain and stress tensors ¢; and o . In order to do

so, system of fifteen equations of elasticity (2) has to be formulated for the
primed set. We start with Hooke’s law, which is valid for heterogeneous
medium:

0;(¥) =Ly (e (y) nQ (12)

Since the material stiffness tensor appears to be nonhomogeneous and
unisotropic, idea used in [4], among others, will be adapted also here:

0;(¥) = Lyeu(0)+7,(y)  inQ (13)

where 7, are components of the polarization tensor and the direct relation

between stresses and strains becomes homogeneous and isotropic, so that
integral formulation of elastic problem may be formulated. Subtracting (13) and
(12) yields:

t; = [Ljilews (Liju]= Lyjps = Lg‘kl (14)

which can be considered a definition of polarization tensor. Moreover,
transformation to the primed system will not disturb the direct relation stresses —
strains, as after substituting (13) to (115) gives:

Tij =0y~

ij 16k1+T (15)

0_ 70 _
0 = L +7; — =L ikl €k T T Lg‘/‘klEkl = szk

Since both o, and 03 are statically admissible, it holds (the following
equations must be defined in the sense of distributions):

oLl ;k1+r~ —
%zO nQ, ui=u
y.

J

i

~ul, p,=p-p’ ond2  (16)

Following the assumption of the same prescribed boundary conditions, some
of the terms in (16) disappear.
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Owing to constant distribution of Lgk, in Q, the equivalent integral

formulation can be written as:

um(&) = jp;,-(y, Eui(y) dy(y) - j Uy (1, E) p, (¥) dp() +
o0

0Q
e (17)
o =Ll [ +LL =L | feny (8200140
Qf Qm
ey (ENin (&) = jpfm- (0 )ti () dy(y) - j s (7.6 p, (1) dp(p) +
* * e (18)

+ [Ll;'kl —L?,-H]J +[ Ly —Lgkz]J U:qg,- (r,€)ex(p)dQ2
Qi' om
where ¢, are components of a tensor depending on position & € 0f2 and the

quantities with asterisks are given kernels.
Differentiating (17) by ¢, and putting & € 02 provides

e (@) = [ B O ) - [Un (65,0 () +
o0 o

(19)
+ [Lg-k, — L‘,}k, ]J. + [L;;k[ - L?ikl] J Z,*m-j (y,é‘)gk (¥) dQ + convected term
Qf om
First, let L?jkl = ijk,. Eliminating unknown boundary values from (18) and

(19) we obtain the relation
e5 () = B (0Ey (20)

& (u(¥) = Bjua (9 Ey @b
This process leads to a fourth-order "concentration factor tensor" Ay,

defined as
8;? (u(y) =L + ﬂygkz(y))Ekl = Aifkl(y)Ekl (22)

where the superscript p =f for y € QFand p=mforyeQ™.
Since it obviously holds

< A;]’".kl >p < Al >=1 (23)
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one does not need to compute both concentration factors. It is sufficient to draw
a concentration on fiber, when dealing with concrete composites (the fiber ratio
is very small), or on matrix, if the matrix volume ratio is large and the material
behavior of stresses on matrix is nearly uniformly distributed.

4 Inelastic behavior of one phase

Assume that in the domain of elastic stresses a set
F(o;)<0 (24)

Is given and the domain of the plastic surface is defined by the equality:
F(o;)=0 (25)
Here o, are components of the symmetric stress tensor. Function F is convex
and continuous with respect to the argumentso; as in Ry the admissible set

F(o;)<0is closed convex and F(o;)involves only deviatoric stresses

D ij . .
o; =0y —%(akk), so that the deviatoric stress tensor possesses zero trace.

Namely, for the von Mises-Huber-Hencky it holds:

1
F(oy) 250';/)0;? —k (26)
where £ is another material constant. Formulating a set
K={o; o={0;}eRq, 0;=0;, F(o,;)<0} 27)
the constitutive equations are written as:

where ¢; are components of the strain tensor, M, is the compliance tensor of

elastic parameters, overdot means time derivative (response of and increment of
loading), 4;are components of the eigenstress tensor, here standing for

components of the relaxation stress being defined as:

0 .
’ f F 0
5ol e 29)
y Z[O_ij_(PKo-)ij] if F(6)>0

and a mappinge — Py () is an orthogonal projection in the domain of
Euclidean structure ¢ € Ry on a convex set K . Coefficient uis possible to
consider as the coefficient of viscosity in describing fluid movement and is
identified as shear modulus G in solid materials. If only constant o; appear in

the development of material stages, i.e. 6; =0, the latter equations turn to

‘m WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
. www.witpress.com, ISSN 1743-355X (on-line)



230 Mesh Reduction Methods

0; =(Pxo); +2ue;(u)and for fluids their movement is described by the

Navier-Stokes equations it holds:
0y =—pdy +2ue; (u) (30)

In case Mises condition is allowed for the relaxation stresses are derived as:

0,
if F(o)<0
y={ Lok o e oD
o if F(6)>0
2 oy

1
where o, =—a?2.
I 2 ij

5 Conclusions

In this paper combustion of the concrete lining and the rock surrounding the
tunnel is solved by Smooth Particle Hydrodynamics Method. The results are
partly compared with experiments on concrete slabs burned in a furnace.
Particularly, influences of fibers from fused basalt are observed and the
composite with concrete matrix is evaluated after carrying out tests in Innsbruck
University. The basalt material seems to be quite suitable for this case of
endangered concrete linings. The reason is that at lower temperatures it behaves
as stiffener of the concrete matrix and overcoming the temperature of 1000°C it
becomes melting and enables vapor to escape from the concrete not to cause any
larger damage. Consequently, in comparison to other types of fibers fused basalt
serves in a proper way. Natural fibers are very suitable for high temperatures
(they burn out and the vapor can freely dilute in the air) and stiff fibers like steel
serve a good reinforcement but too troublesome in he case of influence of high
temperature.

The SPH method is perfectly suitable for solving such a problem. This
method shows very promising time consumption of computer (it is basically low
in comparing it with other numerical methods), but generally it suffers from one
unpleasant property: inhomogeneous geometrical boundary conditions can be
respected in the calculus in complicated way. In our case this type of boundary
conditions does not play any decisive role. The boundary conditions are declared
by time changing source of heat, and the damage in the material is calculated at
the time-stage.
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Abstract

This study is focused on the aeroelastic behaviour of circular cylindrical shells in
a supersonic airflow. The development is based on a combination of Sanders’
thin shell theory and the classical finite element method. Potential and piston
theory with and without the correction factor for shell curvature is applied to
derive the aerodynamic damping and stiffness matrices. The influence of stress
stiffness due to the shell internal pressure and axial loading is also taken into
account. Aeroelastic equations in hybrid finite formulation are derived and
solved numerically. The effect of shell boundary conditions; geometry and flow
parameters on the structure response is investigated. In all study cases, the shell
loses its stability by coupled-mode flutter where a travelling wave is observed
during this dynamic instability. The results are compared with existing
experimental data, other analytical and finite element solutions. The present
study shows efficient and reliable results that can be applied for the aeroelastic
design of shell structures used for aerospace vehicles.

Keywords: FSI, hybrid element, flutter, cylindrical shells.
1 Introduction

Shells and plates are among the key structures in aerospace vehicles. For
instance, these elements are used numerously in the fuselage and engine nacelles
of airplanes and in space shuttles’ skin. As they are exposed to the external air
flow and particularly supersonic flow, dynamic instability (flutter) is one of the
practical considerations in the design and analysis of skin panels that may occur.
Cylindrical shells could also show this kind of aeroelastic instability where
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prevention of that behaviour is one of the primary design criterions, which is
something that aeronautical engineers are challenged with. After introducing the
application of piston theory in the aeroelastic modelling proposed by Ashley and
Zartarian [1], many interesting experimental and theoretical studies started to
investigate supersonic flutter of a cylindrical shell. Most of these researches are
concerned with the development of analytical relations to investigate the effect
of the shell and flow parameters on the critical flutter frequency. The aeroelastic
models have been developed on the basis of the shell and piston theory to
establish the coupled fluid-structure system. Olson and Fung [2] examined the
effect of the shell boundary conditions and initial strain state, due to the internal
pressure and axial load, on the dynamic behaviour of the given structure. They
observed that the pressurized cylindrical shell fluttered at a lower level of
freestream static pressure than predicted by theory [3]. Evensen and Olson [4]
presented a non-linear analysis for calculating the limit cycle amplitude of a
cylindrical shell. Dowell [5] investigated the behaviour of a cylindrical shell in a
supersonic flow for different flow and shell parameters; an extensive description
of panel flutter modelling has been addressed in his monograph [6]. Amabili and
Pellicano [7] developed a model considering the geometric nonlinearities to
study the supersonic flutter of the circular cylindrical shell. They also applied the
nonlinear piston theory with the shell imperfection to reproduce the experimental
data for a pressurized cylindrical shell [8].

The present study is focused on the development of a circumferential hybrid
element for a circular cylindrical shell in a supersonic flow. The procedure is
similar to the finite element development done for a vertical shell by Lakis and
Paidoussis [9] and for a horizontal open shell by Selmane and Lakis [10]. Those
developments resulted in a precise and fast convergence with less numerical
difficulties. The element is a cylindrical frustum instead of the usual rectangular
shell element. Linear Sanders’ shell theory; in which all the strains vanish for
rigid body motions; is coupled with the linearized first-order of piston theory
(including the curvature correction term) and also the potential theory to carry
out the fluid-structure interaction model. The initial stress stiffening in the
presence of shell internal pressure and axial compression is also applied into the
formulation. Finally the linear mass, damping and stiffness matrix of the
aeroelastic system are obtained and solved numerically.

2 Structural model

2.1 Structural mass and stiffness

The equilibrium equations of cylindrical shells according to the Sanders’ shell
theory are developed in [10] and [11]. The strain-displacement equations as a
function of three infinitesimal displacements in axial (U), radial (W), and
circumferential (V) directions are derived and given in [10] and [11]. The system
of equilibrium equations described as a function of the displacement components
and material properties are defined as:

LJ(UaW’VDR'j):O (1)
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where L, (J =1,2,3) are three partial differential equations and can be found

in [10] and [11]. Matrix [P] is the elasticity matrix for anisotropic shell [11]. A
circumferential cylindrical frustum based on the development done by Lakis and
Paidoussis [9] is applied to generate the mass and stiffness matrix of the
structural model. This element type (see Fig. 1) has two nodal circle with two
nodal points 7 and j .

14 W
X~ : i
1w v
x=( , v W,
Un
Figure 1: Geometry of cylindrical frustum element.

There are four degrees of freedom at each node; axial, radial, circumferential
displacement, and rotation. This kind of element makes it possible to use thin
shell equation easily in order to find the exact solution of displacement functions
rather than the approximation with the polynomial functions in the classical
finite element method. This element selection results in a hybrid element where a
convergence criterion of the finite element method is provided with greater
accuracy. Consider the displacement components in the normal manner as:

U(r,x,0)=u,(x)cos(n@)

W (r,x,0)=w,(x)cos(n@)

V(r,x,0)=v,(x)sin(n@) )
where 7 is the circumferential wave number. Lakis and Paidoussis [9] derived
the exact analytical relations for the displacement shape functions based on the
equations of motion of shell associated with the system of equations (2). The
final form of displacement functions is defined as:

U(x,r,0)
W (x,r,0) =[N]{5' }

J

V(x,r,0) 3)
where the nodal displacements vector {0} and displacement shape function
matrix [/N] are given in [9]. Now the stress resultant can be defined as:

{a}=[P][B]{f;}

J

“)
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Therefore, the mass and stiffness matrix for each element are derived as:
[m]= ph[[INT [N1d4;1k] = [[[BY [P1[BldA )

where p is the shell density anddA = rdxd @ . For the entire shell geometry,

using the standard assembly technique in FEM and applying the appropriate
boundary conditions, the global mass and stiffness matrices are found.

2.2 Initial stress stiffness

The influence of membrane forces on the dynamic stability of a cylindrical shell
in the presence of the supersonic airflow is investigated. These membrane forces

are due to the pressure differential across the shell P

m?

and axial compression
P.. It is assumed that the shell is under equilibrium condition and also it has not

reached its buckling state. The initial in-plane shear, static bending and
transverse shear are not considered either. The stress resultant due to the internal

pressure P, and the axial compression P, are defined as:

— P —
N =—-—*; N,=P,R (6)
27R
The potential energy due to this initial strain is equal to:

1 2z
U, =1/2[ [INg3+N,$%+(N,+N,)g; 1Rddx
0 0 (7)

where / is the element length, ¢_ is the strain rotation about the X axis, @, is

the rotation about normal to the x6 plane, and ¢, is the rotation about normal

to the shell element. The rotation vector is given by:

ow 1 ow 1
=——; = V—i; = (——=
boo ox P R( 69) é, 2( R 60+ 6x) ®)
If the displacements are replaced by equation (3), the potential energy in terms of

nodal degrees of freedom is generated as:

10U oV

Noo o0
u=12[["¢V] 0 N, 0 friRdadx
0 +

o ©)
where vector {r} is defined as:
0 _9
lé‘xa U 5
=l 0 —2gp O :[CQ][N]{O.}
_ 1o 1o|”
2R 00 2o (10)
Therefore, the initial stiffness matrix for each element becomes:
N. 0 0
| 27 —
k1=[ [ INTICT| 0 N, 0 [CYINT Rd6dx
0 0 N,+N, (11)
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With the help of Maple software, the analytical integration of equation (11) for
each element is carried out. The initial stuffiness matrix is superimposed to the
global stiffness matrix calculated in equation (5).

3 Aerodynamic modelling

Piston theory is a powerful tool for aerodynamic modelling in aeroelasticity. For
a cylinder subjected to an external supersonic airflow parallel to the centreline of
the shell, the fluid-structure effect due to external pressure loading can be taken
into account by linearized first-order potential theory with (or without) the
curvature correction term:

wM* oW M*-2 1 oW W

F, = 2 E Y T Ar Apras?_ W2
M- ox  MP-1U, ot 2RM>—1) (12)

where p_,U_, M and y are freestream static pressure, freestream velocity, the
Mach number and the adiabatic exponent of air, respectively. At a sufficiently
high Mach number (M > 2) and neglecting the curvature term w

2R(M? —1)'"? ’
equation (12) is simplified to the so-called linear piston theory as:
P _W{M‘LWJrLfLW}
ox a, Ot (13)

where a_, is the sound speed. In order to show the compatibility and power of

this development compared with different loading theories, the potential solution
proposed by Lakis and Laveau [12] is also applied to account for the pressure
field. They have developed an exact expression for the nonlinearized
aerodynamic pressure acting on the cylindrical shell that is exposed to external
or internal incompressible flow. In this study, the effect of compressibility has
been taken into account. This effect is entered through the calculation of Bessel’s
functions for finding the velocity potential. Using the Laplace equation for the
potential flow accompany with boundary conditions defined by impermeability
and Bernoulli’s equation, the linear pressure load on the shell wall is given by:

2 2 2
Pa__pfz{aw ow zﬁW}

—+2U, +U, —
ot Oxot ox

(14)
where p, is fluid density and Z is expressed in terms of Bessel’s functions of
the first and second kind [9]. The radial displacement is defined in terms of the
analytical solution of A j (the complex roots of a characteristic equation related to

the equations of motion and oscillation frequency of the shell) and the circular
frequency @ as:

8 i 1+a)t 8
W=Zeu’R )cos(nﬁ) =>W,
J=1 j=1 (15)
In the following subsection, the pressure field for each aerodynamic loading is
expressed in terms of nodal displacements.
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3.1 Piston theory

The pressure field expressed by equation (13) can be rewritten as:
1 oW, ow
P = —]pr( +M 3 )
st G * (16)
Substituting equations (3) and (15) into equation (16), aerodynamic pressure may
be defined as:

0
{Q}=+pmd,ﬂa,}——7a[ 1R ][4” ]{ } (@ )me[T][R 14 ]{ }
0 ’ K (17)

where the elements of matrix [R ] are defined in terms of shell radius (R),

longitudinal coordinate (x), and the characteristic equation’s roots ().
3.2 Piston theory with curvature term

The aerodynamic pressure field for the case of applying equation (12) will
become as:

0
_ -p.US UL A
{R,}—{pmm,] DT (MZ 1>[T][R 4 ]{ }+(1R>(M 7 TR, 1L ]{5/}

0

—p,U? 1 440
~ar oy Gar R IR U4 ]{5/}

(18)
where p_ is the freestream air density. It is seen that the freestream static
pressure and velocity can be related together through the following equations:

U,=Ma,_, a, = }/p—“’ (19)
poo

3.3 Potential theory

Considering the potential theory, the final form for pressure field is given as:
20
‘ A 51 AL 5 (20)

p}= p,gm/ =P ATIR) 5 (~2050p. VTR Y+ G UIZITIRY, 5

3.4 Aerodynamic damping and stiffness

The general force vector due to the pressure field is defined as:

” p“ dA 21

Substituting the displacement shape functions (eq. (3)) and the calculated
dynamic pressure (eq. (17)) and integrating over the fluid-structure contact
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surface, the aerodynamic damping[c ], and stiffness [k, ] are determined for

each element as:
[c, 1=[4"T[D A" [k, 1=[4"T[G,][47"] 22)

where

1 ﬂ, 1
[D,1=-L pw[[RV R, Jdx;[G, 1= ~i L sp, M [[RY [R, Jdx
o0 g 0 (23)
The same procedure can be done by substituting the different pressure fields
as given in equations (18 and 20) into equation (21) to derive those local
damping and stiffness matrices. Finally, global aerodynamic damping [C/]and

aerodynamic stiffness [ K, matrices are found through assembling procedure.

4 Aeroelastic model in FEM

The governing equations of motion in the global system of a cylindrical shell
exposed to an external supersonic flow are found as:

[M]{(;} [c ]{5’} [ [K]+[K,] [Kn{a’} 0
P I el L O AR B el .G Rl PO =
% % % (24)

where subscripts s and f refer to shell in vacuo and fluid, respectively. It should
be noted that in the case of applying potential theory to account for aerodynamic
loading, the mass matrix is modified by considering the fluid added mass. In
order to find the aeroelastic behaviour of the shell, eigenvalues and eigenvectors
of equation (24) are found by means of equation reduction method technique.
Dynamic stability of the shell is investigated by studying the eigenvalues in the
complex plane. The flutter onset is found when the imaginary part of the
eigenvalue changes from positive to negative.

5 Numerical results and discussions

Following shell geometry and flow parameters are used for the given examples.
E=16x10° Ib/in; v=0.35;p, = 0.000833 Ib—s>/in*
h=0.0040 in; L =15.4in;R =8.00 in
M =3.00;a, =8400 in/s;T,, =120° F

> o

where T

too
A set of calculation is carried out to find the appropriate number of elements for
shell discretization. It is found that the present model results in a very good
accuracy of results using 20 elements. The first set of results along with those of
experiment and other theories are presented in Table 1. In all of the cases, the
instability is raised in the form of coupled-mode flutter. The proposed method
shows a very good agreement with experimental and analytical results.

is the freestream stagnation temperature, and 0O, is the shell density.
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Table 1: Comparison of shell flutter boundary at M =3 and p_=p, =0,
P (pSi) ncrit[cal L (m) v E(lb/lnz)

Experimental results’ 0.380-0.420 20 15.40 0.35 16x 10°

Analytical results" 0.420 24 16.00 0.33 13x 10°

Analytical results® 0.550 25 15.40 0.35 16x 10°

Analytical results’ 0.330 27 15.40 0.35 16x 10°

FEM results' 0.5621 34 16.00 0.33 13x 10°

FEM results" 0.5621 25 16.00 0.33 13x 10°

FEM results” 0.5621 26 15.40 0.35 16x 10°

Present results 0.522 26 15.40 0.35 16x 10°

Present results 0.382 25 16.00 0.33 13x 10°

///
e
/
rd
i
Imaginary gigenvalue (Hz)
3

Real &wguxa!,u& (Hz}

Freestream static pressure (psi)

Freestream static pressure (psi)

Figure 2: The real and imaginary part of the eigenvalue of system versus
freestream static pressure (n=20, P,,=P,=0.0 psi).

The complex frequencies of an unpressurized shell, P,,=0 and n=20, are
determined using the potential theory and plotted in fig. 2. It is shown that the
flutter occurs at the second axial mode where the imaginary part of eigenvalue,
representing the damping of system, passes through zero at high freestream static
pressure. The same behaviour was found by Olson and Fung [3].

The effect of the curvature term appearing in the piston theory is examined
through the following example. The real and imaginary parts of system
eigenvalues are plotted at the first two modes versus freestream pressure as
shown in fig. 3. This figure shows that the real parts eventually merge into a
single mode. For the further increasing the pressure, the shell loses stability by
coupled-mode flutter once the imaginary part of complex frequency crosses the
zero value. Prediction of critical freestream static pressure by using equation (12)
is closer to the experimental results than evaluating pressure field by equation
(13). The complex frequencies for the case that aerodynamic pressure is
evaluated using equation (13) are plotted in fig. 4. It is stated that the piston
theory including the shell curvature effect results in a better approximation to
evaluate the pressure loading on a shell exposed to a supersonic flow. In order to
investigate the effect of shell internal pressure, the complex eigenvalues for the
critical circumferential wave number n=23, with the shell internal pressure
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Imaginary gigenvalue (Hz)

Ereestream Static Pressure (Psi)

System eigenvalue versus freestream static pressure when the

curvature term is included in the piston theory (n=25, P,=P,=0.0

psi).

Freestream Static Pressure (Psi)

Imaginary gigemalue (Hz)

Freestream Static Pressure (Psi)

System eigenvalue versus freestream static pressure without

considering the shell curvature effect (n=25, P,,=P,=0.0 psi).
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System eigenvalue versus freestream static pressure considering

the shell internal pressure (n=23, P,,=0.5psi, P,=0.0 psi).
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Figure 6: Flutter boundaries for stressed shell, ¢ » =0.0 /b;A: p =30 Ib.
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Critical Freestream Static Pressure (Psi)

Circumferential Wave Number, n

Figure 7: Flutter boundaries for different L/R ratios, A /g=4 ; $L/R=2;
eL/R=1

pm=0.50psi, are shown in fig. 5. In this case, the flutter occurs at higher value of
freestream static pressure (,_=1.00psi) since the shell stiffness increases due to

applied internal pressure.

The effect of axial compression on the flutter boundary is also shown in fig.
6. The axial load, P,, decreases the stiffness of the shell, which results in lower
critical freestream pressure compared to the unstressed shell.

Figure 7 presents the effect of length-to-radius ratio (L/R) on the critical static
pressure. For L/R=1, the shell loses its stability at n=1/8 and P,=0.171 psi while
for L/R=4 onset flutter occurs at n=31 and P,,=1.535 psi.

6 Conclusions

An efficient hybrid finite element method is used to deal with the dynamic
stability of circular cylindrical shell subjected to an external supersonic flow.
Linear Sanders’ shell theory is coupled with two different potential and piston
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theory to account for aerodynamic pressure field to derive the aeroelastic
equations of motion. It is observed that the piston theory has a better
approximation in describing the fluid-structure interaction phenomenon in a
supersonic airflow. There is a good agreement for prediction of flutter onset with
existed results of experiment, other analytical approaches and FEM analysis. In
all cases, only one type of instability is found (known as coupled-mode flutter in
form of travelling wave flutter) mostly in the first and second longitudinal
modes. Shell internal pressure has stabilizing effect while the axial compression
leads to the lower flutter boundary. The developed model is capable to provide
reliable results with less computational cost compare to the commercial FEM
software where for such analysis, they have some restrictions.
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Cohesive crack propagation using a boundary
element formulation with a tangent operator
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Abstract

In this work, a BEM formulation is proposed to analyse cohesive crack using the
dual reciprocity method. The solution of the non-linear system of equations is
based on the Newton—Raphson process for which the consistent tangent operator
is derived. The cohesive crack model is the criterion adopted to describe crack
growth particularly for quasi-brittle material problems. The solution is very
stable and accurate and can be easily applied to solids that exhibit many crack or
micro-cracks. Examples are shown to illustrate the applicability of the
formulation.

Keywords: boundary elements, crack growth, cohesive crack model.

1 Introduction

The boundary element method (BEM) has already been recognized as an
accurate and efficient numerical technique to deal appropriately with many
problems in engineering. In particular, the method is recommended to analyse
crack problems. For this kind of problems the dimensionality reduction of BEM
is clear, as only boundary discretization is required. Internal points are needed
only to approximate the crack line, but without requiring remeshing. Among the
crack models the Hillerborg cohesive model is an idealization that represents
well the dissipation process occurring in a small region ahead the crack tip [1].
The dissipation zone is approximated by a crack line since the process begins.
This model is particularly recommended for the analysis of quasi-brittle
materials.

The Dual Boundary Element Method (DBEM), proposed by Portela et al. [2],
is nowadays the most used technique to model linear and non-linear fracture
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processes. The method is based on the use of singular and hyper-singular integral
equations written for collocations along the crack line. This scheme allows
writing four independent relations for each node defined on the crack line and
avoids the division of the solid into sub-regions. Besides these works we want to
cite some alternative procedures proposed by the senior author: Venturini [3] has
used dipoles to enforce crack discontinuities governed by a cohesive model;
Manzoli and Venturini [4] have modelled cracks by using strong discontinuities
similar to the technique used for the enhanced finite element methods, and Leite
and Venturini [5] adopting narrow sub-regions with rigidity going to zero for the
simulation of cracks.

The solution techniques for the majority of the proposed works to analyse
crack problems using BEM are based on iterative schemes that corrects the
forces between the crack faces that satisfy the criterion adopted (see for instance
Saleh and Aliabadi [6]). These processes are simple and the relevant matrices are
also kept constant during the process. This kind of technique requires a large
number of iterations to achieve the equilibrium for a single load increment.
Moreover, for the cases of more complex pattern of cracks, for instance with a
solid containing many micro-crack, this process can be either inaccurate or
instable.

In this work, we are analysing quasi-brittle two-dimensional domains using
the cohesive crack model. Two solution techniques are proposed: the classical
procedure based on the corrections of the crack surface forces and a more
elaborated scheme for which the consistent tangent operator has been derived.
for the second procedure the system of equations is solved by using the Newton—
Raphson method. Numerical examples are shown to compare the accuracy and
efficiency of the two procedures.

2 Cohesive crack model

The cohesive crack models, in which the dissipation zone was reduced either to a
line for 2D problems or to a surface for 3D problems, appropriate to quasi-brittle
materials are due to Hillerborg et al. [1]. In this work a softening region just
behind the crack tip is defined along which a relation between the crack surface
tensile forces, or cohesive forces f, and the crack opening displacement Au is

defined to govern the dissipative process. The cohesive forces disappear after a
crack opening critical value, Au_ . The crack starts opening when the cohesive
forces reaches a tensile critical value f°. For values of the tensile stresses less
than f° the crack does not open. For values of the crack opening displacement
larger than Au, the cohesive force is zero.

Several relations between cohesive forces and crack opening displacement
have already been tested. Three of them are often employed to carry out crack
analysis for quasi-brittle materials: linear model; bi-linear model; and
exponential model (a) linear model; b) bi-linear model; and c¢) exponential model

(Figure 1).
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Figure 1: Cohesive force models. a) linear model ; b) bi-linear model; and ¢)

exponential model.

For the linear case the cohesive model is given by the following relations:

o=F¢ if €<eg, (1a)
f, (Au):ftc(l—Au/Auc) if 0<Au<Au, (1b)
f,(Au)=0 if Au>Au, (10)

3 Dual Boundary Element Method

For an elastic domain (2, with boundary 7, one can easily derive the integral
representation of displacements as follows:

(P, (N)+ [ B (frem (dT = [ B (@uy(f,0)dT @

where u; and p; are the Kelvin’s fundamental solutions for displacement and
tractions, u, and p, are boundary displacements and tractions and ¢; the well
known free term for elastic problems; it is equal to 5[1 for internal points, zero

for outside points and 0;,/2 for smooth boundary nodes and also nodes defined

along the crack surfaces.

To obtain this integral representation one has to differentiate equation (6) to
obtain the strain integral equation, apply the Hooke’s law to achieve the stress
integral representation and then multiply this equation by the director cosines of
the crack surfaces to obtain the traction representation for smooth collocations as
follows:

PN+ ] Sy (f @A =, [ Dy (f.p@dl @)

where the kernels S kij and Dkij are derived from the traction and displacement

fundamental values following the steps above described.
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Equations (2) and (3) are, as usual, transformed to algebraic relations by
dividing the boundary and the crack surfaces into elements along which
displacements and tractions are approximated. Besides that one has to select a
convenient number of collocation points to obtain the algebraic representations.
In this work we are using boundary collocation points either at the element ends,
therefore coincident with nodes, or along the element when displacement and
traction discontinuities are recommended. Using the discretized form of equation
(2) applied only to boundary collocation points one can obtain the usual system
of algebraic equations, relating boundary values, as follows:

HU,+H]U, =G,F,+G/f )

where U, , U /> are displacements assigned to boundary (b) and to crack surface
nodes (f), P, gives the boundary tractions, while f represents the tractions

applied along the crack surfaces; H. b, H ;; , Gf and Gz{ are the corresponding

matrices to take into account displacement and traction effects, the subscript b
indicates that the collocation is on the boundary and the superscripts specify the
boundary (b) or crack surface (f) values.

For the crack surfaces we need two opposite collocations for each
discretization node to obtain four algebraic independent relations, corresponding
to four unknown crack surface values, two displacements and two tractions. As
we are dealing with hyper-singular equations (3), it is convenient to use
collocation points defined along the element and not coincident with the
discretization node. The node values of crack displacements and tractions are
however kept at the element end. Thus, from the discretized forms of equations
(2) and (3), one can write the following set of algebraic equations:

HU,+H;U, =G/ E +GLf )

where the subscript f'in the matrices ; and G; indicates equation written for

collocation along the crack line.

Using equations (4) and (5) together with the cohesive crack model described
in the previous section one can develop an appropriate algorithm to analyze
crack problems as will be shown in the next section.

4 Solution technique

In the context of BEM a non-linear crack problem can be solved by simple
schemes, in which the relevant matrices are kept constant and the corrections are
applied to the crack surface forces according to the chosen criterion [6]. This
technique is simple, but usually requires a large number of iterations to find the
equilibrium within a load increment.

Non-linear implicit BEM formulations, employing tangent operators, have
shown to give more accurate and stable results [7, 8]. In what follows, this
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scheme is employed as an alternative technique to solve crack problems.
To derive the crack BEM approach using tangent operator let us modify the
equilibrium equations (4) and (5) as follows

HU,+HU, +H,U, =GB, +G P, +G,F,
HU,+HU, + U, =GR +G [ +G/F, )

where the subscripts » and ¢ are related to the right and left crack surfaces.
Crack surface displacements and tractions in Equations (6) and (7) have to be

modified to be given in local coordinates (7, s), in which # and s are coordinate

axes perpendicular and parallel to the crack line, respectively. Then, one can

define the crack opening displacements #_ and u, as follows

U(fs = ux - Urx U(n = Z’ln - Urn (Sa:b)
After these modifications equations (6) and (7) read
H'U, + (H;“ ~H )Urs + (H;" —H" )Um +Hlu_+
‘ €
Hlfnu}’l = Glfpb + Gbrsf;’s + Gl:n-frn + Gb(/sf‘fé + Gbén»f‘f}’l
HU, +(H —H? U +(H} -H/)U, +Hu +
b ( S/ S ) ( f S ) S (10)

H'u, =GB+ Gl f, +G]'f, +GLf, +Gf,

Equations (9) and (10) have to be written and solved within the context of
incremental problems. Thus, for a given increment of load one has to replace the
boundary and crack values by the corresponding increments. Then, after
applying the boundary conditions, as usual we have to store all unknown
boundary increments into the vector AX and cumulate the known boundary

value effects into the independent vectors AF; and AF', . Thus, equations (9)

and (10) become
Y, = A, AX + H)"Au, — AF, —(G]" — G")Af,, =0 (1)

m

Y, = A,AX + H|! Au, — AF, —(G}' = G}")Af,, =0 (12)

where Ab and Af contain the coefficients of matrices referred to unknown
boundary and crack surface displacement increments (AU, , AU, and AU ),
unknown boundary traction increments (AF)), and the fictitious crack opening

increments in the direction s (A ). The traction increments in the direction s

are neglected according to the adopted cohesive crack model. Moreover, the left
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surface crack tractions Af[ ., are replaced by minus right surface crack tractions,

_A]prn :
To find the solution of equations (11) and (12) one has to linearize these
equations using only the first term of the Taylor’s expansion, as follows
oY, (AX],Au' ... .07, AX[,Aui...
b( kAn)é‘AX;f-'l- l( k. n )
OAX, OAu,

nk

SAu’ =0 (13)

nk —

Y, (Aunﬁ( )+

oY, (AX},Au)..) oY, (AX],Au..)
OAX] AN oAu,!

nk

Y, (Au,)+ SAui =0 (14)

Carrying out all indicated derivatives in equations (13) and (14) the following
consistent tangent matrix is derived,

Ah [Hbm - (Gbm - G,f")aA_ﬂ” /aAu i :'

nk

Cl= | (15)
€] A, [H! (G -GN, [oAu,, ]

where the derivatives OAf,, /0Au,, are obtained by differentiating properly the
adopted cohesive crack law.
Thus, the corrections OAX ch 5Aun2, obtained from equations (13) and (14),
is given by
{MX’?}:-[C]I ﬂ(A”n%) (16)
oAu,, Y, (A”nl)

nk
Within a given load increment k& the solution is obtained by cumulating the
corrections computed by using equations (16) as follows

AX" = AX| +OAX, (17)
Au'=Au 'l +ou (18)

The tolerance of this non-linear process is applied on the variation of the
crack opening corrections, i.e., ¥, —u, , < tolerance.

5 Examples

In this section one example is presented to illustrate the efficiency of the
proposed numerical model to analyse crack growth. In this example, we are
analysing the crack propagation in a concrete four point-bending beam proposed
by Galvez et al. [9]. The analysed beam is defined in Figure 2. The geometry is
given by the beam length of 675mm, its height of 150mm and a central notch
75mm deep. The material properties were taken from Galvez et al. [9], who have
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performed a laboratory test: tensile strength ft =3.0 MPa , Young’s modulus
E=37000MPa ,

Poisson ratiov =(.20 , and the fracture energy
G,=69N /m .
&P
150
2
Ry

37,5 225 AL 75 300 37,5

Figure 2: Analysed four-point beam. Dimensions in mm.
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Figure 3: Load x displacement curves.

For the present analysis three cohesive laws were used: linear, bi-linear and
exponential. For all analysed cases, the load was applied in 24 increments. The
adopted tolerance within each increment was 10~ . We have tested both non-
linear system solution schemes discussed previously: a) based on the use of
constant operator; b) based on the use of the consistent tangent operator. The
obtained results are given in Figure 3, in which the tangent operator is identified

&
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by the symbol CTO. The other curves are obtained by using the constant
operator. Figure 4 illustrates the crack growth process during the beam loading,
leading to rupture surfaces similar than the one experimentally obtained.

Although all the results are in accordance with the experimental results, it
seems that the solutions obtained by using the tangent operator is more accurate.
Moreover, the tangent operator give always more stable solution requiring a
reduced number of iterations at each load increment. We can see that the
descendent branch obtained by using constant operator is slightly different due to
the cumulated errors coming from the large number of required post-pick
iterations.

N

-~
. -’
- -

Figure 4: Crack growth profile during the load process.
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Figure 5: Number of iterations during some load increment intervals.
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To emphasize the great differences between these two system solution
schemes, the iteration number to reach the equilibrium at some specific load
increments are given in Figure 5. It is important to see that the constant operator
scheme require very large numbers of iterations after pick what may led to more
inaccurate solutions.

6 Conclusions

We have derived and implemented a BEM formulation to analyse cohesive crack
propagation based on using consistent tangent operator. The standard procedure
based on constant operator to model crack propagation has also been
implemented for comparison. The formulation based on the use of tangent
operator has shown to be more stable and lead to more accurate results in
comparison with the standard procedure. The use of tangent operator has shown
to be always recommended to analyse crack propagations, particularly for the
analysis that reach the after pick region.
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Stress field in the Antarctic tectonic plate:
elastic and plastic models

P. Haderka', A. N. Galybin' & Sh. A. Mukhamediev’
"Wessex Institute of Technology, Southampton, UK
’Institute of Physics of the Earth, Moscow, Russia

Abstract

The purpose of this study is to compare different rheological models of tectonic
plates for the same set of input data. First, the 2D elastic tectonic stress field in
Antarctic plate is modelled by employing experimental data on principal stress
orientations. Then the determination of the 2D stress field by assuming the
Antarctic lithospheric plate to be in fully plastic state follows. Boundary
conditions for the plastic model are specified from the elastic solution. A finite-
difference type approach based of alternation of the Cauchy boundary value
problems for the construction of the slip lines and the principal stress trajectories
is applied to obtain distribution of the mean stress within Antarctic plate. The
significance of rheology is underpinned by comparing the elastic and plastic
fields of the mean stress.

Keywords: stress field, elasticity, plasticity, geodynamics, tectonics.

1 Introduction

Antarctica is a key element in Earth’s geodynamic and climatic systems for a
variety of reasons:

e Antarctica continues to be tectonically active, Torsvik et al. [1].

e Antarctica is significant in the global relative plate motion circuit and the
quantification of internal deformation of Antarctica is an essential part of any
global relative-plate-motion model, [2, 3].

e Antarctica plays a central role in shaping the present global environment.

Despite this importance the first-order characteristics of the lithosphere
remain poorly described over large portions of the continent.
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To the best of our knowledge, no papers devoted to mathematical modelling
of the regional tectonic stress field caused by driving forces applied at the
Antarctic plate (AP) boundaries have been published. This can be explained by
the absence of data on principal stress orientations within the plate, that is vital
for obtaining the plate-scale solutions by conventional methods as it has been
done for several regions, among others, for the Indo-Australian, African, West
European, and North American plates [4-8]. The cited papers employ the
traditional approach of the 2D elasticity and make use of experimentally
obtained data on orientations of the principal stresses (mainly from World Stress
Map Project database, Reinecker et al [9]) as constraints imposed on the
solutions. The stress fields are calculated by solving a number of boundary value
problems of elasticity often posed in terms of stresses. This presumes that the
boundary stresses are chosen either hypothetically or from model considerations
such that the calculated orientations of the principal stresses fit the observed
stress orientations. Such an approach always leads to crucial uncertainness in the
stress tensor determination because similar stress orientations can be obtained for
different magnitudes of boundary stresses.

In the present study this peculiarity is overcome by the direct use of the data
available without any assumptions on stress magnitudes. Analysis of the elastic
constitutive equations then enables to recover the fields of mean stress and
maximum shear stress. Boundary values of the former then serve as one of the
boundary conditions (BC) for the plastic problem.

Solution of the 2D ideal plastic problem where the boundary values are
propagated along slip lines is well known and available in works of Hill [10] or
Kachanov [11]. The solution of the Cauchy problem however is constrained
inside a triangular region the legs of which are the characteristics of the 2D
problem’s equations. The main target now becomes to propagate the solution
beyond the boundaries of the initial triangle in order to extend the solution
surface. The concept of stress trajectories is employed for this purpose as will be
shown in the text.

Important aspects of our study are as follows:

e The use of a special numerical procedure which recasts the WSMP
experimental data in the form of BC formulated in terms of principal stress
orientations specified on contour (with regard to AP).

e Development of the method of alternation of the principal stress trajectories
grid and the slip lines grid while integrating the plasticity equations.

2 Mathematical models in elasticity and plasticity

2.1 Data and assumptions used in modelling

The data of A-C quality on orientations of principal stresses from the 2005
release of the WSMP database (in [9]) are used. Due to low seismic activity of
AP almost all data are concentrated on the AP margins suggesting that
inclination, ¢, of the maximum horizontal compression within AP has a limiting
values @" on the contour I' associated with the AP boundary and these are the
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only boundary data available from observations. Other BC are needed for proper
formulation of an elastic boundary value problem, and these can assume
continuity of the stress vector across the boundary, see Galybin [12] for detail.

Basal shear stresses acting beneath the lithosphere are neglected, which can
be justified by the fact that AP has a low absolute velocity with respect to the
deeper mantle, as introduced in [13—14]. Therefore a 2D model reflecting driving
forces applied at the AP boundary can be considered separately, while the
complete 3D stress tensor can be obtained by superimposing the stresses caused
by the rock weight and ice sheet load on the continental part of the plate.
Gravitational potential energy differences which produce lateral body forces and
have been recognised as an important source for intraplate stresses in AP, see
Kreemer and Holt [15], in the elastic problem affect neither principal stress
orientations nor deviatoric stresses if potential of body forces is approximated by
harmonic function, as explained in Mukhamediev et al [16]. Lateral body forces
caused by harmonic potential only influence the magnitudes of principal stresses
by adding to them the same amount which can be different from point to point.

For simplicity it is assumed that the region (Antarctic tectonic plate) is planar,
that is, Earth’s curvature is neglected and the plate is projected on the equatorial
plane (plane stress conditions may be adopted). It has also been assumed that the
adjacent regions are isotropic.

Body forces will be absent in the computations, however they are accounted
for in the BC (data on stress orientations). For the plastic solution it is assumed
that the entire domain is in the state of limiting equilibrium. The model of ideal
plasticity is adopted, however, this simplification is not vital and can be extended
to take friction and cohesion into account.

2.2 Mathematical model in elasticity

The mathematical model for elastic rheology has been introduced in detail e.g. in
Galybin and Mukhamediev [17]. The differential equations of equilibrium (DEE)
in complex form are used further on:

OP(z,Z) _0D(z,2) 9*P(z,Z) _ 0
Oz oz 0z0z

where the stress functions P and D represent the mean and deviatoric stress,
respectively. Using the Kolosov—Muskhelishvili formulae one can present the
general solution of plane elasticity as follows:

(1

P(z,7) = D(2)+D(z), D(z,7)=zD'(z)+¥(2) ©)

Here P and D are functions of complex variables z=x-iy, z=x—iy
expressed by two holomorphic functions @), #z) of the complex variable z. It
is evident from (2) that the stress deviator satisfies the following equation:

2 -
D
0 gi z) _ 0
0z

©)
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and therefore the elastic problem can be formulated in terms of the stress
function D alone. As soon as this function becomes known one can also obtain
the mean stress by integration of the equations of equilibrium. This operation
introduces an additive constant that cannot be found from the data on
orientations of principal stresses.

It should be noted that the deviatoric stress in complex exponential form is:

D(z,7) =1(z,2)e' 7 )

where the modulus r(z,Z) is associated with the maximum shear stress 7,
while the argument a(z,E) is associated with the principal direction ¢ as
a(z,Z ) = —Z(p(z,Z ) (in accordance with the geomechanical convention).

The first set of boundary conditions is represented by the argument of the
deviatoric stress (arg(D(z,Z)) = (z,Z)), which can be expressed in the following

form:
Im[e—icxi (.2)p* (g,z)] =0, Cel (5)

Hereafter the sings + distinguish the boundary values for different sides of the
domain’s boundary.

To complete the formulation of the problem another BC has to be specified. It
assumes continuity of tractions along the margins of the domain:

N*(@)+iT* (€)= N"(¢)+iT™(¢) (6)

N, T are normal and shear components of the stress vector on I'.

The following procedure is further applied for numerical calculations. The
complex potentials @, ¥ are sought as polynomials with unknown complex
coefficients c;:

n n
V()= ez, D)= cpannz’ (7)
k=0 k=0

After substitution of (7) into (2) followed by further substitution of the latter
into (5) and (6) one obtains a system of linear algebraic equations with respect to
unknown coefficients ¢;:

AX=B ®)
Here it should be noted that this system is not fully homogeneous, it has been
complemented by a non-homogencous equation that assumes that the average

value of the maximum shear stress over the entire domain is unity. The system is
redundant and therefore it is solved by the least squares method

X = (AT ATlATB ©

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
=L www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 261

The identified coefficients ¢, are then inserted back to (7) and further to (2)
which gives the sought stress functions.

2.3 Mathematical model in plasticity

Plastic model is based on classical formulations and numerical approaches
developed in [10, 11] and complemented by an approach reported recently in
Haderka and Galybin [18] that allows extending the solution of the Cauchy
boundary value problem beyond the characteristic triangle formed by the slip
lines emanating from the boundary. This approach is briefly explained further
on.

Based on the Tresca’s yield criterion for an ideally plastic material:

f:m:const:c (10)

one can present the Lamé-Maxwell DEE along stress trajectories s; and s, in the
following simple form:

a_‘/’+a_‘/’=0, oy Oe _, (11)
Os;  0s, Os, Os

where y=P/2c and will be referred to as normalised mean stress.

Classical boundary value problem of plasticity assumes that the mean stress P
and orientations of principal stresses ¢ can be found by the given stress vector,
N+iT, on the boundary, and therefore DEE can be easily integrated by the finite
difference method. In this study we modified the procedure of numerical
integration by using curvilinear net of the stress trajectories instead of the regular
grid in Cartesian coordinates that is often used in conventional approaches.

Integration of the equations is performed layer by layer, the first layer being
the initial boundary of the problem (L in Fig. 1). Individual layers are denoted by
index k and the position on the layer by ;.

In order to build the solution along the stress trajectories the Taylor’s
expansion is used. Accepting the notation in Fig. 1, the orientations and stresses

in the layer zij next to the boundary zjk, can be written as follows:
k k
K+l k |k |99 k+1 k| .k |1OW
R R o I A G T e (12)
0s, ; 0Os, ;

The derivatives in (12) are determined from DEE (11). However, they still
remain unknown. In order to find them, decomposition to the tangential and
normal part is necessary which has the form:

0 o . 0 0 .0 0 (13)
— =cosy—+siny— — =—siny—+cosy—
0s, ot on 0s, ot on

Transformation (13) introduces new unknowns, namely, the normal
derivatives of normalised mean stress and of principal orientation which are
connected with the contour derivatives as follows:

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
. www.witpress.com, ISSN 1743-355X (on-line)



262 Mesh Reduction Methods

oy g oy '

7 .k ! k kA

on|; | sinyj  cosy; cosy; —sinyj | Of|; (14)
o0 k cosyf sin ;/j? —sin 75? cosyf op k

on j ot J

Here the tangential derivatives are found from the values at nodes zjk. Finally
the tangential and normal derivatives may be introduced in (12) to give the
orientations and stresses in the nodes zjk”:

agok

k —

gof” gof ‘Sl,j‘ cosyf —sin)/f ot |;
et [T kT F| ik k Y’ (15)

v Wi | cosly;|—siny; cosy; |y

ot l;

Equations (15) are solved by employing the forward finite difference scheme.
The solution is less stable in the regions where the local angle y is close to +nz/4,
n=12,... .Nodes ij+1 have to be determined prior to the solution of ¢ and v as
these coordinates enter the calculations. The basic property of stress trajectories
is used here which states that they form an orthogonal grid (different families of
stress trajectories intersect at right angles). However, only a linear approximation
of stress trajectories is used and tangents, see Fig. 1, to them are used instead the
real trajectories (same type of approximation is utilized in classical solution).

(a) (b)
Figure 1: Determination of the coordinates and visualization of angles (a).
Typical solution (characteristic triangle) (b).

-0.5 0 05

2.4 Plastic model and the alternations of Cauchy’s problems

The idea is based on the relation between lines of slip and stress trajectories
which, according to the classical stress theory, are inclined at angles 7/4 (see
Fig. 2(a)). The main reason for the development of the concept of alternations is
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to eliminate the drawback of the classical solutions which is the impossibility to
construct solution beyond the initial characteristic triangle (unless some special
conditions are imposed, e.g. in Martin [19]).

Let a characteristic triangle be obtained by means of classical methods using
the slip lines. Then the principal directions are obtained within this triangle by
the rotation of the tangents to the slip lines at the nodes (Fig. 2(b)). Now a new
boundary can be formed for the solution along stress trajectories and the
numerical scheme, described is subsection 2.3, may be employed. The same
procedure can be applied to the solution obtained for the stress trajectories in a
different characteristic triangle in order to recover the slip lines.

Slip Lines

K /
AT

5o o ST-Grid
NS

2

e \‘\‘-;'I
> . ‘r?\
(a) (b)
Figure 2: Slip element under normal and shear load (a). Alternations of

Cauchy’s problems (b).

It is required to modify the BC properly as the classical methods require the
angle of slip as the boundary condition while for building stress trajectories the
principal orientations are employed as the BC.

Fig. 2(b) shows a boundary L for which the stress trajectories grid (ST grid)
and the slip lines grid (SL grid) have been obtained. It should be mentioned that
the results in the area where the triangles intersect correspond perfectly.
Moreover the idea of alternations can be noticed from the same picture. The area
labelled as Slip Lines is reconstructed by taking the right leg of the ST triangle as
a new contour. Note the agreement of the results where the slip lines and SL grid
overlaps.

3 Computational model of Antarctic tectonic plate and results
of numerical analysis

The computational domain for the 2D elastic problem was built according to
Bird’s [20] digital model which includes 353 points presenting the margins of
the plate. For the purposes of the computations the data which are originally
scattered along the margin of the plate had to be separated into internal and
external ones. The numerical procedure designed for this objective revealed that
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there are 170 internal data on stress orientations available for the solution.
Moreover, data of highest quality were only chosen (quality ranks A-C;
according to the WSMP ranking scheme, taken from Reinecker et al [9], these
record data to within +10°- 25° precision).

For the plane strain perfectly plastic problem the necessary boundary
conditions were taken from the results of the previous elastic analysis (Galybin
[12]). The scattered data were approximated along the model’s boundary and
their number was set to 90 (number of boundary nodal points with mean stress
and orientations of principal stress available in them). This allows the
comparison of elastic and plastic solutions inside the plate for the same set of
boundary conditions.

Fig. 3(a) shows the computational domain, Antarctic tectonic plate, together
with the continent of Antarctica and the available data on stress orientations
which are clearly scattered along the margins. Fig. 3(b) presents the profiles of
the boundary conditions used for plastic analysis (mean stress and orientations of
principal stresses).

w

g 1 4
£ =

g 0.5 2

Z 9 ‘10 ﬂ
g Ve
& -
;0'5"', ‘ 2 E
B ae = Orientations T
E = Mean stress

@ 1,5 . . . . . . - . -5
(o] 0 AW W THW TRW TRT THNT WL WL 0

(b' NODAL POINTS
Figure 3: Antarctic tectonic plate with the data on orientations (a).
Smoothened data for plastic solution (b).
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45
Figure 4: Map of reconstructed stress fields, function F, for elastic (a) and

plastic (b) rheologies.

For both elastic and plastic problems the maps of mean stresses have been
compiled. However, it is necessary to state that only the scaled mean stress

‘m WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
= www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 265

function F has been recovered which is related to the mean stress as P=aF+b
(a>0, and b are free constant parameters of the problem). The maps of this
function for both the elastic and plastic cases are shown in Fig. 4.

It is evident from Fig. 4 that the maps are essentially different even for the
same boundary values. The reconstructed function F' is strongly affected by the
type of the rheology selected for the analysis. Thus, in the case of the elastic
solution the distribution of mean stresses in the eastern part of the continental
lithosphere is more non-uniform as compare to homogeneous one for the plastic
case.

4 Conclusions

In contrast to other lithospheric plates no attempts have been made so far to
determine the stress field in the AP. This is due to the nature of experimental
data on stress orientations the majority of which are concentrated at the AP
boundaries causing non-applicability of standard approach that needs stress
orientations to be known inside a region to constrain solution.

In the present paper two models of the AP stress field have been developed
based on the stress orientation concept. They presume either elastic or ideal
plastic rheology for the entire AP tectonic plate. It is evident from the results in
Fig. 4 that different rheologies lead to essentially different results in modelling
tectonic stresses. Therefore the use of purely statistical or interpolation methods,
widely applied for studying stresses in the lithosphere, should be avoided and
replaced by proper mechanical models that take the rheology into account.

The elastic model is based on numerical solution of the optimisation problem
for the data fitting complemented by mechanically justified conditions of
continuity of the stress vector across the margins of the adjacent tectonic plates.

The plastic model is investigated by using the concept of alternations of the
Cauchy problems for the construction the slip lines and stress trajectories. It is
shown that such approach is capable to handle quite complex plane regions,
however, verifications regarding convergence and accuracy are still necessary.
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Velocity-based boundary integral equation
formulation in the time domain
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Abstract

In this work, we present a reciprocal theorem of linear elastodynamics derived in
terms of velocities instead of displacements, which seems to be better suited in
relating two different elastodynamic states of an elastic region for several
reasons that will be discussed latter on. As with the conventional displacement
integral equation representation, using this alternative reciprocal theorem we can
produce a velocity integral equation representation and then formulate a novel
numerical approximation based on the boundary element method (BEM).
Furthermore, a thorough stability performance analysis of the formulations arise
utilizing displacement and/or velocity reciprocal theorems is presented.
Keywords: boundary elements, convolution integrals, transient elastodynamics,
reciprocal theorems, velocities.

1 Introduction

In linear elastodynamics and their numerical approximations based on the
boundary integral equation method (BIEM), a common starting point is Graffi’s
reciprocal theorem relating the displacement and traction fields in a given solid
body [1]. Furthermore, either a variational or a weighted residual statement that
leads to the above reciprocal theorem can also serve as the starting point [2].

In general, reciprocal theorems in elasticity provide a relation between
displacements, tractions and body forces for two different loading states
pertaining to the same solid. Assuming that the one loading state is the one
sought, and another is that corresponding to a unit impulse applied at zero time
and at fixed source point £ in the infinite region and in the direction of the
coordinate axes, it is possible to obtain what is called an integral representation
for displacements in elastodynamics. A drawback, however, of the reciprocal
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relation is that it does not include the purely elastostatics case; also, the
numerical formulations derived from its use are known to present stability
problems unless special precautions are taken.

The advantage of this velocity-based reciprocal theorem, as well as of the
numerical approximation that derives from it is as follows:

e It includes the case of elastostatics from which the well-known Betti’s
reciprocal theorem may be derived.

e  Problems for which the prescribed boundary data of Dirichlet-type and
given as velocities at discrete time intervals may be countered without
the need of time integration to recover the corresponding displacement
input data.

e More stable numerical methods than those produced by the
conventional displacement formulation.

It is important here to mention that velocity integral representation formula
has also been presented and utilized elsewhere [3, 4] but not as an outgrowth of
the respective reciprocal theorem and also used for other purposes, i.e.
discontinuous traction field, than for these presented here that are theoretical
consistency of reciprocal statement in elastodynamics and numerical stability of
BIEM formulations derived.

2 Reciprocal theorems in terms of displacements

The reciprocal theorem first specifies a regular region ¥ in the sense of Kellog
with boundary S and material properties p,c,,c, as the mass density, the
pressure and shear velocity of propagation respectively. Considering two distinct
elastodynamic states 4 =[u,,t,,b,] and B =[u/,t,b/] defined in that region and
with initial conditions,
u,(x,0) = u] (x),,(x,0) = v/ (x) (1a)
u!(x,0) =u" (x),v/(x,0) =v°(x) (1b)
where u,,t,,b, are the displacement field, the tractions and body forces
respectively, while v, is the velocity field defined as the first time derivative of
displacements. Then for time >0
It[ *u,.'dS+J-p(b[ fu! +vu +u[°v,.')dV =
N v (2)
ft; *, dS+J.p(bl.'*u,. +v/’u, +ul.'°v,)dV
N v

holds true, where operation * denotes Riemann’s convolution, i.e.,
t
frg=[ fxt-nglx)de (3)

for t > 0 and for two arbitrary functions f and g . As it is well known the basic

approach for considering static conditions in an elastic body is to take zero
values for time derivatives of the displacements. Under this consideration eqn (2)
would led to the following form:
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[t %/ dS+ [ pb,*u/dV = [/ %u,dS+ [ pb*u,dV (4)
N Vv S Vv

which goes on being convoluted type relation between displacement, traction
fields and body forces and it can not lead to the classical Betti’s reciprocal
theorem for linear elastodynamics.

3 Reciprocal theorems in terms of velocities

There are several ways to proceed with higher order time derivatives reciprocal
theorems, e.g. variational approaches, here we adopt the simplest one which is
the direct differentiation in time of eqn (2). To proceed further we utilize the
Leibniz’s general rule for differentiation under the integral sign, or the time-
differentiation property of convolutions, which states that:

d(f*g) _df

dg 0
_— =% o+ 0 = * —+ 5
o e fg=f 0 fg 5

where f° and g° stand for f and g at time t=0. We focus here at the first

time derivative of eqn (2) which will provide us with the reciprocal theorem of
elastodynamics in terms of velocities,

jti #v +tu’ dS +Ip(bi #v +bu’ +v)v + ufal.')dV =
N Vv

J-t[' *v +tu! dS + Ip(b[' #v. +bu) +v°. +u’a, ) dv ©
S Vv

where a, denotes the second time derivative of u, component, namely the

acceleration’s i” component. Also notice here that in order to achieve eqn (6)
the property of convolution given by eqn (5) has been utilized. Reciprocal
statement given by eqn (6) is one of convolution type relating velocities and
tractions on the boundaries of two distinct elastodynamic states as well as
displacements, velocities, accelerations and body forces inside the domain/ .
For the above reciprocal relation if someone assumes static conditions, i.e. zero
time derivatives for displacements, would lead directly to:

[t ds + [ pbu® dv = [tu’ dS + [ pbiu’ av (7)
N v N v

which is the well-known Betti’s reciprocal theorem for linear elastostatics. It is
also interesting to notice that like eqn (2), which may be seen as a “convoluted”
form of the principle of virtual work produced by the displacements of one state
with the tractions of the other state, eqn (6) represent a “convoluted” form of the
principle of virtual power produced by velocities of one state with the tractions
of the other.

4 Axial waves in the 1D rod

In order to investigate at least the temporal properties of algorithms derived by
displacement and velocity reciprocal theorems and in an effort to avoiding the
spatial discretization and integration we deal here with the simplest case
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consisting of the case of axial waves in one-dimensional finite rods
(homogeneous or piecewise homogeneous).

The governing equations of the problem under consideration are the
equilibrium equation plus the boundary conditions at the two end of a rod with
elasticity modulus £ , mass density p and section 4 :

2 2
EAa—L; - pAa—? =
Ox ot
u(x,t)=1u(x,t) on T,

f@n=f(un) on T,

The fundamental solution as well as its derivatives (temporal or spatial) for

this simple problem can be achieved with standard procedures like those
described in [5] and are given below.

0 (3)

)

' =——% H[r—'x_éﬂ (10)
2EA c
%szé[_“rM] (11)
Ox 2FEA x-¢ c
@_”*:_L(g(,__h_ﬂj (12)
ot 2EA c

In the above solutions ¢ = /% is the velocity of wave propagation, J is

the Dirac’s delta and H is the Heaviside function. Although the simplicity of
eqn (8) it is very suitable in order to investigate the numerical behaviour of
algorithms arise applying boundary integral methodology utilizing reciprocal
theorems and also has a practical rate. A boundary integral formulation in order
to numerically solve eqn (30) is also presented in [6] for the exploration of 1D
wave propagation analysis in layered media.

4.1 Time discretization and BIEM formulation

Following standard procedures of the BIEM formulations that due to space
limitations are ignored, we may derive the displacement and velocity integral
representation based on reciprocal theorems in terms of displacements and
velocities respectively, for a rod of length L :

u(é,t) = jO'EAu(L,r)u'*(L—g,r—r)dr—j; EAu'(L,o)u’ (L - &,t—7)dr

¢ . (13)
- jo EAu(0,7)u" (=&,t —7)dt + j AW, 70 (<£,t 1) d7

V(&0 = [ EAW(L, )" (L —5,:—r)dr—jO’EAu'(L,r)v*(L—§,t—r)dr

f [ (14)
-jo EAVO, )" (-&,t —7)dr + jo EAu'(0,7)v' (—&,t —1)dt
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The ( )' symbol represents a spatial derivative, and u",u”,v" are the

fundamental solutions of the displacement as well as its spatial and time
derivatives as given by eqs (10) and (12), respectively. In order to further
proceed with the numerical implementation of integral equations (13) or (14) we
divide the time interval (0, t) into N equal time steps of length % and assume,
for the displacement, velocity and the spatial derivative of displacements, an
approximation in terms of linear basis functions. The temporal approximation of
any of these fields it is given as,

q(t)=Z(H(t—tn_l)—H(t—tn))(’";tqn_l # qnj ()

where H is the Heaviside function and ¢, =nh . Collocating point & over the

boundary of the domain, that is points £ =0 and &=L, each one of the integral

equations (13) and (14) provides us with two equations. Note also that in these
integral equations we have also assumed initial conditions to be zero so that
respective terms to be vanished; however it is not difficult to also include these
terms. Introducing temporal approximation of the type presented in eqn (15) in
integrals of eqn (13) and (14), and also accomplishing analytical temporal
integrations we derive equations needed in order to have a BIEM time marching
formulation of the problem. Note also here that in the case of a homogeneous 1D
rod of constant cross section, internal force as well as the normal stress is given
as below.

o,(t) = Ee, (1) = Eu (1)

N(t) = Ao (t) = EAu (1)

From eqn (16) it is clear that for this case is near the same, from a numerical
point of view, when referring to force, stress, traction or the spatial displacement
derivative since all these variables are derived from the displacement’s spatial
derivative.

(16)

4.2 Stability analysis

The unstable behaviour of boundary integral equation method is well
documented and has been remarked since the early appearance of time domain
boundary integral equations formulations [7]. In [8] a procedure in order to
investigate the stability characteristics of such equations is given, based on the z-
Transformation and some answers are provided for the “intermittent instability”
phenomenon. Here we will investigate the stability of such equations utilizing a
method similar to the one referred as the matrix method [9] frequently utilized in
order to exploit stability properties of finite differences schemes in time.
According to the matrix method, if ¢, is the vector of the unknown boundary

variables at discrete time ¢, = nh then it may be written as,

9, =4 amn
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where ¢, is the amplification matrix of step n. Assuming an error in the initial
data g, we may establish the error vector ¢, . The evolution of that error in time
is given similar to eqn (17) as follows.
9, =¢,4, (18)
In the regime of BIEM time marching formulation this ¢, amplification
matrix depends on time step # and it is difficult to establish an explicit form of
it. Instead of exploit the evolution of the error utilizing properties of the
amplification matrix, e.g. spectral radius, we proceed further in a numerical
manner. That is we introduce an error in initial data and we explore this error’s
evolution in time computed by BIEM procedures resulted utilizing displacement
and velocity reciprocal theorems. Beneficial factor of this procedure is that the
only parameter manifests the stability performance for the case of 1D wave
propagation in a rod is the non-dimensional ratio sometimes encountered as the
Courant-Friedrichs-Lewy (CFL) parameter and given as
ch
=— 19
B 7 (19)
Consequently results produced are problem independent. In Table 1, stability
regions are given explicitly, for various combinations of boundary conditions, in
terms of parameter /3 .

Table 1: Stability properties for varying £ parameter.
prescribed prescribed stability on stability on
variable on i variable on j region 0< f<1 | region 1< <2

(start) boundary | (end) boundary
u u unstable for any | unstable for any
pet g
4
u u' stable for small | stable for any £
regions of f
u' orv u' orv stable for any stable for any £
pet
z

Variable z appeared in table (1) stands for the positive integer numbers. As it
may observed in table (1), in formulations where only velocities and/or tractions
used, that means that the velocity reciprocal theorem has been utilised, the
behaviour is in general stable except for the cases where the parameter  has
been chosen such to be equal to a ratio of unity with an integer number.
Regarding formulations based on the displacement reciprocal theorem it seems,
as it can also be seen in table (1), that are most prone to numerical instabilities.
For the case of Dirichlet problems formed in terms of displacements there is
appeared a “stable” behaviour for discrete values of £, however stability can
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not be guaranteed since it is almost difficult to define these values due to
computer’s numerical precision. Regarding the stability regions presented in the
case of mixed problem when utilizing displacement formulation these are shown
to have a finite range near to S =1/(z+0.5) and also near but not equal to the

value of 1/z . For increasing z , and furthermore for decreasing £ and time step

value / these finite stability region are decrease and tend to degenerate to
discrete values.

5 Numerical examples

In this section there are presented some numerical examples in order to verify the
results obtained on the stability performance of algorithms utilizing the
displacement as well as velocity reciprocal theorems. In the case of a single 1D
rod we present a set of examples in order to cover the Dirichlet, as also the
mixed type of problems. Both examples consider a rod of elasticity

- kN, i -10¢ i
modulus £ =1000 41 , , mass density p=1.0 Afz 5, a cross section of area
A=16m"and alength L =4m.

5.1.1 A Dirichlet problem
As a first example a Dirichlet type of problem is solved utilizing both the
displacement as well as the velocity formulations. The rod is constrained on the
i and j boundary points to prescribed motion given as

u, () = cos(241t) -1

u; () =1.5u,(t)
with the respective velocities give as

v,(t) = —24sin(24¢)

v, (1) =1.5v,(?)

As a frequency of the prescribed motion have been chosen one near the first

natural frequency of the constrained rod which is @, = gzc/L with g equal to

unit. In fig (1) numerical solution of the spatial derivative of displacement is
plotted utilizing velocities formulation for parameter £ =1/30 which is the

unstable solution and also for # =1/30.1 which is the stable one.

5.1.2 A mixed problem for wave propagation

A benchmark problem which is very frequently utilized in order to test the
performance of boundary integral equation methods in time is presented here. It
consists of a rod with its i boundary point constrained to have a zero motion in
time while its j boundary point excited by a constant force in time. First we

consider the solutions computed utilizing the velocity formulation which, as
could be seen in fig (2), are stable and really accurate for values of parameter [

equal to 1/101.50 as well as 1/101.25 but not for that of f = 1/101. Contrary to
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the velocity formulation, the respective one utilizing the displacement reciprocity
gives stable results only for the case where £ equals to 1/(z+0.5), or to values
very close to that according also the notes given in sec (4.2). This can be
ascertained by results in time, plotted in fig (2) where the unstable performance
for £ equal to 1/101.25 and 1/101.00 are shown together with those of £ equal

to 1/101.5.

— on velocities B = 1/30.1

. . | + onvesiesp- 10, |
i
TN
BN 11 il

utilizing velocity formulation.

0.9
i —B =1/101.50

0.7 ——pB =1/101.25
B =1/101.00

0.5 1

0.3 4

s |
oot

0.1 4
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Figure 2: Plots of computed displacement utilizing velocity formulation.

As further verification for these almost discrete stability conditions in
reference to [ parameter for the case of displacement formulation in fig (3)
there is a series of solutions for various z integer values. In this plot, someone
may also notice the numerical damping introduced for increasing . As also
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someone may observe in fig.(3), contrary to other 1D formulations reported
elsewhere, e.g. [60], there are not presented difficulties to accurately describe
discontinuous variations in time, e.g. that of tractions. Also inaccurate results as
reported in [3] have as origin the discontinuity of tractions that generates an
error, but their raising in time is due to unstable behaviour of the formulations.

0.05

-0.05 \

g
—e-B=1/15
meB=1/25
—aB=1/35
—x-B=1/45
—x=B=1/55
—e—pB=1/505

Figure 3: Displacement’s spatial derivative results utilizing displacement
formulation for various “stable” values of .

6 Conclusions

In this work the classical Graffi’s reciprocal theorem in term of displacements is
re-examined as a counterpart of that of Betti’s in the case of elastostatics. It is
shown that, despite the doubtless validity of Graffi’s theorem, nevertheless a
similar reciprocal statement involving velocity field which also is valid in the
case of elastodynamics, is also includes the elastostatic case as a limit case. After
introducing this theorem, it is shown that it is straightforward to establish the
integral representation of velocities. Furthermore utilizing this reciprocal
theorem in terms of velocities, boundary integral equation methods type of
formulations are established and tested on simple model problems. Also results
obtained are compared to those computed utilizing conventional BIEM
formulations based on the classical reciprocal theorem in terms of displacements.
It is found that formulations based on velocities present a superiority regarding
stability performance and considered more compatible for the case of transient
elastodynamics. Also extension of the fully three-dimensional elastodynamics
case with boundary elements is an ongoing research, undertaken by the authors.
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Trefftz collocation for frequency domain
elastodynamic problems

V. M. A. Leitdo', B. Sensale” & B. S. Rodriguez’
IDECivil-ICIST, Instituto Superior Técnico, TULisbon, Portugal
’Facultad de Ingenieria, Universidad de la Repiiblica, Uruguay

Abstract

A Trefftz collocation method is proposed for the analysis of two-dimensional
elastodynamic problems subjected to steady-state time-harmonic loads. Trefftz
methods are characterized by the use of a superposition of a number of actual
solutions of the homogeneous part of governing equations, the so-called
T(Trefftz)-functions. This leads to high quality approximations where the
unknowns are the weights of each of the T-functions considered. The unknowns
are found by matching the approximations to the boundary conditions by
following a standard collocation approach.

The numerical implementation of the method is briefly described and results
are obtained for two anti-plane elastodynamic problems. The results compare
quite favourably to other results available in the literature whereby Galerkin and
collocation boundary element methods were used.

Keywords: Trefftz method, elastodynamics, collocation.
1 Introduction

The Trefftz method (Trefftz [1]), consists essentially in building an
approximation by resorting to a set of actual solutions of the homogeneous
system of partial differential equations that governs the boundary value problem.
As the homogeneous part of the equations is well taken care of, all that remains
to be done is the (approximate) enforcement of the boundary conditions. The
traditional way to achieve this is by collocation (Leitdo [2, 3], Sensale and
Rodriguez [4]). This means selecting a set of (boundary) points and forcing the
approximation to satisfy, locally, the boundary conditions.

The use of the Trefftz concept is not restricted to boundary solution methods.
Galerkin approaches typical of the conventional formulations of the finite
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element methods may also be used to implement the Trefftz method (Freitas [5])
but this will not be addressed here.

The solutions for the homogeneous differential equations of a given problem
are, in the Trefftz approach, obtained in the form of an infinite series of regular
functions centered at a given point and well defined everywhere. Solutions for
the homogeneous differential equations may also be obtained in the form of
fundamental (singular) solutions. This is the approach followed by the Boundary
Element Method (BEM) (see Brebbia ef al. [6]) and by the Method of
Fundamental Solutions (MFS) (see Fairweather and Karageorghis [7]).

In what follows the “Trefftz method” is characterized by the following:
1) each function of the approximation basis is a non-singular term of an infinite
series (although singular functions may be added to the basis when necessary);
2) the collocation approach is used (even though the more general setting of
weighted least squares may also be used).

The range and scope of applications of the Trefftz method, be it the
collocation or the Galerkin-based approaches, has seen a strong increase in the
last decade. Reviews on the subject may be found in Kita and Kamya [8],
Jirousek and Zielinski [9] and Li et al. [10].

In this work the Trefftz collocation method is applied to the analysis of two-
dimensional elastodynamic problems subjected to steady-state time-harmonic
loads. As will be later shown this problem may be simplified in a way that leads
to the Helmholtz equation, which is the equation that models the scattering of
acoustic waves. Trefftz methods are particularly suited for this type of problems
because, contrary to the finite element method and, in a certain way, the
boundary element method the discretization requirements are not dependent on
the wavelength considered. Trefftz collocation methods have essentially been
applied to the case of acoustics, that is, the scalar Helmholtz case (see Li [11]).
Galerkin type Trefftz methods have been applied to the acoustic case (see
Pluymers et al. [12], Cheung et al. [13]) but also to the elastodynamic case
(Freitas and Cismasiu [14]) amongst others.

The numerical validation of the proposed method is achieved by the
application to a set of anti-plane elastodynamic problems for which analytic
(Kitahara [15]) as well as other numerical solutions are available (Dominguez
[16] and Perez-Gavilan and Aliabadi [17].)

2 The Navier equations

The motion, with respect to time, of homogeneous, isotropic, linear elastic
bodies is described by the Navier equations. These are obtained by appropriately
replacing the compatibility (kinematic) description (and the strains are assumed
to be infinitesimal for the sake of simplicity) into the constitutive relationship
followed by the substitution into the equilibrium (static) equation. The resulting
equation, written in terms of displacements, has to be satisfied everywhere in the
domain together with the satisfaction of the boundary and initial conditions of
the problem.
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A starting assumption that will be made here is that the main variables of the
problem vary harmonically in time, that is, all variables depending on time are
functions of Sin@! and cOS@! where @ is the (angular) frequency. This
assumption allows the problem to be stated in the frequency domain by means of
a Fourier transform.

When dealing with problems that may exhibit some form of damping it is
convenient to resort to the more general setting of viscoelasticity, that is, to the
case when the material characteristics vary with time. In this case the following
two independent complex-valued Lamé type coefficients may be obtained:

1 .
u(@) = mE ()

v .
1+v)(1-2v)

where E*(@) is the complex modulus and V is the time independent (for the

(1)

AUw) = (@)

sake of simplicity) Poisson coefficient.
When damping effects are present these Lamé type coefficients take the form:

p=Relu(@))(1+2i,)
2= Re[A(@)](1+2if,)

By expressing the constants in this convenient form there are no differences
between the governing equations for the elastic or the viscoleastic case when
treating time-harmonic problems in the frequency domain.

2

In the expressions above ﬂﬂ and [ . are damping factors. It is usual to

consider #=f3, = 3, and refer to /3 as being the viscous damping factor.

3 Formulation of the elastodynamic equation

The general form of the elastodynamic governing equation for viscoelastic
materials in the time domain is (Christensen [18]):

cé(t,r)*Aﬁ(X,t)+(ci(t,r)—cé(t,r))*V(V-ﬁ(X,t))+

- - 3)
+b(X,t)=iu(X,1), VXeQ
where b (X ,1) is the body force load vector, and
1
ci(t,r)r=——R.(t,7)*
s(6,7) 20 v)p (t,7)
-y “
ch(t,T)* = R.(t,7)*

1+v)d-2v)p
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are, respectively, the square of the S-wave velocity and the square of the P-wave
velocity in the viscoelastic case, V' is the Poisson coefficient, o is the density
of the material and R, (Z,7) is its relaxation function.

For the sake of simplicity let us assume that the boundary conditions
(displacements #(X,¢) and tractions p(X,?)) vary harmonically in time as
follows:

u(X,t)=i (X)), VXeoQ,
- _ = iw,t
pX,t)=p,(X)e™, VXedQ,

and that the body forces are not present.

In these conditions, that is, for time-harmonic problems, a description of the
governing equation in the frequency domain is achieved by applying the Fourier
transform to the general equation in time. The result may be written as:

&5 ()AL (X, 0) + (S ()~ &5 (@)V (Vi (X, 0)) -
~U(X,0)=0, VXeQ

where the bar over the displacement and traction denotes the transformed
variables and:

)

(6)

Co) =5 E'(®)

(I+v)
o . ™)
ch(w)= _ E' (@
r@) (1+v)1-2v)p ()
The boundary conditions now read:
u(X,0) =i (X)o(w-w,), VXedQ,
®)

P(X,0)=P,(X)6(w-w,), VXedQ,

The above description is a three-dimensional one. The displacement field has,
therefore, three components:

u(X,t)=ue +u,e, +u,e, )

In this work the three-dimensional field will be restricted to the anti-plane

case only.
The geometry of the anti-plane case is a two-dimensional one and

displacements only occur in the X; direction, that is:

u,=u,=0
1 2
(10)
Uy = Uy (X, Xy, 1)
The only non-null components of the stress tensor are o,; and o, .
Due to these simplifications £, is governed by a simplified version of the

elastodynamic equation, the scalar wave equation:
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ey AL (x,, x,, )T @71 (X, X, ) =0 (11)

where only the S-wave velocity is considered.
4 Helmholtz decomposition

Helmbholtz theorem (see Pak and Eskandari-Ghadi [19]) states that any twice
differentiable vector field % may be, uniquely, decomposed into a sum of two

field vectors, an irrotational one #, not present in the anti-plane case) and a

solenoidal one ;.

The application of the Helmholtz decomposition to the Navier equation in the
frequency domain as shown above leads to:

o Aliiy (@) +iig(@)]+(25 =27 )V(V -[ii, (@) + iig(0)]) +

+ @’ [ii, (@) +iig(0)] =0
Aii (@) = V(V -ii (@) — rot (rot ii (@) = V(V -ii ,(0))
Aig(@) =V (V- ug(w))—rot (rot iiy(w)) = —rot (rot tiy(®))

TN, (@) +C, Ny () + @'t () + &t (0) = 0

(12)

Looking only at the solenoidal field and considering a vector potential ¥/
WV =y,6 +,6 +y.e, (13)
the following form is obtained:
g =roty = rot [ESZAI/? + (02!/7] =0
(14)
= CAY+0'y =0
where, for the anti-plane case, only the 1/1353 matters.
5 The Trefftz collocation approach
The starting point in any Trefftz approach is the approximation of the variable of
interest, in this case the displacement field, by a superposition of an infinite

number of functions each of them solution of the homogeneous governing
equation, that is:

N
i, (X, 0) =Y aii/(X,0) (15)
i=1

where the c_ii eR’ represent the unknowns, that is, the weights affecting each of

the IIZ* functions. The full series of functions is usually referred to as the T-
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complete series in the sense that any solution of the actual problem under
consideration is included in the space spanned by the T-complete series.

Applying the collocation approach, at selected X, points located at the
boundary Q2 , the following system arises:
u, (X)) =u(X,) V X, e0Q,
p,(X,)=p(X)) ‘V’XI.EGQP

where the left-hand side contains the Trefftz approximation and the right-hand
side represents the (known) boundary conditions.

(16)

6 Trefftz functions for the anti-plane case

The governing equation is of the scalar Helmholtz type. The displacement
component of interest in the anti-plane case is described by the following T-
complete series (Qin [20]):

- for a bounded region:

Uy (X)=uy(X) = ¢, J (kr) +

N 17)
+ Z [cszm (kr)cos(mO)+c,,,..J, (kr) sin(mB)]
m=1
- for an unbounded region:
U, (X)=u(X)=c,J(kr)+
(18)

+ Nz [, H,, (kr)cos(m) +c,,,, H, (kr)sin(mb)]

m=l1

The surface stress vector at point X of the boundary of normal
n(X)=ne +nye, is:

(19)

5,00 = py(X) = () (au3(X)n L o) J

20+v)\ oy, ' ox,

7 Calculation of the natural frequencies

The above representations can be immediately applied to obtain the
displacements and stresses but one aspect of interest in this type of
elastodynamic problems is the calculation of the natural or resonance
frequencies.

The procedure used in this work to determine the natural frequencies starts by
evaluating a measure (a norm) of the solution of the problem at a given set of
domain points for a range of frequencies.
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A search method, in this case the Nelder-Mead Simplex Method, is then
applied to fine tune the capture of the natural frequencies as those for which the
norm of the solution takes the highest value.

8 Numerical results

The set of examples tested were previously analysed in the works of Dominguez
[16], Kitahara [15] and Perez-Gavilan [17].

In all cases the natural frequencies points are calculated and compared to
analytic results and to the numerical results shown in the above references.

8.1 Square region under uniform anti-plane shear

A 6m x 6m square region, clamped on one side, free on all others, is subjected to
a uniform anti-plane shear load p =100 N/m” on the opposite side.

The material properties are: shear modulus £ =10° N/m?; specific mass

p =100Kg/m’ ; damping coefficient £ =0.05.

S

g
O
TR 77777777 ://
|
. m =,
Figure 1: Square region under uniform shear.

An analytical solution of this square domain (in fact, a one dimensional)
problem exists for the case of perfectly elastic material, that is, for the case of a
material  with null damping. The resonance frequencies are

®, =(2n—-1)7mcy /(2a) for a axa square region. In this case, for which
the shear-wave velocity is ¢g =100 m/s, and @ =6 the first frequencies are

26.18 s, 78.54 57" ,13090 s, ...
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The differences when a 5% material damping is considered are negligible.
These values, shown in figure 2 for the square region under uniform shear, are
exactly reproduced by the present method.

Figure 2: Norm of the solution for a range of frequencies.
8.2 Infinite cylinder under uniform axial load/displacement on the surface

This is an anti-plane problem now with a circular cross-section of radius 6m. The
material properties are the same as for the previous examples.
The boundary conditions are:
e unit uniform axial displacement;

e uniform axial load on the surface p =100 N/m”.

Figure 3: Cross-section of infinite cylinder under uniform load.

The first two resonance frequencies for the case of unit uniform axial
displacement, @ = 40.08, 92.00, match the analytical ones.

And the same for the case of uniform axial load, the first two resonance
frequencies, @ = 63.87,116.93 | match the analytical ones.
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Figure 4: First two resonance frequencies for the case of unit uniform axial
displacement.
1200, 0,
000/ 500/
=0
800
300,
200 00|
L] 1! S0 & L] a Ly foo 110 1! k1 4C
Figure 5: First two resonance frequencies for the case of unit uniform axial
load.

9 Conclusions

In this work a Trefftz collocation method has been presented and applied to the
analysis of elastodynamic problems in the frequency domain.

The method relies on the use of actual solutions of the homogeneous
governing equation which are seen to be scalar and vector potentials satisfying
the Helmholtz equation. A solution is found by superposing an appropriate
number of terms of the infinite series representing the solution of the
homogeneous governing equation followed by the enforcement of the boundary
conditions using the collocation approach.

The results obtained in this manner for a set of representative problems
compare very well with analytical and numerical results available in the
literature thus showing the potential of this technique.
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On the breathing frequencies computation
using the Reissner and the Mindlin model
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Abstract

The breathing frequencies of plates were computed using the frequency domain
solution in conjunction with direct boundary integral equations (DBIEs) for plate
bending including the shear deformation effect and the influence of rotatory
inertia according to Reissner and Mindlin models. The formulation for the
Reissner model takes into account the linearly weighted average effect of the
normal stress component in the thickness direction with reference to that for the
Mindlin model. Furthermore, the irrotational approach on the bending model
containing the shear deformation effect to obtain the classical model is revisited
taking into account the Reissner and the Mindlin model. Flexural and breathing
frequencies for both models including the shear deformation effect and the
influence of rotatory inertia were obtained and compared with available results in
the literature to show the accuracy of the formulation.

Keywords: natural frequencies, breathing frequencies, frequency domain
solution, classical bending model, reissner bending model, mindlin bending
model, rotatory inertia.

1 Introduction

The classical model was the first and well-known approach derived from the
three-dimensional theory of elasticity for solid bodies to study plate-bending
problems. The model is widely employed when global responses are required but
it is not efficient even in static analyses when stresses are assessed in the edge
zone of the plate or around holes that have a diameter not larger than eight times
the plate thickness [1]. The discrepancy in results of dynamic analyses with the
classical model with reference to the three-dimensional theory appears when
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wavelengths become less than ten times the plate thickness and an inconsistency
is verified for wavelengths approaching to zero when a limit for the velocity of
propagation cannot be established [2]. The plate-bending model including the
shear deformation effect proposed by Reissner [3] has fixed the main
shortcomings verified in the classical model. An assumed distribution for
stresses on the plate thickness and a fixed value for the parameter related to the
shear deformation in the constitutive equations were the main features observed
in the Reissner model. A similar model for plate-bending including the shear
deformation effect but using an assumed distribution for strains with reference to
the mid-surface of the plate was presented by Mindlin [2] to perform dynamic
analyses. A correction of the parameter related to the shear deformation
according to the Poisson ratio was proposed as a result from the analysis of the
propagation of straight-crested waves into an infinite domain. On the other hand,
a fixed value for this parameter and very close to Reissner’s value was obtained
when a particular solution was introduced by Mindlin to represent one for the
circular frequency of the first anti-symmetric mode of the thickness-shear
vibration in a three-dimensional model. Years later, Mindlin has shown in the
study of flexural vibration of rectangular plates [4] that three types of vibration
modes could be identified when the shear deformation effect was considered: the
flexural, the thickness-shear and the thickness-twist mode. The thickness-twist
mode is similar to the wave motion employed in [2] to get the fixed value for the
parameter related to the shear deformation. The frequencies obtained with the
thickness-twist mode were called breathing frequencies by Levinson [5].

The static or the frequency domain solutions have been employed for
dynamic analyses of plates using the Boundary Element Method (BEM) beyond
special formulations applied to specific problems [6]. The harmonic analyses of
plates in this paper were carried out for Reissner and Mindlin models employing
the frequency domain fundamental solution presented in [7, 8], which was not
the same used in [9] where the formulation was only based on the real part of the
solution and a limit for angular frequencies had to be introduced. The effect of
the shear deformation and the influence of rotatory inertia can be considered
alone or coupled in the present formulation. The linearly weighted average effect
of the normal stress component in the thickness direction of the Reissner model
is considered in the DBIE as an additional domain integral when distributed
loads are considered. Analyses according to the classical model with or without
the influence of rotatory inertia can be obtained when the shear deformation
effect is disregarded in the formulations for both models.

2 Direct boundary integral equations

The equations of motion in time-harmonic problems for an infinitesimal plate
element under a transverse distributed loading q(t, X;) are next written with Latin
indices taking values {1, 2 and 3} and Greek indices taking values {1, 2}:
2
ph3 0y

M _ P
af.p Qa 12 6t2

< (M
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2
Qa0 +a=ph =" @)

&2
The plate has a uniform thickness h and the mass density p. The transverse
acceleration 6°w/0t* and the angular acceleration &y, /ét" are functions of the
deflection w and the components of changes of slope y, (plate rotations),
respectively. The constitutive relations are next written using a unified notation

for the Reissner and the Mindlin models:

1- 2v
M, =D—= (\uaﬁ+\yﬁa = V\uy!ysaﬁjﬁLRE ®)
Q. =D 3y, +w,) @
with
2
AZ:IZE—Z (5)
\%
RE=——— (6)
2 (1—v)

D is the flexural rigidity, v is the Poisson ratio, RE is zero for the Mindlin model
because it corresponds to the linearly weighted average effect of the normal
stress component in the thickness direction. The shear parameter k* is equal to
5/6 and /12 for the Reissner and the Mindlin models, respectively. An alternate
value for k” according to the Poisson ratio can be calculated with the following

equation [2, 8]:
4#‘1—00(2 il—KziZ(z—Kz)z @)

a=a ®)
2(1-v)

The static like form of the equations of motion for harmonic problems and the
unified notation for the constitutive equations carry to a unified DBIE for the
Reissner and the Mindlin model similar to that presented by Weeén in [10] but
used in conjunction with the elastodynamic fundamental solution instead:

;Cijuj+§(Tu Uit Jr = J‘J- 'q- U’ RENO ©)

where u, is e, U3 is W, t, is the product Myg.ng, t; is the product Qg.ng. Uij
represents the rotation (j=1,2) or the deflection (7=3) due to a unit couple (i=1,2)
or a unit point force (i=3). C; is an element of the matrix C related to the
boundary at the source point and it is a diagonal matrix when a smooth boundary
is considered: c¢;; and ¢y, are equal to (1+O.5R8604), ¢33 is equal to 1. C becomes
the Kronecker delta when the rotatory inertia effect is disregarded. The integrand
of the domain integral in equation (9) contains the factor RE related to the
linearly weighted average effect of the normal stress component in the thickness
direction, which should be cut off for analyses using the Mindlin model.

with
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The fundamental solution was presented in [7, 8] in terms of Hankel functions
of the first kind of order zero or using modified Bessel functions with complex
arguments. The vector of plate rotations (y,) in the fundamental solution was
written in terms of its scalar (¢4(X,, ®)) and vector potentials (0, 0, H(x,, ®)):

Vo =l 6.0)+ 6] o) (1o

o

€34p 1 the permutation symbol and the following relations were used in terms of
the rotatory inertia (R), the shear deformation (S) and the classical dynamic
factors for plates (5,):

1 4 1 4
8 == R+S+ |[R=S)+— | 83 ==8;|R+S— |[R-S)+—
1 2 0[ ( ) 64] 2 2 0 ( ) 83

0

82 = 2(ng —;j =22(Rs5% - 1)

I-v
Rzﬁ; S:%L; 3=@ an
12 A l=v D
The deflection w was related to the scalar potential functions (¢,,) [7, 8]:
w=—(B, +1),(3,1) = (B, + 1), (3,7) (12)

and
B, =s(62-5:R} B, =s(62 —5!R)

The expressions for the scalar and the vector potential functions of the
fundamental solution are next written using modified Bessel functions with
complex arguments and according to singular loads used:

a) The solution for the unit point force (F5):

9, :L 7K0(i81r) :L—K(,(iSIr)‘
N e T G
b, b K, (i3,r) _ 1 Ko(i(Szr).
27D [k )y, 2D i ~51)
H=0
b) The solution for the unit couple in the o direction (F,):
1 -1 0 1 1 F)
¢, 275Dm6xa [ 0(1 lr)], ¢, >7D 812 785 o, [ 0(1 2r)],
S 0 .
H=es ZTTD&TB[K()(@;T)]

The solution becomes equal to that obtained for the classical bending model
[11] when the shear deformation (S) and rotatory inertia (R) effects are set equal
to zero. Furthermore, the plate rotations turn directly defined from the deflection
function derivatives as a result from the classical model because the constants 3
and the function H are equal to zero in the absence of the shear deformation
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effect (S). The field decomposition can be introduced in the plate rotations and
their derivatives of the constitutive equations (3, 4) as it was done to the plate
rotations of the fundamental solutions (equation (10)). After the introduction of
the scalar and the vector potential functions in the constitutive equations, the
equations of the classical model can be obtained when the function of the vector
potential field is set equal to zero and the scalar potential function uses the
deflection function (w). It can be also extended to the DBIE yielding a boundary
formulation based on the classical model hypotheses [7, 8].

The domain integral including the Reissner effect (RE) of equation (9) can be
simplified when the field decomposition is introduced in rotations U, according
to equation (10) and employing the first Green identity to get the final relation:

”U;,QREdQ = iz (61 +6,), REAI - ”(m +6,),REd@  (13)
Q T Q

The result from equation (13) shows the linearly weighted average effect of
the normal stress component in the thickness direction (RE) is only multiplied by
the scalar potential function or the irrotational component of the rotation field.
The effect reduces to an additional boundary integral when a uniform loading (q)
is considered because it is directly related to RE according to equation (6).

The irrotational approach on the present formulation to perform analyses
according to the classical bending model is similar to that shown in [12] for
static loads using the Mindlin model. The first step is writing the DBIE (9) with
reference to the normal and the tangential directions (nt) at the boundary. It is
not a necessary step but the approach can be easily visualized in this way:

1 i i i i i i
G, +§(an+Mn9n M0, —Q,w' —M, 0 —M, 0 dr=_.
g (14)

= Ij[wiq +(0, +¢,),RE, ]dQ - S’;(d)l +9,), READ

Tr
With i relating to the fundamental solution used, corresponding to a unit point
load (i=3) or a unit couple (i=1 or 2); u; represents the deflection (j=3) or the
rotation (=1 or 2). 6, and 6, stand for y, and v, respectively. M,, and M, are the
bending and twisting moments, respectively. Q, is the distributed shear.

The irrotational approach is equivalent to disregarding the field component
related to the vector potential function. The simplification in the presented
formulation corresponds to set the shear deformation effect (S) equal to zero in
the fundamental solution and assuming plate rotations 6, and 6, equal to —w ,, and
—w, respectively, as well as releasing the twisting moments M, on the boundary
(M, =0). The classical hypotheses are satisfied with these assumptions. The
resultant DBIE allows dynamic analyses of plates by applying the rotatory inertia
correction on the classical model and is analogous to the well-known DBIE used
for static analyses within classical plate theory, including an additional degree of
freedom for the tangential boundary rotation [12].
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1 i i i i i i
Ecijuj +§(QHW—MHW’H -Mw, -Qw +M w )dl"zJ.J.w qdQ (15)
Q

The DBIE for the classical bending model without the rotatory inertia
correction is obtained when the parameter R is set equal to zero in the
elastodynamic solution used in equation (15).

The absence of the shear deformation effect (S=0) corresponds to assume the
shear parameter «° approaching to infinite (or A, see equation 5) and an
orthotropic material replaces the actual material of the plate, supposed to be
isotropic, as explained by Timoshenko and Woinowsky-Krieger [1] on the
classical hypotheses. The factor RE was not included in equation (15) because it
contains the shear parameter A*. The effect (RE) approaches to zero when the
parameter (L) approaches to infinite, which shows that an irrotational approach
on the Reissner model carries to the same result obtained with the Mindlin
model.

3 Numerical example

The dynamic analyses of plates considering the Reissner and the Mindlin models
show similar results and the difference appeared in values obtained for
displacements related to the linearly weighted average effect of the normal stress
component in the thickness direction, which is dependent to the pressure of the
surface loading. The difference in values for displacements is shown in Figure 1
using the frequency response of a square plate simply supported on all sides and
30 cm for thickness (h). A uniform loading (q) equal to 150 N.m™ was applied
over the plate surface which side (a) is equal to 50 cm, Young’s modulus was
206.9 GPa, the Poisson ratio (v) was 0.3, the mass density (p) was 7860 kg.m™.
Linear shape functions were employed to approximate displacements and efforts
in the boundary elements. All nodal parameters were positioned at the ends of
the elements and the collocation points were placed on the boundary. The
collocation points were shifted to the interior of the element at a distance of a
quarter of its length from the end, for discontinuous boundary elements, and
shifted to the center of the element for continuous boundary elements. The
integrations were performed with analytical expressions for the case of
collocation points belonging to the boundary element and the Gauss-Legendre
quadrature for other cases.

The values of natural frequencies were not changed independently of the
adopted model. The natural frequency could be identified in the harmonic
excitation using the value of a displacement (deflection or rotation) at an internal
point but others features could be employed as the reference parameter, such as
the phase angle or the determinant of the system matrix. A first evaluation with
20 incremental steps was carried out in this study to find the interval of interest.
The interval to be focused, containing 2 incremental steps, was picked up when
the sign of the real part of the deflection changed as shown in Figure 1. The
focused interval was analyzed again with a refinement equals to 40 incremental
steps and two peaks with opposite signs could be identified in the response curve
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Figure 1: Responses using the Reissner and the Mindlin model for h/a= 0.6
and including the rotatory and the shear deformations effects.

Table 1:  Angular frequencies of the flexural mode (rad/s).

Ratio h/a | Lim. Freq. | Elasticity [5] | Mindlin [4] Equation (14)
Acs [8] Mindlin | Reissner
0.05 199923 3016 3049 3015 3015
0.1 99961 5906 5918 5825 5825
0.2 49980 10880 10820 10380 10380
0.4 24990 17315 17073 15760 15760
0.6 16660 20734 20306 18910 18910
0.8 12495 22653 22079 21480 21480
1.0 9996 23805 23125 23570 23570

of the real part of the deflection. The frequency responses were studied for
several ratios (h/a) of the plate simply supported on all sides and using the hard
restraint condition. The first natural frequencies obtained by using the numerical
implementation for the Reissner and the Mindlin model are listed in Table 1 and
compared to values available in the literature, obtained by the Mindlin model [4]
and employing three-dimensional elasticity theory [5].

The next frequencies could be identified by using the same loading but
increasing the scanned range. It is important to note the natural frequencies can
be easily identified when their vibration modes are not damped due to a
particular loading condition or the internal point position, as explained in [13].
The vibration modes of natural frequencies shown in Table 1 have curvatures
with same sign and are related to flexural vibration modes [4].
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The flexural and the thickness-shear modes are related to the scalar potential
field whereas the thickness-twist mode is related to the vector potential field [4].
The rotation field of the thickness-twist mode is similar to that obtained from an
anticlastic vibration surface, which contains curvatures with opposite signs [1].
Levinson [5] called the natural frequency of the thickness-twist mode as
breathing frequency. The distributed loading (q) was set equal to zero in the
numerical implementation to scan the first breathing frequency and the DBIEs
(14) turn the same for the Reissner or the Mindlin model. A bending moment in
the normal direction was applied on the node placed at the center of each side of
the plate. The moments had same sign on opposite edges and opposite signs on
adjacent edges. The domain was contained in the intervals 0<x;<0.5 and
0<x,<0.5, and the value of the rotation y, at the point (0.1875, 0.1875) was used
to scan the natural frequencies. The breathing frequencies listed in Table 2 were
obtained with the influence of rotatory inertia. The values obtained for breathing
frequencies using the Mindlin model and the three-dimensional elasticity theory
are close from medium to high ratios (h/a) but they are divergent for low ratios
[5] where a limiting value for the frequency is obtained in the three dimensional
elasticity theory as shown in Table 2.

Figure 2 shows an example of the frequency response curves to find breathing
frequencies for ratios (h/a) in the range (0.4, 1.0). There are few natural
frequencies lower than the first breathing frequency for plates with ratio (h/a) in
that range. The loading condition with bending moments in the same directions
of rotations of the first thickness-twist vibration mode was efficient to obtain the
requested frequencies. On the other hand, there are several natural frequencies
lower than the first breathing frequency when the ratio (h/a) is 0.2 or lower and
several peaks with opposite signs are identified in the frequency response as
shown in Figure 3 and the lower frequencies are related to flexural vibration
modes. In spite of a frequency close the value 103870 rad/s appeared in the
analysis of Figure 3, the visualization was not clear to identify the natural
frequency without using theoretical values. It was the reason to do not include a
value in Table 2 for ratios lower than 0.4.

Table 2: Angular frequencies of the thickness-twist mode (rad/s).
Ratio h/a | Elasticity [5] | Mindlin [4] | Equation (14)

0.05 47750 400790 -

0.1 47700 201880 -

0.2 47460 103870 -

0.4 46230 57415 53000

0.6 42860 43693 42100

0.8 37410 37729 36800

1.0 33094 34263 33750
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Figure 2: Rotation v, at (0.1875, 0.1875) for h/a= 0.4.
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Figure 3: Rotation v, at (0.1875, 0.1875) for h/a=0.2.

4 Conclusions

The linearly weighted average effect of the normal stress component in the
thickness direction of the Reissner model introduced a little reduction on the
obtained deflection with reference to that using the Mindlin model. The
difference can be significant or not according to the thickness value and the
boundary conditions. It is important to note the natural frequencies were not
changed according to Reissner’s or Mindlin’s model and the differences were
identified in values for displacements. The existence of three types of vibration
modes and corresponding frequencies for each mode, including those with high
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frequencies, justifies the present formulation employing modified Bessel
functions of the second kind with complex arguments for a general treatment of
vibration problems of plates. The limiting frequency Ac, [8], where c; is the
equivolumial wave velocity, that defines complex or real arguments of modified
Bessel functions were exceeded in the natural frequencies of the Table 1 for
ratios in the range (0.6, 1.0).
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Free vibration analysis of a circular plate with
multiple circular holes by using the addition
theorem and direct BIEM
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Abstract

The purpose of this paper is to propose an analytical method to solve natural
frequencies and natural modes of a circular plate with multiple circular holes by
using the null field integral formulation, the addition theorem and complex
Fourier series. Owing to the addition theorem, all kernel functions are
represented in the degenerate form and further transformed into the same polar
coordinate from each local coordinate at center of all circles. Not only avoiding
the computation of the principal value but also the calculation of higher-order
derivatives in the plate problem can be easily determined. According to the
specified boundary conditions, a coupled infinite system of simultaneous linear
algebraic equations is derived and its solution can be obtained in an analytical
way. The direct searching approach is adopted to determine the natural frequency
through singular value decomposition (SVD). After determining the unknown
Fourier coefficients, the corresponding mode shapes are obtained by using the
direct boundary integral equations for domain points. Some numerical results are
presented. Moreover, the inherent problem of spurious eigenvalue using integral
formulation is investigated and the SVD updating technique is adopted to
suppress the occurrence of spurious eigenvalues. Excellent accuracy, fast rate of
convergence and high computational efficiency are the main features of the
present method.

Keywords: direct boundary integral equation, null-field integral equation,
addition theorem, complex Fourier series, vibration, spurious eigenvalue, SVD
updating technique.
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1 Introduction

Circular plates with multiple circular holes are widely used in engineering
structures [1], e.g. missiles, aircraft, etc. These holes usually cause the change of
natural frequency as well as the decrease of load carrying capacity. It is
important to comprehend the associated effects in the work of mechanical design
or flight control of the structure. As quoted by Leissa and Narita [2]: “the free
vibrations of circular plates have been of practical and academic interest for at
least a century and a half”, we revisit this problem by proposing an analytical
method.

Over the past few decades, most of the researches have focused on the
analytical solutions for natural frequencies of the circular or annular plates [3—6].
Recently some researchers intended to extend an annular plate [7, 8] to the plate
with an eccentric hole. Lee et al. [9, 10] proposed a semi-analytical approach to
solve the free vibration analysis of a circular plate with multiple holes and
pointed out some insufficient accurate results in [8] after careful comparisons.

It is clear that the number of variables can be dramatically decreased by using
boundary element method (BEM) or boundary integral equation method (BIEM).
For BEM applications to plate problems, readers may consult with the review
article [11]. By using the BIEM to analytically solve the problem of plate with
multiple holes, two questions need to be solved. One is the improper integral in
the boundary integral equation; the other is that both field point and source point
are located on different circular boundaries. These problems have been treated by
using the degenerate kernel and tensor transformation [9, 10], respectively. But
tensor transformation accompanied with the higher order derivative increases the
complexity of computation and then affect the accuracy of its solution [9]. In
addition, the collocation method in [9, 10] belongs to point-matching approach
instead of analytical derivation. It also increases the effort of computation since
boundary nodes for collocation are required.

This paper presents an analytical approach to solve the multiple-connected
domain plate problem by using the null field integral formulation, addition
theorem and complex Fourier series. Some numerical computations are
presented. Moreover, the SVD updating technique [10] is employed to suppress
the appearance of spurious eigenvalues.

2 Problem statement and direct boundary integral
formulations

2.1 Problem statement of plate eigenproblem

As shown in fig.1, a uniform thin circular plate with H circular holes centred at
Oy (k=0,1,...,H) has a domain 2 which is enclosed with boundary

8=Js, M
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where R denotes the radius of the kth circle and O, is the position vector of the
outer circular boundary of the plate. The governing equation of the free flexural
vibration for this plate is expressed as:

Viu(x)= Fu(x), xeQ (2)
where V* is the biharmonic operator, u# is the lateral displacement,
F=awph! D, A is the dimensionless frequency parameter, @ is the circular

frequency, p, is the volume density, % is the plate thickness,
D =Eh’/12(1 -y’ ) is the flexural rigidity of the plate, £ denotes the Young’s
modulus and 4 is the Poisson’s ratio

Figure 1: Problem statement for an eigenproblem of a circular plate with
multiple circular holes.

2.2 Direct boundary integral formulation

The integral representation for the plate problem can be derived from the
Rayleigh-Green identity [12] as follows:

u(x) = f U (s, x)v(s)dB(s) — f O(s, x)m(s)dB(s) )

+fM(s,x)ﬁ(s)dB(s)—fV(s,x)u(s)dB(s), xen
B B
where B is the boundary of the domain Q, u(x) is the displacement, s and x mean

the source and field points, respectively. U(s, x), @ (s, x), M(s, x) and Vs, x) in
eqn. (3) are kernel functions. The kernel function U(s, x) in eqn. (3),

1
VD =22p

Y,(3r)—iJ,(Ar)+ EKO )], 4
T
is the fundamental solution which satisfies

VU (s,x)—k*U(s,x) = (s — x) %)

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
= www.witpress.com, ISSN 1743-355X (on-line)



306 Mesh Reduction Methods

where §(s-x) is the Dirac-delta function, Jo(Ar)> Y, (Ar) and K ,(Ar) are

Bessel functions, ; = ‘s - x\ and ;> =—1. The other three kernel functions, @ (s,

x), M(s, x) and V(s, x), in eqn. (3) can be obtained by applying the following
slope, moment and effective shear operators defined by

k,=20 (©)
on
KM=—D{;N2(-)+(1 ﬂ)az()} ™)
- pl O wiya_nllofa, (8)
Kv= D{anv O+d ”)at[an[az()m

to the kernel U(s, x) with respect to the source point, where 9/9n and §/0¢ are

the normal and tangential derivatives, respectively, V> means the Laplacian
operator.

2.3 Null-field integral equations

The null-field integral equation for displacement can be derived from eqn. (3)
and by moving the field point outside the domain. It is expressed as follows:

0:jB‘U(S,x)V(S)dB(S)7‘[@(s,x)m(s)dB(S) o
+fM(S,x)H(s)dB(s)—fV(S,x)u(S)dB(s), xeQ°UB,

where Q€ is the complementary domain of Q. It is noted that once kernel
functions are expressed in proper degenerate forms, the field points can be
exactly located on the real boundary, that is x€ Q° U B.

2.4 Degenerate kernels and Fourier series for boundary densities

In the polar coordinate, the field point and source point can be expressed as
(p,¢) and (R,0), respectively. By employing the addition theorem [13], the
kernel function U(s, x) is expanded in the series form as follows:

] im
o U'(S,X):%WZ; .Y, (AR) —1J, (lR)]-i- L,Op)K, (AR)}e™ ™", p<R (10)

UE(S,x) _ im(p—0) p>R

m m
m —00 [

where the superscripts “I” and “E” denote the interior and exterior cases for
U(s, x) degenerate kernel to distinguish p< R and p> R, respectively, as
shown in fig. 2.

The displacement u(s), slope g(s), moment m(s) and shear force v(s) along

the circular boundaries in the null-field integral equations can be expanded in
terms of complex Fourier series, respectively, as shown below:
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u*(s,) = i ate"™ ,  s,eB, k=0,..H (11)
0"(s,)= i brte™ ,  s,e B, k=0,.H (12)
m*(s) = i e | s.eB, k=0,.,H (13)
Vi(s) = i die" | s, e€B, k=0,.,H (14)

n=—w

where a: s b}f, cj and d: are the complex Fourier coefficients of the kth circular

boundary and ¢, is its polar angle.

r=(p.¢)
s=(R.&

Figure 2: Degenerate kernel for U (s, x).

3 Analytical eigensolution for a circular plate with multiple
circular holes

To present formulation clearly and without loss of geniality, a clamped circular
plate (u’ = ¢’ = 0) with H circular holes subject to free edge (m* = 1* = 0;
k=1,...,H ) is considered. Considering the null field near the circular boundary
By, eqn. (9) can be explicitly expressed as:

0= _[ UE(so’xo)VO(so)dBo(So) - '[ @E(So’xo)mo(so)dBo(So)

(15)
> [ M*(5,%,)6"(5,)dB, (s,) jVE<sk,xk>uk<sk>dBk(sk>}

k=1,

By substituting the degenerate kernels, such as eqn. (10), and eqns. (11)-(14)
into the eqn. (15), employing the analytical integration along each circular
boundary and applying the orthogonal property, eqn. (15) yields
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0= 4’253) f; {Jm(ﬁRo[Ym(ﬂpo)—umupo)]+%lm(ﬂRo)Km(zpo>}d,‘:e"”%
- 40 i JLAR)LY, (m))—z;fm(m)]+%1,;,(/1R0>K,,,upo)}c° mo(16)

u TR . 2 im
—Z{ yep Z VAPl (AR,) = i (AR +—1,(Ap, )y (AR )b
k=1

7R,
+

ar z uPpOLB(AR) ~i B, (AR)]+— Im(ﬁpk)ﬂm (AR,)}aye '""”k}
where the (p,¢,), (p,,¢), ---» (p,, 9, ) are the coordinates for the field point x

with respect to each center of circles. From eqns. (7) and (8), the moment and the
effective shear operators, o (1p) and g¥(4p) are defined as, respectively,

a,mp)w{(l ) Xul2P) Ej”’) {(1—# ’;fmﬂxmmp)} (17)

X,'(4 X, (A
P P
where the upper (lower) signs refer to X =J, Y, (I, K), respectively. The Bessel’s
differential equations have been used to simplify ¢* (1) and g¥(1p) -

m

Figure 3: Notation of Graf's addition theorem for Bessel functions.

Based on the Graf's addition theorem for Bessel functions given in [13, 14],
we can express the theorem in the following form

J,(4p,)e"" = Z g )" (Ap, )e"™ (19)

1,Gp,)e"" = Z I, (Ar, e "™ 1, (Ap;)e™ (20)
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0

1(m—n)0 in
z Ym n(ﬂ’ pk pAJn(ﬂ’pk)e ¢k’ pk < rpk

. “ 21

Y,(Ap, )" =1" " @b
2w G BT G0N p>

K, () L Gp )R, <y 22)

K,(Ap)e" ="
> D" (K et
where ( Pd, )and (p,, ¢, ) shown in fig. 3 are the polar coordinates of a general

field point x with respect to O, and Oy, which are origins of two polar coordinate
system and (rpk’ 0, ) are the polar coordinates of Oy with respect to O,,.

By using the addition theorem for Bessel functions J (1p,), Y, (1p,) and
K, (Ap,)- eqn. (16) near the circular boundary B, under the condition of p > s

can be expanded as follows:

0= 2 i{J (AR, (20) =0, ()12 1, (R, (Ap ™
V1
i 2 0 it
4/1D m ) l‘]m(lpo)]—‘rﬂ_Im(j'RO)Km(lpo)}cme

R, o (23)

+Z PYE Z (e, (AR,)~ict, (AR, )]ZJm (g " (Appy)

+2 —a, (AR, VX L, (i), Gy e,

Zfﬁ‘ Z (LB (AR) =i, (AR, )]Z Tuea R0 "0 (2)

= ﬂ AR 1, (g% 1, (A, a }

n=—own

Furthermore, eqn. (23) can be rewritten as

0= i e <A;’,upo)di: +B(Ap,)ct +ﬂ i t (AP )b + Z B! (Apy)a D (24)

k=1 |_n=—0 n=—w

where

AP = TR AR, ) =0, o))+ 2 LGRIK )} 29)

Bii(zpo)=— R, SR ,,,(z,o())—ummpo)]+%1;,<ARO)K”,(M)} (26)

7R zn m)0o .
mn(ﬂ’p())_ /11" ¢ " {Jn m(ﬂ’}’;(())a (AR )[Ym(ﬂ’po)_um(ﬂ’p())] (27)

+%<—1)"*m 1, (el (AR)K, ()
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B,,(Apy) =~ 7R e () B ARIY, (Apy) —id,,(2p,)] (28)

2 n—m
+— (D) 1, (A0 B, (AR)K,, (Ap,)}
By differentiating eqn. (24) with respect to p, , the equation for the slope ¢ near
the circular boundary By is given as

0= & <C,‘,1upo)d° + DV (Ap, ) +Z{Z CE (Ap)b + Z DL, (Ap,)a! D (29)

k=1[n n=

where  C(2p,)> D,(2p,)+ Cp,(Ap)and Dy (2p,) can be obtained by
differentiating A (Ap,) s B (Ap,)s A”‘m(ﬂpo)and B! (Ap,) in eqns. (25-28) with

respective to p .

Similarly, considering the null field points near the circular boundary B,
(p=1,..., H), eqn. (9) can be explicitly expressed as:

0= I UI(S()’xo)VO(So)dBo(So) - _[ @[(SO’xo)mo(So)dBo(So)
B, B, (30)

- i.[M”(s,{,xk)t?"(sk)dBk(sk)—J.Vy(sk,xk)uk(sk)dBk(sk)}

k=1p, B,

where y =I, k=p; y = E, k#p.
By substituting degenerate kernel functions and complex Fourier series into
eqn. (30) and then applying the addition theorem, eqn. (30) yields

0= Z ezm¢,, E:;(ﬂpp)d;;’ +Fj(ﬂpp)c£+ { Z E,];n(lpp)bk Z (ﬂpp k:| (31)
k=0

m=—0 n=—M
k=p

where

E;(2p,)= Zi VLGP Nl R, =il OR )+ 2 1,Gp Jal R, G2)
T

2 «
Fl(Ap,)=— ;’ 2P, B (AR, =B (AR )+ 1, (20, B} (AR, )} (33)
”Rk % AT (Ar ), (Ap Y.(AR,)—iJ (AR,)]
4&2D n—-m kp 7Y m § n k n k
1, (A )L, Op K, (AR}, k=0 (34)
E,p,)=1
e )l GROLY, (A, =i (A, )

2y
+;(_1) Im(/lpp)a/:(le )Kn—m(lr}cp)}’ k# oap
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_TR

b "N, (A, (Ap Y (AR) —iJ ) (AR,)]

1, (A ), (Ap, )K, (AR}, k=0 (35)

w(Ap,)=
mn ’ ”RA z(n m)6y,

22 u(Ap B (AR)IY, ., (An,) =), (A%,)]

2
+;(—1) 1,(p B, (AR)K, ,(Ar,)},  k#0p
By differentiating eqn. (31) with respect to P, the equation of the slope 8

near the circular boundary B, is given as

0

0=3 & | G2(Ap,)d? + HI(Ap, el + [Z G (Ap, b + 2 HE (i, )a } (36)
k=0 [Ln

m=-w0
k#p

where G!(Ap,)-H!(4p,)> G* (lpp)and H! ,(Ap,) can be obtained by

differentiating EL(Ap,)-Fl(Ap,) » Ef;n(/lpp) and F,,]In(/ip ) in eqns. (32-35) with
respective to p.

By setting p,1OR, and applying the orthogonal property of {e™" } (p =0,
1,...,H), eqns.(24), (29), (31) and (36) yield , for m=0, £1, £2, ...; n=0, £1, £2,
..op=Il,.. H,

H 0
AN(ARy)d, + By (AR,)cy + AL (AR)DE + Z B! (AR))a! }

mn mn
k=1|_n=-

H
C.(AR)d,, + D, (AR))c, +Z{ C(AR,)b; + z D, (AR)a, }
k= n=-wn

G37)

o
n=—w
n=—M

f: Ey (AR )bl + Z Ff (AR )a] }

=~
w s

X

H
E,(AR,)d, +F(1R,)c, +Z{
Gl(AR,)d} + HL(AR,)ch+ {

i G, (AR,)b, + Z H,,(AR,)a, }

-M

>
<o

n

#

eqn. (37) results in a couple infinite system of simultaneous linear algebraic
equations for the coefficients a,’;’ b:', n and d;, k=0,..., H. In the following
computation, only the finite M terms are used in eqn. (37). According to the
direct-searching scheme [12], the eigenvalue are obtained by applying the SVD
technique [15] to the matrix from eqn. (37). Once the eigenvalues are found, the
associated mode shapes can be obtained by substituting the corresponding
boundary eigenvectors (i.e. the complex Fourier series representing the fictitious
boundary density) into the boundary integral equations.
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4 Spurious eigenvalue for multiply-connected plate
eigenproblem using BEM

In this section, SVD updating technique is adopted to suppress the appearance of
spurious eigenvalue which cause the present method fail. The concept of this
technique is to provide sufficient constrains to overcome the rank deficiency of
the system. Since four null field integral equations for the plate formulation are
provided [10], there are 6 (C (4,2)) options for choosing any two equations to
solve the eigenproblem. The U@ formulation in section 3 uses the first and the
second equations. To provide sufficient constrains, the UM formulation is
alternative, which uses the first and the third equations. Applying the moment
operator of eqn. (17), to eqns. (24) and (31), respectively, yield

o0 H o0 o0
0= e <P,,?upo)d3, + 0N (Ap))C, +Z{ > B (pbl+ Y Q,’;nupo)a:D (38)

. k=1

o o[ M o
0= " { St(Ap,)d} +T} (Ap,)ch+ { 2 Su(p)b+ 3 Tn’;(ﬂp,,)af} %)

m=-o0 k=0 Ln=-M n=-w

k#p

where P(2p,)> 00(200)> Bu(Ap0) > On,(Ap)> SE(2Ap,)s TE(4p,)s S,,(Ap,)and
T ( Ap,)can be obtained by applying the moment operator to

A2(Apy)> BU(Apy)s AL (Apy)> B, (Apy) s EL(Ap,) EP(Ap,)s  EE.(Jp,)  and
Ff (Ap,)Wwith respect to p.

By setting pp to Rp and applying the orthogonal property of {e™ } (p =0,
1,...,H), eqns.(24), (38), (31) and (39) yield , for m=0, +1, £2, ...; n=0, £1, £2,
up=Il,.. H,

0

H ©
Ay (AR,)d, + B, (AR))c, +Z{ DAL (AR)bE+ Y Bl (AR))a) } =0
k=1 |_n=—x0 n=—0

H % o
PI(AR)d,, + O, (AR,)c, +Z{ 2 Pu(AR)B; + 2 0,,(AR,)a, }:0 (40)
k=1

n=—o n=—0n

H M 0
E,(AR,)d, + F} (/‘tRp)CﬁiﬂLZ{ Y En(AR )b+ Ef,(iR,,)af} =0
k=0 Ln=- n=—0

M
k#p
H M 0
S,(AR,)d, +T, (ﬂRp)C,ﬁJFZ[ 2 Su(AR)E + D T,.(AR ), } =0
k=0 [ n=—M n=-0m
k#p

which is called the UM formulation. By using the concept of SVD technique of
updating terms, combing eqns. (37) and (40) can filter out spurious eigenvalues.
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5 Numerical results and discussions

To demonstrate the proposed method, the FORTRAN code was implemented to
determine natural frequencies and modes of a circular plate with multiple
circular holes. The same problem was independently solved by using FEM (the
ABAQUS software [16]) for comparison. The thickness of plate is 0.002m and
the Poisson ratio y =1/3. The general-purpose linear triangular elements of type

S3 were employed to model the plate problem by using ABAQUS. Although the
thickness of the plate is 0.002 m, these elements do not suffer from transverse
shear locking based on the theoretical manual of ABAQUS [16].

A circular plate with three holes [10] is considered. The radii of holes are
0.4m, 0.2m and 0.2m and the coordinates of the center are (0.5,0), (-0.3,0.4) and
(-0.3, -0.4), respectively. Fig. 4 shows the former six natural frequency
parameters versus the number of terms of Fourier series N. It indicates that the
proposed solution promptly converges with few terms of Fourier series. By
taking thirteen terms of Fourier series (N=13), fig. 5 shows the minimum
singular value versus the frequency parameter by using the U@ formulation, UM
formulation and SVD updating technique for a circular clamped plate with three
circular holes. Since the direct-searching scheme is used, the drop location
indicates the eigenvalue. The spurious eigenvalues of 5.5811 and 7.9906 occur
when using the UM and U@ formulation, respectively. They are found to be the
true eigenvalue of simply supported and clamped circular plate with a radius of
0.4 m, respectively. It demonstrates that the spurious eigenvalue can be filtered
out by using the SVD updating technique. The same problem is also solved by
using ABAQUS and its model has 308960 elements in order to obtain
comparable results for comparison. The former five natural frequency parameters
and modes by using the present method, the semi-analytical method [10] and
FEM are shown in fig. 6. Good agreement between the results of the present
method and those of ABAQUS is observed.

7
Sixth mode
6.5 P—p—p—p—p—Pesaat
. Fifth mode 6.1064 ) g

. Fourth mode 6.0231 g : Tl

o i

Ess 2 .

g 5

< 5 Third mode E’ ‘ 1

5 o A ~—aa 4.8158 4 i

3as L. T £ | r

£ = i [

4 10° — - U1 formulation r !
—— UM formulation ‘ |
35 —— SVD updating 7.9906
First mode :
- - - - - ) ) 3.‘1962 107
3 4 6 8 10 12 14 16 18 20 3 4 gequency psa,ame‘e, (D7) 8 9
Terms of Fourier series (N=2M+1)

Figure 4: Natural  frequency Figure 5: The minimum singular
parameter versus the value versus the
number of terms of frequency parameter by
Fourier series. using different methods.
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“——_Mode Ng
Approach ™ _

Present method

Semi-analytical
method[10]

ABAQUS

Figure 6: The former five natural frequency parameters and mode shapes by
using the present method, semi-analytical method and FEM.

6 Concluding remarks

Natural frequencies and natural modes of a circular plate with multiple circular
holes have been obtained by using the null field integral formulation and the
addition theorem. Based on the addition theorem, two critical problems of
improper integrals in the boundary integration and the higher derivative in the
multiply-connected domain problems were successively treated in a novel way.
By matching the specified boundary conditions, an analytical solution can be
derived from a coupled infinite systems of simultaneous linear algebraic
equations. By using the direct-searching method, numerical eigensolutions were
given from the corresponding truncated finite system. The proposed results
match well with those provided by the FEM using many elements to obtain
acceptable data for comparison. In addition, the SVD technique of updating
terms was employed to filter out spurious eigenvalues. Numerical results show
good accuracy and fast rate of convergence thanks to the analytical method.
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A. Ghannadi-Asl' & A. Noorzad®

!'Sama Organization (Affiliated with Islamic Azad University) —
Ardabil Branch, Iran

School of Civil Engineering, University of Tehran, Iran

Abstract

The vibration of plates is important in many applications pertaining to
mechanical, civil and aerospace engineering. Therefore, the vibration of plates is
an important research area that has been studied by many researchers. To date,
there are abundant plate vibration solutions available in the open literature based
on Kirchhoff assumptions. The purpose of the present paper is free vibration
analysis of thin circular plates by the indirect Trefftz method. In thin plate
vibration problems, we will deal with the governing equation with the
homogeneous boundary conditions. The Trefftz method basically employs the
complete set of solutions satisfying the governing equation as the first step. To
derive the boundary integral equation, either the reciprocity law, which is similar
to those used in conventional BEMs, or the weight residual method can be used.
The proposed approach has some merits when compared with other regular
boundary element formulations reported so far. A main benefit for the Trefftz
method is that it does not involve singular integrals due to the properties of its
solution basis functions (T functions); thus, it can be categorized into the regular
boundary element method. Besides, this advocated approach yields a solution
that offers simultaneously the advantages of the classical FEM and BEM
solutions, without having their drawbacks. Finally, several numerical examples
are demonstrated to show the validity of the current approach.

Keywords: indirect Trefftz method, boundary-type solution, free vibration, thin
circular plates.
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1 Introduction

Plates with various boundary conditions are common components in many fields
of engineering, especially in civil and mechanical engineering. With the wide
application of plate structures, static and dynamic analyses of plates become very
important. We consider various kinds of motion of plates. There is a free
vibration, which occurs in the absence of applied loads but may be initiated by
applying initial conditions to the plate. The free vibration deals with natural
characteristics of the plates, and these natural vibrations occur at discrete
frequencies, depending only on the geometry and material of the plates. Then,
there is a forced vibration, which results from an application of time-dependent
loads. Forced vibrations come in two kinds: a harmonic response, when a
periodic force is applied to the plate; and a transient response, when the applied
force is not a periodic force. The dynamic characteristics of the plate have a
considerable effect on the overall structure performance. When the frequency of
the external load matches the natural frequency of the plate, damage or
destruction may occur. With this respect, the natural frequencies of the plates
have been studied extensively for more than a century. Therefore, vibration of
the plate is an important research area that has been studied by many researchers.

For the solution of a free-vibration problem, many well-developed numerical
techniques such as the finite element method (FEM), finite difference method
(FDM) and boundary element method (BEM) can be adopted. This paper is
concerned with the free vibration analysis of thin circular plates by using of the
indirect Trefftz boundary approach [1]. In the indirect formulation, the solutions
of the problems to be solved are approximated by the superposition of the T-
complete functions. Then, the unknown parameters are determined so that the
approximate solutions satisfy the boundary conditions. Although in recent years
various boundary solution methods have been applied to the thick plate bending
problem [2-4], in the present work, we will restrict ourselves to the indirect
Trefftz boundary approach and extend the method to free vibration analysis of
thin circular plate problems.

Basically, the Trefftz method consists in the solution of a partial differential
equation by the superposition of a number of functions, themselves solutions of
the homogeneous governing equation, appropriately scaled by a number of
unknown parameters. These unknowns are then obtained from the approximate
satisfaction of the boundary conditions by means of collocation or in a weighted
residual sense. Trefftz-based formulations have been studied by several authors,
such as Jirousek and co-workers (of which Jirousek and Wrobleski [5] give a
thorough account), Cheung et al. [6], Jin et al. [7], Zielinski and Zienkiewicz [8],
Zielinski and Herrera [9], and Freitas and Ji [10] amongst others. Reviews on the
subject may be found in Zielinski [11], Kita and Kamiya [12] and Jirousek and
Wrobleski [5].

This paper is organized as follows. In section 2, the basic equations based on
the Kirchhoff plate theory is explained in detail. Then, in section 3, the complete
solutions and complete sets are shown. In section 4, the indirect Trefftz method
is explained and in section 5, some numerical examples are shown to illustrate
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the efficiency of the Trefftz method. Finally, in section 6, the conclusions are
drawn, briefly.

2 Fundamental equations of classical plate theory

Consider a circular plate of thin uniform thickness (h) with isotropic material and
radius a. The classical differential equation of motion for the transverse
displacement w of a plate is given by [13]:

62
DV4W+pha—2\::0 (1)

where D =Eh*/12(1-v?) is known as the flexural rigidity of the plate and E is
Young's modulus, h is the plate thickness, v is Poisson's ratio, p is mass density

of the plate material, t is time, and V*=V?.V?, where V? is the Laplacian
operator. When free vibrations are assumed, the motion is expressed as

w;(r,0,t)= W (r,0)cos(o;t) @

where o; is the natural frequency (expressed in radians/unit time) and W(r,0) is
its associated mode shape and a function only of the position coordinates.
Substituting eqn. (2) into eqn. (1) yields

2
(V“ —ph%]-w“)(r,e): 0 3)

It is usually convenient to factor eqn. (3) into

Whence, by the theory of linear differential equations, the complete solution to
eqn. (4) can be obtained by superimposing the solutions to the equations:

VW + kW =0 (5)
VWP kW =0 (6)

where k2 = . ph Thus, the general solution to eqn. (4) in polar coordinates is:
1 1 D g

w =w® 4w (7)

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
=L www.witpress.com, ISSN 1743-355X (on-line)



320 Mesh Reduction Methods

Based on Hooke’s law and Kirchhoff’s assumptions, the bending and twisting
moment—displacement relations are given by [13]:

’w vow v o*w
Mf‘”‘{arz +?E+7W} ®
o*w low 1 d*w
M, =-D- TR AL A 9
0 {V ot ror 1 662} ®
1o(ow w
M, =-D-(l-v)-—| ——— 10
0 ( V)rae(ar r) (10)

Based on Kirchhoff plate theory, the shear forces—displacement relation can be
obtained as:

ol o*w l1ow 1 o°w
=D—| -ttt — 11
R ér{arz ror 1’ aez} (an
1o|do*w 1ow 1 0°w
=—D-— + +— 12
R r&@[&rz ror 592} (12

Based on Kirchhoff plate theory, equivalent change of slopes of the normal and
tangential about the midsurface is given as follow:

ow

o, =T (13)
ow

o Ty (14)

3 Complete solutions and complete sets

Trefftz methods can be considered as the boundary-type solution procedure
employing the regular T-complete functions satisfying the governing equations.
Therefore, the input data generation is much easier than the domain-type solution
procedures such as the finite element and the finite difference methods.
Moreover, the formulations are regular and thus, much simpler than the ordinary
boundary element methods employing the singular fundamental solutions. The
complete solutions and complete sets corresponding to the governing equations
(5) and (6) are used as weighting and/or trial functions. In the case of polar co-
ordinates, the T-complete solution of the homogeneous equation of the
biharmonic eqn. (5) can be found using separation of variables [14]:
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0

W = Z [aan (k;r)+b,Y, (kir)] -Cos(n) + [Can (k;r)+d,Y, (kir)] -Sin(n6)
n=0
(15)

The T-complete solution of the eqn. (6) can be found using separation of
variables [14]:

W =3 [a, I, (k;r)+ b, K, (k;1)] Cos(n6)+ [e, I, (kir) + d, K, (k;r)]- Sin(n)
n=0
(16)

where r is the Euclidean distance from the origin to a domain point, and 0 is the
angle between the x-axis and the radial vector from the origin to the domain
point. The special functions used in the expressions from eqn. (15) are Bessel
functions of the first kind (J, (k;r)) and the second kind (Y, (k;r)). Also, the
special functions used in the expressions from eqn. (16) are modified Bessel
functions of the first kind (I, (k;r)) and the second kind (K, (k;r)). The

coefficients of Bessel functions in equations (15) and (16) determine the mode
shape and are solved for from the boundary conditions.

If the boundary conditions possess symmetry with respect to one or more
diameters of the circle, then the terms involving sin (nf) are not needed. For
solid circular plates, the terms involving Y, (k;r) and K (k;r) in equations (15)

and (16) must be discarded in order to avoid singularity of deflections and
stresses (i.e., avoid infinite values) at the plate centre, r = 0. Then, the T-
complete sets of solutions for interior domain problem (0<r<a) are as
follows:

B, = [ J, (k;r)Cos(n0),J , (k;r)Sin(nb), 1, (k;r)Cos(nb),I, (kir)Sin(nG)] n=0,1,2,...

4 Indirect Trefftz formulation

The indirect formulation, considered as the original formulation presented by
Trefftz in 1926, the solution of the problem is approximated by the superposition
of the functions satisfying the governing equation and then, the unknown
parameters are determined so that the approximate solution satisfies the
boundary condition by means of the collocation, the least square or the Galerkin
method [12]. In this approach, the trial functions are expanded in terms of a
sequence of linearly independent Trefftz functions and a discrete set of unknown
coefficients a. However, the weighting functions may be chosen in different
ways. When the Dirac delta function is used, the method leads to the Trefftz
collocation method (TCM). If the Trefftz function is employed as the weight
function, the method leads to the Trefftz Galerkin method (TGM) [15]. To
illustrate the weighted residual procedure [16], we shall consider the
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determination of a function (u), which may be a quantity within a region Q
bounded, by I', defined by the general equation:

L(u)=0 inQ (17)

w-w=0 o, — b, =0 o, —¢, =0 on I,
w-w=0 o, — b, =0 M,-M,=0 onT,6  (8)
Qn_anzo Mns_Mm:O Mn_Mn:O on l—‘f

These conditions are obtained from natural boundary and T",, I'; and I'; stand

for clamped, simply supported and free boundary conditions for which the
displacement is specified, and the quantities (‘®) stands for specified boundary
values. The operator L may be either differential or integral operator and is also
either linear or nonlinear in nature. If u’ is some approximation to you then
equations (17) and (18) will not be satisfied exactly. Let us assume that errors
involved are:

Lu’) =E,
w(u’)-w=E, . o) -6, =E, . 0,)-9,=E, (19
Mn(uo)_Mn = ES > Mns(uo)_Mns = E6 > Qn(uo)_an = E7

where E;-E; are residual error functions. To determine the approximate solution
of u’ some weighted integral of errors, defined in eqn. (19), is set to zero, so that:

[wilL@®))da+ [wilw® —w)dr+ [wi(e. -8, )dr+ [wilo,” -9, )-ar
¢ " Tos Ton (20)
+ fwilv, M, far+ [wi(m,-M, )-dr+ [wi(Q,~Q,)-dar=o0

TMn T TMns

where wf (i=1-7) are a set of independent weighting functions and in this case,
the operator L is defined as follow:
L) =V*W" + kW 1)
L(u)= VW — kW (22)

Now suppose that the approximate solution of the generalized displacements

Wl(i) and Wz(i) can be expressed by a series as:
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Wl(i) = ZNW,“)aJ (23)

Wz(” _ zngﬂaj (24)

where a; are undetermined coefficients, Nw‘“ and Nw‘“ are the complete sets
1 2

of Trefftz functions. Nw“> and Nw<” are chosen such that they satisfy a priori
1 2

the homogeneous equations in equations (5) and (6), i.e. for any function

Nwl‘” and ng” , we have:

VZNyo +kiNyo =0 (25)

V2N, —kiN i =0 (26)

Wy

Substituting equations (25) and (26) into equations (8)-(14) and transforming the
polar co-ordinate system to the local co-ordinate system (n,s), the variables in
eqn. (20) can be written as:

w' = ZNliai =N,a > ¢So = ZNziai =N,a
0, = ZNBiai =N;a ’ M, = ZN4iai =N,a @7
Mnso = ZNSiai =Nsa ) Qno = ZNsiai =N¢a

where a is undetermined coefficients, N; (i=1-6) is the complete sets of Trefftz
functions. In the Galerkin method, the Trefftz functions are also used as the
weighting functions such that [17, 18]:

w; =N s w, =N, s ws =—N..
l 1 2* 6j 3* 5j ) (28)

w,=-Ny ., ws=Ny; ., wg=N,; , w;=-N;

where functions Ny (i=1-6, j=1,2,3,..) can be obtained by introducing the T-

complete functions into equations (8)-(14). Substituting equations (27) and (28)

into eqn. (20), we obtain the jth equation of the system of linear equations in the

following discrete form:

J.Nﬁi(Nli —W)~dF— J.NSj(NZi —$s)-dF— IN4j(N3i _$n)'dr
fw Tos Ton (29)
+ J.N3J'(N4i _Mn)'dr+ Isz(NSi _Mns)'dr_ _[Nlj(Nsi —Gn)-dF:O

My TMps TQn
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The domain integral term in eqn. (29) can be transformed into a boundary
integral by using Green’s second identity. The matrix equation for the solution
of the problem is

Ka=f (30)
where
K= [NgN,-dl = [NgNy-dl— [NyNy-dl+ [NyNy-dl
Tw Tos Con My (3 1)
+ [NyNg D - NN -dT
TMps TQn
and

f= [Ngw-dl = [Ny, -dl' = [Nyf, -dl+ [NyM, -dr
FW F¢s l"¢n I_Mn (32)
+ [NyM, -dr = [N,Q,-dr

TMps TQ,

The resulting matrix K is full. The unknown generalized parameters a can be
determined from eqn. (30) using Gaussian elimination method with row pivots.
Substituting the determined coefficients a back into series (27), we can obtain
any quantity that we need either inside the domain or on the boundary.

5 Numerical examples

Two simple examples are presented to illustrate the use of the indirect Trefftz
method and the accuracy of the numerical results. The solutions have been
obtained by using the Trefftz Galerkin Method (TGM). The boundary variables
include constant, linear and quadratic interpolations. For simplicity, v=0.3 and
D=1 have been used in the following examples.

5.1 Example 1: clamped circular plate all round

In the present example, a clamped circular plate is considered and frequency
parameters are obtained. Owing to the presence of a smooth boundary,
continuous elements have been adopted. Values of frequency parameter

(3% = wa? /@) found using indirect Trefftz method are tabulated in Table 1,
D
where n and s refer to the number of radial and circumferential nodes,

respectively. Inspection of table 1 shows that, the frequency parameters obtained
using this method is in good agreement. Table 1 shows the convergence of the
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Table 1: Frequency parameter ()2 = a2 /@ ) for clamped circular plate (v=0.3).
D
)\? for value of n

n

)\ 0 1 2 3 4 5 6 7 8 9 10 11 12

0 10.2208 | 21.2613 34.8808 | 51.0367 69.6724 90.7446 | 114.2333 | 140.0672 | 168.2468 | 198.7818 | 231.5875 | 266.7015 | 304.0838
(10.215) | (21.26) | (34.88) | (51.04) | (69.6659) | (90.7390) | (114.2126) | (140.0561) | (168.2445) | (198.7561) | (231.5732) | (266.6790) |(304.0601)

1 39.7782 | 60.8400 84.5848 | 111.0283 | 140.1145 | 171.8196 | 206.0947 | 242.8922 | 282.2064 | 324.0360 | 368.2944 415.0183 | 464.1439
(39.771) | (60.82) (84.58) (111.01) | (140.1079) | (171.8029) | (206.0706) | (242.8782) | (282.1977) | (324.0036) | (368.2734) : :
89.1136 | 199.0638 | 153.8344 | 190.3296 | 229.5225 | 271.4585 | 316.0217 | 363.2454

2 (89.104) | (120.08) | (153.81) | (190.30) |(229.5186) | (271.4283) | (316.0015) | (363.2097) | 413-0649 | 465.4374 | 520.3873 | 577.9216 | 637.9160
158.2061 | 120.0996 | 242.7364 | 289.2040 | 338.4128 | 390.4180

3 (158.183) | (199.06) | (242.71) | (289.17) | (338.4113) | (390.3896) 445.1256 | 502.5218 | 562.5909 | 625.3000 | 690.6384 | 758.5617 | 829.0944
247.0241 | 297.7695 | 351.3375 | 407.7572

4 (247.005)| (297.77) | (351.38) | (407.72) 466.9488 | 528.9080 | 593.6532 | 661.1583 | 731.3238 | 804.2328 | 879.7749 | 957.9644 |1038.8373
355.5864 | 416.2416 | 479.6976 | 546.0166

5 (355.568) | (416.20) | (479.65) | (545.97) 615.1392 | 687.0689 | 761.8152 | 839.3188 | 919.5449 | 1002.4822 | 1088.2081 | 1176.5586 | 1267.6448
483.9120 | 554.4141 | 627.7530 | 704.0001

6 (483.872) | (554.37) | (627.75) | (703.95) 783.0482 | 864.8892 | 949.5642 | 1037.033 | 1127.2806 | 1220.3144 | 1316.0932 | 1414.5121 | 1515.7006
631.9190 | 712.3027 | 795.5784 | 881.6742

7 (631.914) | (712.30) | (795.52) | (881.67) 970.6340 | 1062.4340 | 1157.0202 | 1254.5055 | 1354.6816 | 1457.7124 | 1563.4906 | 1671.9921 | 1783.2039
799.7018 | 890.0078 | 983.1360 | 1079.1225

8 (799.702) | (889.95) | (983.07) | (1079.0) 1177.9996 | 1279.7075 | 1384.2120 | 1491.5816 | 1601.7604 | 1714.7052 | 1830.4706 | 1949.0459 |2070.2500
987.2792 | 1087.3506 | 1190.3880 | 1296.2880

9 (987.216)| (1087.4) | (1190.4) | (1296.2) 1405.0502 | 1516.6351 | 1631.1097 | 1748.4105 | 1868.4870 | 1991.3906 | 2117.1041 | 2245.6225 | 2376.9525

(...) are taken from [19].
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Table 2: Frequency parameter ()2 = @a? \/% ) for simply supported circular plate (v=0.3).
\” for value of n
)\ 0 1 2 3 4 5 6 7 8 9 10 11 12
0 4.9372 13.9054 | 25.6137 | 39.9676 56.8516 76.2129 98.0100 | 122.1909 | 148.7424 | 177.6355 | 208.8314 242.3314 | 278.1223
@977 | 13.94) | (25.65) | (39.95) | (56.84) | (7620) | (97.99) | (122.17) | (148.72) | (177.61) | (208.81)
U] Goney | asty | (oidy | ous | a2 | Gsisn | dsssh | (01895 | @seds) | Goasy | 3122 | 3840816 | s1sirs
2 | i e e s [ausses |2z [aswims | 7o [0t | et | wsave | ssost | s
s || oawe [amsan [acssom [ommato [ oosst [ arnasns 4000 | s sm | svonns | soain | it | s
4 2(;;22;:1? 2(;%52? 3(5'1?;‘3‘? i;gﬁgif ‘3;;’_32; ‘2;’29;’13? ?gg;gg; 621.0562 | 689.2725 | 760.1600 | 833.8233 | 910.1082 | 989.0396
5 :2358173:)7 32234032)6 ‘::iszii)z 5((5)39222: 576.2400 | 646.0238 | 718.6152 | 794.0560 | 872.2571 | 953.2038 | 1036.9044 | 1123.3222 |1212.4324
6 422292?2;;] 5(1571'3?35)0 588.3535 | 662.2902 | 739.1329 | 818.8182 | 901.3204 | 986.7137 | 1074.9217 | 1165.8810 | 1259.5401 | 1356.0069 |1717.5222
7 1592.3382 | 670.2921 | 751.1984 | 835.0366 | 921.7296 | 1011.3036 | 1103.7677 | 1199.0291 | 1297.1522 | 1398.0868 | 1501.7950 | 1608.3308 | 1455.2699
8 | 755.2053 | 843.0312 | 933.7913 |1027.4589 | 1124.0597 | 1223.5304 | 1325.9065 | 1431.1089 | 1539.1498 | 1649.9844 | 1763.6640 | 1880.1763 (1999.4312
9 |937.8293 | 1035.4880 | 1136.1618 | 1239.6736 | 1346.1561 | 1455.4988 | 1567.7640 | 1682.8865 | 1800.8140 | 1921.5948 | 2045.2101 | 2171.6532 |2300.8330

(...) are taken from [19].
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natural frequencies with the number of out-of-plane shape functions. The values
are compared with the ones published by Leissa [19]. For the fundamental
frequency, this method gives acceptable results with a maximum discrepancy of
0.03% clamped boundary conditions.

5.2 Example 2: simply supported circular plate all round

A simply supported circular plate with uniform thicknesses is taken as an
example. The corresponding discretisation and the number of elements can be
similarly adopted as example 1. Values of frequency parameter found using
indirect Trefftz method are tabulated in table 2. For the fundamental frequency,
this method gives acceptable results with a maximum discrepancy of 0.01%
simply supported boundary conditions. It can be seen that, by comparison with
the Leissa’s results [19], the present method is able to give satisfactory results.

6 Conclusions

The purpose of the present paper is free vibration analysis of thin circular plates
by indirect Trefftz method. In thin plate vibration problems, we will deal with
the governing equation with the homogeneous boundary conditions. The Trefftz
methods can be classified into the indirect and direct formulations. Most of the
researchers have been studying the indirect formulations. In this article, indirect
formulation has been applied to thin plate vibration problems. The main
conclusions of this paper can be summarized as follows:
1. The indirect Trefftz formulation is very similar to the direct boundary
element formulation.
2. The computational accuracy of the indirect Trefftz method is strongly
dependent on the condition numbers of the coefficient matrices.
3. Although the examples are relatively simple, we may say that numerical
solutions prove that the present method is not only effective but also
provides accurate numerical results.
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Meshless, BE, FE and FD methods analysis of
the flow and concentration in a water reservoir
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Abstract

In an earlier study, three methods, the meshless, the boundary element (BEM),
and the weighted finite difference (WFDM) were developed to obtain
numerically stable and convergent results for the concentration distribution and
flow around a DO-supplying machine in a water reservoir. The poor-oxygen
layer, which is short of or lacks dissolved oxygen (DO), sometimes causes
pollution in the water in a reservoir. An attempt was made to ameliorate the
concentration of oxygen in the lower layer of the reservoir by using a machine
that supplies DO. Field studies in a few water reservoirs led to reports of a
phenomenon in which the distance reached by the DO-rich water was more than
300 metres in spite of the very low velocity of the water flow. To numerically
represent the phenomenon described above, we would like to investigate the
numerical solutions of the meshless method, the BEM, the finite element method
(FEM), and the finite difference method (FDM) and compare them with the
observed results. With reference to the velocity vectors of the water flow
calculated by the FDM, the BEM, and the FEM and observed in our model
simulation described above, the effect and accuracy of the alternative meshless
method were estimated.

Keywords: meshless method, boundary element method, finite element method,
finite difference method, and flow and concentration in water reservoirs.

1 Introduction

By using a machine that supplies DO (dissolved oxygen), we successfully
ameliorated the concentration of oxygen in the lower layer of water areas, such
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as a water reservoir or the sea (Sakamoto et al. [1]). Our DO-supplying machine
dissolved the high concentration of oxygen (about 100 mg per litre: [mg/L]) in
the water of the tank of the machine at a depth of about 50 metres. The DO-rich
water flowed out to the lower layer of the water area in a horizontal direction.
The observed velocity of the water flow was considerably small (almost
0.1 m/sec [metre per second]); however, the distance reached by the DO-rich
water was observed to be more than 300 metres in the B reservoir. To obtain
evidence to explain the phenomena, the model simulation of a water reservoir
was investigated and newly reconstructed in our laboratory so that the observed
results of the model simulation could represent the phenomena described above;
in this way, we obtained some observed velocity vectors and the distributions of
the DO concentration in the model. The analogy between the differences of the
water temperature and the DO concentration was adopted and expected to
reproduce the horizontal direction of the water flow and the convective diffusion
of the DO of the water reservoir into our model simulation. The meshless
method, the BEM, the FEM, the FDM, and the WFDM were newly investigated
and applied to numerically simulate the phenomena. They were then compared
with the observed data obtained in the model simulation.

2 Governing equations

Three equations, i.e., continuous, Navier-Stokes (N-S), and convective -diffusion
equations, govern the flow and diffusion in a water reservoir. In the vertical (x;,
X,) plane, as illustrated in fig. 1, these equations are shown as follows:

u191+u232:0 (1)
Uptup-up,+uy -ug,=v(up,ptug, ) =-Py /p (21
Up +Up U, +Uy - Up,—V(Ug, 1 +Ug,00 ) =—Pyo/p+g (22)

C+u1-C,1+u'2~C,2—D1~C,11—D2-C,22:0 (3)
p=po+ CJ10™(1- ppo /po) )

where u; and u, describe the velocities of the x; and x, directions, respectively, P
is the pressure, g is the gravity acceleration, v is the kinematic viscosity, C is the
concentration of dissolved oxygen (DO), and D, and D, are the diffusion
coefficients of the x; and x, directions, respectively. Here, C,; and C,, describe
the derivatives of C differentiated with respect to x; and x,, respectively, C,;; and
C,y are the derivatives of C differentiated twice with respect to x; and X, ,
respectively. The density p is connected to the DO concentration C, as written in
Equation (4), where po and ppo describe the densities of the pure water and the
dissolved oxygen, respectively. The velocity u), which is shown in the above
Equation (3), is defined as written in Equation (5):
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u,= U + (1= ppo /po )pgt = u, + agt (5y)
t+At Us = U+ agAt  in the finite difference expression (52)

where ., ,,u5 and w, are the velocities at time (t+At) and time (t) in the vertical

direction, respectively. The second term (ogAt) of the right-hand side of
Equation (5) means that the DO concentration increases the velocity of the
vertical direction, and o describes the density of the liquid that dissolves DO.
Here, the velocity increase is caused by the liquid density p, the gravity
acceleration g, and the time increment At. We expect that the velocity increase in
the convective diffusion can be a device or evidence to explain the phenomenon
in which the distance reached by the DO-rich water was more than 300 metres in
spite of the very low velocity of the water flow.

3 Application of the meshless method

We applied the meshless method to a flow analysis in the steady state and a
concentration analysis in the unsteady state in a water reservoir, as shown in
fig. 1. The penalty method was used so that the pressure terms would be
eliminated in the N-S equations and the difficulty of the pressure boundary
conditions would be avoided in the meshless method (Sakamoto et al. [1]).

Xz
DO-supplying I'.I
X, machine Dam -
U -' dike .
| Bottom ".
X1, W '
Figure 1: Analytical domain and concept of a DO-supplying machine in a

water reservoir.
3.1 Meshless method for flow and concentration analyses
3.1.1 Simultaneous equations for the meshless method of flow analysis

Using u; and u, at time (t-At) and adopting the penalty method, the following
expression is obtained (Kanoh et al. [2]):

Uy U U, = Ay ) = V(U Uy, +20,,) =0 (©61)
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Uty +U,0U,, = 7\’(u1,I2 + uz,zz) - V(uz,n TUt 2u2,22) =0 (62)

where uy ), is the derivative of u,; differentiated with respect to x,. The unknown
values u; and u, are expressed as Equation (7) using the global expansion
function Xj (= (r*+c*) ") of the mesh-free RBF collocation method (Divo et
al. [3]),

U Uy U, Uy =AU U ) = V(U 1y +2U, ) =0 (71, (72)

where r equals {(X—xj)-ﬁ-(y—yj)}”2 and c is the constant. Solving the simultaneous
Equation (8), the unknowns (o and B;) can be obtained.

oxX; X ’x; X 9°x; 27X
{[u1]+u ijj—(\wk) Lov———Dte - (vea)— Bj=0""(81)

6x12 6x12 6X22 6X16X2

o°X; oX; X ’x;  o’X; 0%x;
—(vr) Loy u, L - ()L v+ —)
- = 2 2 2

2 6X2 6X1 6X2

}B' (8
]

Substituting the obtained values of o and ; into Equation (7), the values of u;
andu, in the steady state can be calculated using the meshless method.

3.1.2 Meshless method formulation for concentration analysis

Here, we deal with the concentration analysis in the unsteady state in the area
surrounding the DO-supplying machine. First, the concentration in the steady
state is expressed as Equation (9) with Equation (10) (Kanoh et al. [2]).

C=v;Xj = Bj/(r*+c")" )

5% . 255 p 2°X; b azxj) o
u—+u,— |- +Dy)—=)ryi=
Uox T oxy) Vax? | Cong? |1 (10)

Secondly, the transient convective-diffusion equation is rewritten as follows:

C,+L(C)=0 (11

where C,; is the time derivative of C and L(C) has the terms of convection and
diffusion in the steady state. Thirdly, applying the finite difference scheme,
Equation (11) yields

(CHA_ Oty A+ LAY + LHC)1 /2 = 0 (12)
CHALL LAY (). At/ 2= CY = LY(C)- At/ 2 (13)

where C"™" and C' are the concentrations at time (t+At) and time (t), respectively,
and L' and L' are the terms of convection and diffusion at time (t+At) and
time(t), respectively. Finally, using Equations (9), (10), and (13), the meshless
method can analyse the DO concentration in the unsteady state.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
=L www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 335

3.2 Boundary conditions and boundary discretisation

Both the boundary conditions and the boundary discretisation for the flow and
concentration analyses have been previously proposed for the meshless method,
the BEM, the FEM, the FDM, and the WFDM (Sakamoto et al. [1], Kanoh et
al. [2]).

4 Reconstructed model simulation

We reconstructed a simulation model in our laboratory and obtained some
observed velocity vectors and the distributions of the DO concentration in the
model. In reference to the observed results, we tried to obtain some evidence to
explain the phenomena that the distance reached by the DO-rich water was more
than 300 metres in a reservoir in spite of the small velocity of the water flowing
out. For this purpose, it was necessary to reproduce, in our model simulation, the
density flow and convective diffusion of the DO concentration in the lower layer
of a water reservoir at a depth of about 50 metres.

4.1 Objective of the reconstruction and simulation technique

There were two objectives in our reconstructed model and simulation technique.
First, an outlet was set on the lower part of the left side wall of the model so that
we could reproduce the horizontal direction of water flow of the lower layer of
the water reservoir. Secondly, the density difference between 10 mg/L and 100
mg/L in the DO concentration was changed to the density difference of the water
temperature, since it was very difficult to make up the high concentration of DO
of 100 mg/L in our model simulation at a depth of about 0.8 metres. Referring to
Table 1, the density difference between 10 mg/L and 100 mg/L in DO was equal
to the difference of the water temperature between 15 degrees centigrade
(15.00°C) and 14.55 degrees centigrade (14.55°C). We iced the water that
flowed out of the tank of the model and could easily control the difference of the
water temperature between 15.00°C and 14.55°C. The analogy between the

Table 1: Density difference between 100 mg/L and 30 mg/L in DO and that
of the water temperature among 15.00, 14.87, and 14.55 (°C).

Place B water reservoir Our model
waterdepth:50m simulation
Value ( b ) (water depth:0.8m)
Maximum DO value (mg/L) 100 30
Water head (Kg/cm?) 5.0 0.08
Value of p 0.999127+0.0001 | 0.999127+0.00003
(using Equation (4): at 15°C)
Water temperature that corresponds 14.55 14.87
to the above value of p (°C) (=15.0-0.45) (=15.0-0.13)
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differences of the water temperature and the DO concentration was adopted and
expected to reproduce the horizontal direction of water flow and the convective
diffusion of the DO of the water reservoir into our model simulation.

Here, 5 Kg/cm® (kilogram per square centimetre) corresponds to 0.5 MPa
(megapascal) in the international system of units (SI).

5 Results and discussion

As described above, we reconstructed a new simulation model in our laboratory
and were able to observe some velocity vectors and obtain the distributions of
the DO concentration in the model. In reference to the observed results, we tried
to obtain some evidence to explain the phenomena that the distance reached by
the DO-rich water was more than 300 metres in a reservoir in spite of the small
velocity of the water flowing out. The numerical results of the meshless method,
the BEM, the FEM, and the WFDM are also discussed in this section in order to
obtain some evidence to explain the phenomena.

5.1 Observed values in a model around a DO-supplying machine

5.1.1 Flow velocity in a model

Fig. 2 is an illustration of the velocity vectors caused by a DO-supplying
machine in a reservoir model visualised using aluminium flakes, a strobe light,
and a digital VTR. In the area neighbouring the outflow point, the velocity
vectors in the horizontal direction were distinguished, and the values of the
velocities were larger than those in other areas. In other areas, which were
toward the centre or more than 0.9 metres from the outflow point, the velocity
values became less than 1cm/sec.

rd

- =
s NRuAE=5ap7 in
H +- 1 iy |
4 P [ ]
"y L+ W, g
N 1 i
| N
—

Figure 2: Observed velocity vectors around a DO-supplying machine (DO:
30mg/L).

5.1.2 Concentration distribution of DO in a model
Fig. 3 is an illustration of the concentration distribution caused by a DO-
supplying machine in a reservoir model visualised using a pigment (methylene

‘m WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
= www.witpress.com, ISSN 1743-355X (on-line)



Mesh Reduction Methods 337

blue) and a VTR. The speed of diffusion of the DO-rich water (DO: 100mg/L)
was obviously quicker than that in DO-poor water (DO: 10mg/L; the figure was
omitted in this paper), and the observed direction of the diffusion was mainly
down or horizontal.
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Figure 3: Observed areas of diffusion of pigment (DO: 100mg/L).
5.2 Flow analysis in the model of a water reservoir

5.2.1 Meshless method calculation of the flow in the model

Fig. 4 is an illustration of the velocity vectors in the model of a water reservoir
calculated by the meshless method, in which the number of the points in the
meshless method is 3,201 and the three values of A, C, and v are 1,000.0, 1.0,
and 0.001, respectively. The stability and convergence of the flow analysis
around the machine to supply DO using the meshless method seemed
satisfactory.

5.2.2 FEM, BEM, and FDM calculation of the flow in the reservoir model
Fig. 5 is an illustration of the velocity vectors in the reservoir model calculated
by the FEM, in which the number of elements in the FEM is 3,072 and the two
values of A and v are 1,000.0 and 0.001, respectively. The penalty method was
introduced, as in the meshless method. The stability and convergence of the flow
analysis using the FEM seemed satisfactory. The stability and convergence of
the flow analysis using both the BEM and the FDM also seemed satisfactory (the
figures to illustrate those velocity vectors have been omitted). These three
methods could yield qualitatively similar solutions to the true results of several
flow problems that were observed in simulation models constructed in our
laboratory.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
= www.witpress.com, ISSN 1743-355X (on-line)



338 Mesh Reduction Methods

N e
;' 7 il zaf_;‘m:r
411 2 o
FEE RLRDAY
11
42
;
1
11 ; Wil
) -
4 2 L
J3cceerrree: i
4 ") LI
~ v s
ety z
W
e z
e
Figure 4: Velocity vectors using the meshless method (number of the points:
3,201).
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Figure 5: Velocity vectors using the FEM (number of the points: 3,201).
5.3 DO concentration analysis in the model of a water reservoir

5.3.1 Time required by the four numerical methods for the DO analysis

Table 2 shows the time required by the four numerical methods for analysing the
DO concentration in the model. When the number of the divisions of the
analytical domain was 3,201, the FDM, the BEM, and the meshless method
needed almost 7, 10, and 6 times the time required for the FEM, respectively.
For the purposes of saving time, the FEM was the best; the meshless method was
second best; the FDM was the third best; and the BEM was the poorest
performer. On the other hand, for the purpose of saving the time and labour
required for preparing the input data, the meshless method was the best, the
FDM was second best, the FEM was the third best, and the BEM was the worst.

5.3.2 FEM calculation of the concentration distribution

Figs. 6(a) and (b) are illustrations of the concentration distribution calculated
using the FE method, in which the number of divisions in the FEM is 3,201 and
the two values of A and vare 1,000.0 and 0.001, respectively. Comparing
fig. 6(a) (not adopting the term: agAt) with fig. 6(b) (adopting the term: ogAt),
it was noted that the term (agAt) of the velocity increase brought the areas of the
DO distribution down in the FEM analysis.
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Table 2: The time required by the four methods for analysing the unsteady
convective diffusion of DO for 60 seconds in a model of a water
IeServoir.
lati tati 1ti ;
<Zve compuiationatiime | Number of divisions: T1me
increment:
Numerical method 3,201 At (sec)
FEM 1.00 0.1
FDM 7.00 1.0
BEM 10.1 1.0
Meshless method 6.03 20

(b)

Figure 6: (a) DO-concentration distribution calculated using the FEM
without the term (agAt) [t=420sec]. (b) DO-concentration
distribution calculated using the FEM with the term (agAt)
[t=420sec].

5.3.3 Meshless calculation of the concentration distribution
Fig. 7 is an illustration of the concentration distribution calculated using the
meshless method, in which the term of the velocity increase (agAt) is adopted,
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the number of divisions in the meshless method is 3,201, and the value of v is
0.001 (the figures to illustrate the concentration distribution calculated without
the term (agAt) have been omitted). Referring to figs. 6 and 7, the solutions of
the meshless method showed the same tendency as those of the FEM in this
problem. We considered that the convergence and accuracy of the FE, the FD,
the BE, and the meshless methods for this problem were satisfactory (the figures
to illustrate the concentration distribution calculated using the FD and the BE
methods have been omitted).

Figure 7:  DO-concentration distribution using the meshless method with the
term (agAt) [t=420sec].

t= lsec t = 10sec t = 60sec

Figure 8: DO-concentration distribution using the WFDM with the term
(ogAt).

5.3.4 WFDM calculation of the concentration distribution
Fig. 8 is an illustration of the concentration distribution calculated using the
WEFDM, in which the term of the velocity increase (agAt) is adopted, the number
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of divisions in the WFDM is 25,600, and the value of v is 0.001 (the figures to
illustrate the concentration distribution calculated without the term (agAt) have
been omitted). We considered that the convergence and accuracy of the WFDM
for this problem were satisfactory. It seemed that the term (agAt) of the velocity
increase could make the areas of the diffusion wider in the vertical and flowing-
out directions and the speed of the convective diffusion higher than in the
analyses of the WFDM when this velocity increase was not applied.

6 Conclusion

In summary, (1) the meshless method, the BEM, the FEM, the FDM, and the
WFDM were newly investigated and applied to the analysis of the flow and
convective diffusion in a water reservoir; (2) the stability and convergence of the
five kinds of analysis using these methods described above seemed satisfactory;
(3) in this paper, it was proposed that the DO concentration increased the
velocity of the vertical direction, where the velocity increase was caused by the
water density p, the gravity acceleration g, and the time increment At; (4) the
velocity increase could make the areas of the diffusion wider in the vertical and
outflow directions and make the speed of the convective diffusion be higher than
in the analyses of these methods when this velocity increase was not applied; (5)
the analogy between the differences of the water temperature and the DO
concentration was adopted and expected to reproduce the horizontal direction of
the water flow and the convective diffusion of the DO of the water reservoir into
our model simulation; (6) it seemed that the wide areas of diffusion and quick
speed of convective diffusion could explain the phenomena in which the distance
reached by the DO-rich water was more than 300 metres in spite of the very low
velocity of the water flow.
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Natural convection around a 3D hotstrip
simulated by BEM

J. Ravnik & L. Skerget

University of Maribor, Faculty of Mechanical Engineering, Slovenia

Abstract

A 3D viscous flow solver was developed using a single domain and subdomain
boundary element method. The solver was accelerated using wavelet compression
and the fast multipole method.

In this paper we present results of a natural convection simulation around a
hotstrip. The hotstrip is located in a cavity filled with air, its height is one half
of the cavities height. The flow generated by the hotstrip source is analysed in
terms of flow structures and heat transfer. The position of the hotstrip is varied, its
influence of the flow and heat transfer is also analysed. The problem was simulated
for air (Pr = 0.71) and for Rayleigh number values up to Ra = 3.15 - 10°. The
results were compared with PIV measurements done by Corvaro and Paroncini.

The results show, that the hotstrip generates two large cylindrical vortical struc-
tures, one on each side as well as two small vortices on top of the hotstrip. The
size of the vortices is related to the position of the hotstrip within the cavity. Heat
transfer analyses show that the heat flux is largest on the sides of the hotstrip, while
through the top heat losses are small.

Keywords: boundary element method, adaptive cross approximation, wavelet trans-
form, hotstrip.

1 Introduction

Usage of the Boundary Element Method for simulation of fluid flow and heat trans-
fer problems is, due to the nonlinearity and non-homogeneity of the governing
equations, very challenging. Recently, we developed a 3D BEM based numeri-
cal method capable of simulation laminar viscous flow and heat transfer using a
combination of single-domain BEM, subdomain BEM, wavelet transform and fast
multipole method (Ravnik et al. [2-5]). The method solves the velocity vorticity
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formulation of Navier-Stokes equations and was validated using benchmark prob-
lems such as 3D channel flow, lid driven cavity flow and natural convection in a
cavity.

The governing equations of the velocity vorticity formulation of Navier-Stokes
equations are the kinematics equation, the vorticity transport equation and the
energy transport equation. The unknown fields are the velocity field, the vortic-
ity field and the temperature field. The boundary conditions for the velocity and
temperature fields are prescribed by the user and can be of Dirichlet or Neumann
type. The developed algorithm calculates boundary values of vorticity using fast
multipole accelerated single domain BEM on the kinematics equation. These val-
ues serve as Dirichlet type boundary conditions for the vorticity transport equation.
The transport equations are solved by sub-domain BEM. The equations are solved
repeatedly in a under-relaxed nonlinear loop until convergence is achieved.

In this paper, we present results of a simulation of natural convection. Study
of natural convection phenomena is important because it is used in many engi-
neering applications, such as cooling of electronic circuits and conditioning of air.
Furthermore, natural convection does not depend on any electronic or mechanical
equipment and is thus very cheap. For these reasons, natural convection a subject
of constant investigation by both numerical and experimental techniques (Oztop
and Bilgen [6], Aydin and Yang [7]).

The source of natural convection, simulated in this paper, is a hotstrip located
in a cavity filled with air. Its height is one half of the cavities height. The flow
generated by the hotstrip source is analysed in terms of flow structures and heat
transfer. Influence of the position of the hotstrip on flow and heat transfer is also
analysed. The problem was simulated for air (Pr = 0.71) and for Rayleigh number
values up to Ra = 3.15 - 10°. The results were compared with PIV measurements
done by Corvaro and Paroncini [1, 8].

2 Problem description

In this work we will consider air as the working fluid, for which density pg, vis-

cosity vy and diffusivity oy will be considered constant. The Prandtl number will

be set to Pr = vp/ap = 0.71. We chose the characteristic length scale to be the

width of the enclosure H. The Rayleigh Ra number, which is the only parameter
in the non-dimensional governing equations, is defined as:

3

o — py ST AT 0

)

where T is temperature, AT is the temperature difference between the hot and
cold walls, go = 9.81m/ s2, and fr is the thermal volume expansion coefficient.
The gravity force works in the negative z direction. The cavity, hotstrip and the
boundary conditions are shown in Figure 1.

Corvaro and Paroncini [1] preformed a 2D PIV experiment on a hotstrip prob-
lem. The width and height of their enclosure were H = 0.05 m. The depth of the
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adiabatic wall
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cooled wall

2
heated wall
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Figure 1: Geometry of the hotstrip problem and boundary conditions. Two dis-
tances of the hotstrip from the left (x = 0) wall were considered;
d = 0.4H (central position) and d = 0.5H and d = 0.6H. The width
of the hotstrip is 0.2H in all cases. The hotstrip is heated to 7' = 40.5,
while the walls as x = 0 and x = H are cooled to 7' = —0.5. All other
walls are adiabatic, i.e. there is no temperature flux through them.

enclosure was 0.42 m, with which they achieved a 2D flow field. They measured
the flow field in the central plane of the enclosure for Rayleigh number values
between Ra = 6.39 x 10* and Ra = 3.16 x 10°. We chose the minimum and
maximum Ra of their experiments to compare their measurements to our simula-
tions.

3 Simulation results

Since the experiment was done with a 2D technique measuring the flow field in
the central plane of the cavity, we decided to examine the difference between the
2D and 3D cases. Thus simulations in 2D were preformed too. The 3D code was
used to make 2D simulations by setting the appropriate boundary conditions and
making the mesh only one element deep.

The mesh used in the 3D simulation had 20 x 16 x 6 quadratic 27-node elements
with 16133 nodes, which resulted in a nonlinear system of equations with 273539
degrees of freedom. The 2D mesh had 30 x 30 x 1 quadratic 27-node elements
with 10173 nodes, which resulted in a nonlinear system of equations with 93732
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Figure 2: Presentation of the 2D 30 x 30 x 1 element meshes (left) and 3D 20 x
16 x 6 element meshes (right) for two positions of the hotstrip.
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Figure 3: 3D simulation of natural convection around a hotstrip located in the
central position (d = 0.4H). Velocity vectors (top row) and tempera-
ture contours (bottom row) are shown on a central plane at y = 0.5H.
Ra = 10? (left), Ra = 6.39 - 10* (middle), Ra = 3.16 - 10° (right).

degrees of freedom. The meshes are shown in Figure 2.

3.1 Hotstrip located in the centre of the cavity

Figure 3 shows the velocity vectors and temperature contours of the 3D simulation,
where the hotstrip was located in the centre of the cavity (d = 0.4H), in the y =
0.5H plane for Ra = 103, Ra = 6.39-10% and Ra = 3.16-10°. The hotstrip heats
the surrounding air inducing two main vortices - one on each side of the hotstrip.
At the top of the hotstrip, two smaller vortices are located. They keep the hot air
close to the top of the hotstrip, making heat transfer from the top of the hotstrip
small compared to the heat transfer from the sides of the hotstrip. Hot air from
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Table 1: Heat transfer presented in terms of the Nu number value for hotstrip in
the central position d = 0.4H. 2D and 3D results are presented for a range
of Rayleigh number values.

Ra r=H z=0 r=04H z=05H x=06H
2D
103 —1.8980 —1.8980 1.5000 0.7766 1.5000
10* —2.1506 —2.1506 1.8592 0.5665 1.8592
6.39 x 10* —3.8125 —3.8125 3.5326 0.5575 3.5326
10° —4.3368 —4.3368 4.0399 0.5958 4.0399
3.16 x 10> —5.7959 —5.7959 5.4640 0.6675 5.4640
3D
103 —1.8958 —1.8958 1.5029 0.7782 1.5029
104 —-2.1276 —2.1276 1.8377 0.5729 1.8377
6.39 x 10* —3.6164 —3.6164 3.3752 0.4846 3.3752
10° —4.1205 —4.1205 3.8558 0.5320 3.8558

3.16 x 10> —5.6071 —5.6071  5.2333 0.7473 5.2333

the sides of the hotstrip is transported upwards by convection making the thermal
boundary layer thin and thus resulting in high heat transfer. At Ra = 10° the centre
of the main vortices is above the hotstrip. As the Rayleigh number increases, the
centre of the main vortices moves downward. At Ra = 3.16 - 10° it is located by
the side of the vertical hotstrip walls.

Table 1 presents Nusselt number values, as a non-dimensional measure of heat
transfer, for all walls within the cavity as a function of the Rayleigh number. Heat
losses through the cold walls located in planes * = H and & = 0 are represented
with negative values. Heat flux emitted by the side walls of the hotstrip located in
planes z = 0.4H and x = 0.6H is shown along with the heat flux through the
top hotstrip wall located as z = 0.5H. When the hotstrip is located in the centre
of the cavity the resulting temperature and flow fields for the Rayleigh number
values considered is steady and symmetrical across the x = 0.5H plane. Thus
heat transfer through both cold walls of the cavity takes equal values, as well as
heat flux coming through both side wall of the hotstrip. The appearance of the
small vortices at the top of the hotstrip makes heat flux through the top of the
hotstrip small. The ratio between heat flux through the side and through the top
of the hotstrip increases with increasing Rayleigh number and reaches a value of
approximately 10 for the highest Rayleigh number considered.
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3.2 Hotstrip located off-centre

Next we examine the flow field and heat transfer in the case where the hotstrip is
positioned in an off-central position at d = 0.5H (see Figure 1 for sketch). Off-
central position of the heat source brings non-symmetry into the problem. Velocity
vectors and temperature contours for this case are shown in Figure 4. Due to the
non-symmetry the main vortices now have different sizes.

The left vortex is larger, while the right vortex is squeezed in the narrow region
between the hotstrip and the cold wall. In contrast to the symmetrical d = 0.4H
case, we observe that the centres of the main vortices are not located by the side of
the hotstrip at high Rayleigh numbers, but they remain above the hotstrip. Small
vortices above the top of the hotstrip may be found in this case as well. They limit
the heat flux from the top of the hotstrip.

Table 2 presents heat fluxes through the cold and hot wall in the cavity. Due to
non-symmetry of the problem, the heat fluxes are also non-symmetrical. Since the
hotstrip is located closer to the right (x = H) wall the temperature gradients are
larger at this wall. Thus more heat is dissipated through the right (z = H) wall
than through the left (z = 0) wall. This fact is true for the low Rayleigh number
values Ra < 10*. At Ra ~ x10° the heat losses through both cold walls are
approximately equal. The difference in heat losses through the left and right cold
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Figure 4: 3D simulation of natural convection around a hotstrip located in the off-
central position (d = 0.5H). Velocity vectors (top row) and temperature
contours (bottom row) are shown on a central plane at y = 0.5H. Ra =
103 (left), Ra = 6.39 - 10* (middle), Ra = 3.16 - 10° (right).
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Table 2: Heat transfer presented in terms of the Nu number value for hotstrip in
the off-central position d = 0.5H. 2D and 3D results are presented for a
range of Rayleigh number values.

Ra r=H r=0 x=05H z2z=05H zz=07H
2D
103 —2.4724 —1.5276 1.2793 0.8053 1.8948
10* —2.6334 —2.0065 1.8784 0.6682 2.0746
6.39 x 10* —3.6594 —3.8080  3.4966 0.6607 3.3074
10° —4.1692 —4.3359 3.9408 0.6606 3.9069
3.16 x 10° —5.6877 —5.8030 5.2297 0.6980 5.5734
3D
103 —2.4685 —1.5239 1.2840 0.8004 1.9020
104 —2.6214 —1.9422 1.8311 0.6515 2.0757
6.39 x 10* —3.6356 —3.6338 3.4109 0.6285 3.2355
10° —4.1423 —4.1362  3.8613 0.6176 3.8065

3.16 x 105 —5.7560 —5.6026  5.1694 0.7171 5.4808

walls is more prominent at low Rayleigh number values and at high Ra. The reason
for this phenomena can be explained by looking at the flow field in Figure 4. At
high Ra values, the right main vortex moves over the top of the hotstrip, while at
low Ra it remains in the narrow space between the hotstrip and the wall. When the
main vortex is between the side of the hotstrip and the cold wall, it results in high
temperature gradients along the walls and thus causes high heat flux. This does not
happen in the case of high Ra value.

3.3 Small vortices on top of the hotstrip

A unique feature of the considered problem is the existence of the small vortices
on top of the hotstrip. These vortices keep the hot air above the hotstrip limiting the
heat transfer. A detail of flow streamlines above the hotstrip is shown in Figure 5.
Since the flow fields are steady and symmetrical when the hotstrip is located in the
centre of the cavity we observe the existence of two symmetrical vortices on top
of the hotstrip. The size of the vortices is very small at Ra = 10 and grows with
increasing Rayleigh number. This symmetry is lost in the case, when the hotstrip is
located off-centre. We observe that for lower Rayleigh values the right vortex, i.e.
the vortex on the side which is closest to the cold wall, is larger than the left vortex.
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Figure 5: 3D simulation of natural convection around a hotstrip. Streamlines
around the top of the hotstrip are shown for d = 0.4H (top row) and
d = 0.5H (bottom row). Ra = 103 (left), Ra = 6.39 - 10* (middle),
Ra = 3.16 - 10° (right).

At the highest Rayleigh number, the vortices seem approximately equally large, but
from their shape, it is evident that the symmetry is lost. Due to inherent physical
instability of air being heated from below, steady solution of this problem may
not be sufficient. If the Rayleigh number would be higher, the problem should be
simulated unsteadily. The existence of small vortices was confirmed by experiment
by Corvaro and Paroncini [1].

3.4 Comparison between 2D and 3D simulation

Three dimensional structure of the flow field is shown in Figure 6. We present
isosurfaces of the y component of the velocity field. The y component is directed
normal to the main vortical motion, i.e. it is the direction that the 2D case con-
siders to be irrelevant. We observe that the v, is indeed small compared to the
velocities in other two directions in the low Ra case. But when the Rayleigh num-
ber is increased, the flow in the y direction is not to be neglected. Comparing the
heat transfer between the 2D and 3D cases, given in Tables 1 and 2, this conclusion
is confirmed. We see, that the Nusselt number obtained with the 2D simulation are
close to the 3D values for low Rayleigh number values. As the Rayleigh num-
ber increases, the difference between the 2D and 3D Nusselt number prediction
becomes larger.
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Figure 6: 3D simulation of natural convection around a hotstrip located in the cen-
tral position (d = 0.4H). Isosurfaces of y velocity component are shown.
|5, | /0] = 0.1, Ra = 10 (lefv), |7,|/|7] = 0.5, Ra = 3.16 - 10 (right).
Color indicates v, direction — blue is negative, red is positive.

4 Conclusions

A boundary element based code was use to simulate laminar viscous fluid flow
and heat transfer around a hotstrip in a cavity. The code is based on a combination
of single domain BEM and sub-domain BEM and was accelerated using the fast
multipole method.

Two cases were simulated. Firstly, the hotstrip was placed in a centre of a square
cavity filled with air. Rayleigh number values, which were based on the tempera-
ture difference between the hotstrip and the cold walls, up to Ra = 3.16 - 10° were
considered. Flow in this case is symmetrical and steady. Two large vortices appear
in the cavity accompanied by two small vortical structures on top of the hotstrip.
By examining the difference between 2D and 3D simulation, we observed that as
the Rayleigh number increases 3D effects soon become important.

In the second case, the hotstrip was located off-centre. This destroyed the sym-
metry of the solution. The main structures remained - the two large vortices, one
on each side of the hotstrip, and the two small vortices on top of the hotstrip. But
their size and position are no longer symmetrical and vary greatly with Rayleigh
number.

Heat transfer was studied in terms of estimating wall heat fluxes. If the hotstrip is
located symmetrically, then the heat fluxes on opposite walls are equal. Off-central
position of the hotstrip causes non-symmetrical distribution of fluxes. Most of the
heat flux is emitted from the sides of the hotstrip, only a small amount is emitted
from the top. This is caused by the existence of small vortices on top of the hotstrip,
which keep warm air in place.

The findings of this analysis are in accordance with the experimental results
of Corvaro and Paroncini [1].The BEM based flow solved thus proved capable of
simulating the flow and predicting the heat transfer.
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Abstract

The no slip boundary condition is traditionally used to predict velocity fields in
macro scale flows. When the scale of the problem is about the size of the mean
free path of particles, it is necessary to consider that the flow slips over the solid
surfaces and the boundary condition must be changed to improve the description
of the flow behaviour with continuous governing fluid flow equations. Navier’s slip
boundary condition states that the relative velocity of the fluid respect to the wall
is directly proportionally to the local tangential shear stress. The proportionally
constant is called the slip length, which represent the hypothetical distance at the
wall needed to satisfy the condition of no-slip flow. Some works have misused
boundary conditions derived from Navier’s work to model slip flow behaviour for
example by employing expressions, for diagonal and curved surfaces, that were
derived for flat infinite surfaces aligned with coordinate axes. In this work, the
creeping flow of a Newtonian fluid under linear slip conditions is simulated for the
cases of a Slit and a Couette mixer by means of the Boundary Element Method
(BEM). In the evaluation of such flows, different magnitudes of slip length from
0 (no slip) to 1.0 are analysed in an effort to understand the effect of the slip
boundary condition on the physical behaviour of the simulation system. Analytic
solutions for both geometries under slip flow are used to estimate L2 norm error,
which is below 0.25% for Couette flow and 1.25% for Slit flow, validating the
approximation applied.

Keywords: slip flow, linear slip boundary conditions, boundary integral methods,
Couette mixer.
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1 Introduction

Microsystems Technology (MST) devices are widely used in life sciences and
chemistry applications, and its potential uses extend to medical sample testing [1]
and drug delivery systems [2]; gas and liquid heat exchangers [3,4] and chemical
mixers [5] for enhancement of heat and mass transfer rates; and fluid control and
measurement [6] devices. Micro heat exchangers and mixers are currently used
for steam gas reforming to produce alternative fuels [7], nuclear resources exploit-
ing [8], micro integrated circuits cooling [9], micro fuel cells [10], among others.

When geometry devices are scaled down, the surface-to-volume ratio increases
dramatically so that the surface related phenomena become increasingly dominant,
e.g. micro heat exchangers and micro mixers present higher heat and mass trans-
fer rates than macro systems of equal capacity [11]. Therefore, some new features
emerges when mechanical structures are sufficiently small, and it becomes impor-
tant to understand the various types of interactions that arises between the fluid
flow constituents and the solid surfaces that contain it.

Different phenomena associated with surface-fluid interactions can be expected
when the continuum assumption is close to being broken. For gases, four important
effects appear: rarefaction, compressibility, viscous heating and thermal creep. In
liquids, phenomena like wetting, adsorption and electrokinetics may be present
[12]. However, in both liquids and gases, a phenomenon known as the slip flow
regime emerges as a consequence of an insufficient number of molecules in the
sampling region [13], affecting the momentum transport at solid-fluid interfaces
compared with no slip type flows (i.e. macro scale flows).

So far, micro fluid flow behaviour has been studied under continuum [14] as
well molecular approaches [15, 16], with the aim of characterize and optimize the
operation of MST systems. In order for a fluid to be modelled as a continuum,
all of its properties (i.e. kinematic, transport and thermodynamics properties) must
be continuous; for that to be possible, enough molecules must be included com-
pared to the length scale of the flow. In the case of gases, this premise is satisfied
when the length scale based on transport properties is greater than 1 gm (10~° m);
for liquids the length scale is based on transport properties and must be larger
than 10 nm (108 m) [17]. Appropriate velocity slip and temperature conditions
at the wall surface must be used to employ continuum models to describe flow
behaviour in microflow devices. Navier’s slip boundary condition states that the
relative tangential fluid velocity, u{ , with relation to wall velocity, U;”, is directly
proportionally to the local shear rate projection in the tangential direction, 4, as
presented in equation (1). The proportionally constant is called slip length L, and
represent the hypothetical distance at the wall needed to satisfy the no-slip flow
condition [17].

ul —UY = Lo (1)
The main difficulty present when applying the previous boundary condition is

related to evaluation of tangential shear rate at solid-fluid interface. Linear bound-
ary slip conditions have been applied to predict microflow behaviour in plane
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geometries with continuum governing equations. Attempts to apply this type of
boundary conditions for curved surfaces have conducted to inappropriate micro-
flow results due to mistreatment of mathematical models (see [18] for a compila-
tion of those works). Boundary Integral Methods (BIM) relate boundary values for
velocity and traction into the integral equations, rather than values throughout the
domain like in other partial differential equation numerical solution schemes. Eval-
uation of slip fluid flow behaviour with BIM can be done by expressing tangential
shear rate present in the slip boundary condition (1) in terms of surface tractions
at boundaries. This allows a more efficient and easy to use numerical evaluation
scheme to analyse micro fluid flow under slip flow regime.

Luo and Pozrikidis [19] study the motion of spherical particles in infinite fluid
and near a plane wall subjected to slip boundary conditions. The boundary integral
formulation presented in this work takes advantage of the axial symmetry of the
boundaries with respect to the axis that is normal to the wall and passes through the
particle center, reducing the solution to a system of one-dimensional integral equa-
tions. The previous system of equations is valid for sphere and the zero-thickness
disk, since the axisymmetry is lost as these particles tumble under the influence of
a shear flow. Results for torque and drag over sphere show reduction associated to
slip condition at those scales demonstrated the validity of numerical values when
compared with analytic results.

The objective of this paper is to present an implementation of a direct BIM to
solve Stokes equations under slip boundary conditions for curved geometries. The
tangential shear rate at solid-fluid interfaces is evaluated in terms of the surface
traction; producing accurate results for fluid flow behaviour in plane and curved
geometries not subjected to symmetry conditions. This will allow the evaluation of
more complex geometries such as present in micro-scale devices, like T type mix-
ers, micro-finned heat exchangers, control valves, among others. Analytic solu-
tions for Couette and Slit flow are used to test the numerical results obtained when
taking into consideration different types of boundary conditions: the first has only
Robin boundary conditions while the second is a mixed boundary condition prob-
lem (Robin, Dirichlet and Neumann).

This paper is divided as follows. Governing equations for Stokes flow are pre-
sented in Section 2. The next section shows integral representation for governing
equations presenting slip boundary conditions which are defined in terms of sur-
face traction at the collocation points. Then the numerical scheme used to solve the
set of equations and boundary conditions is presented. Numerical results for Cou-
ette and Slit flow are compared with analytic results through evaluation of L2 norm
error. Finally, conclusions regarding physical and mathematical considerations are
given.

2 Governing equations

Fluid flow in micro scale devices usually happens at very low Reynolds number
due to the magnitudes of velocities and characteristic lengths are small enough
compared to fluid density and viscosity. In these cases, fluid flow can be mod-
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elled by application of the Stokes system of equations (2), which states a balance
between the pressure force in the fluid and the viscous-shear force at all points in
the fluid.

8ui - 80’@‘ o
a—xi =0 oz, =0 2)
where
Oou;  Ou;
ij = —P0ij . !
0ij p]+ﬂ<6:vj+8xi> 3)

In equations (2)—(3),  is the velocity, p the pressure, d;; the Kronecker delta,
and p is the viscosity of the fluid.

Boundary conditions are defined depending to the problem that is being solved.
In the case of Couette flow (or the flow between concentric cylinders), the external
cylinder is stationary while the internal one rotates at a constant angular dimen-
sionless velocity of value 1. For Slit flow (or fully developed flow between parallel
plates), the superior and inferior surfaces are stationary, while at the entrance and
exit the perpendicular velocities are made zero and the tractions are given only by
a pressure difference between them. For the cases shown dimensionless pressure,
Ap equal to 1 is considered. Slip behaviour defined in equation (1) is considered
by expressing local tangential shear rate in terms of vector surface traction defined
in (4). Additionally, variation in momentum transport at solid-fluid interface is
analysed by evaluation of slip length L, between zero (no slip condition) and 1.0.

3 Boundary integral formulation for slip flow regime

The Stokes velocity field has the following direct integral representation formulae
for an arbitrary point z in a closed domain 2; filled with a Newtonian fluid [20]:

i)~ [ Koy )ds, + [ul@)fswds, =0 @
S S

where f is the vector surface tractions (f;(y) = &;;(d, p)n;), and c is a constant
dependent on the position of the source point. For internal points ¢ = 1 and for
point at a smooth boundary ¢ = 1/2. The Stokeslet and the corresponding surface
traction or Stresslet for two dimensions are given by:

ul(w,y) = —ﬁ [ln (%) I y’lg% i) )
Kij(x,y) = f% (@ — ya)(@; = iﬁ)(zk — yn)(y) ©)

being r the Euclidean distance between point z and y, r = |z — y|.
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The tangential projection of the surface traction can be expressed as follows:

Ou;  Ouy
fisi = oynjs; = [_pnisi tu < i uj) njsz]
aCUj 83%

o 8ui 8uj .
=pu <3xj + 89@) n;s; (7)

Thus, the slip boundary condition in tangential direction can be expressed in
terms of the tangential projection of the surface traction in the following form:

ul —UY = Ly fisi = L (8)

due to the local shear rate projection in the tangential direction, *; is defined as:

. (9’U,Z 6uj
"= (8.%‘] + 8I1> njS; 9

where s; is the tangential vector to the boundary surface. The tangential and normal
components of fluid velocity can be expressed as:

u{ = Uu;S; u,fl = u;N; (10)

Given the dependency of fluid velocity with nodal values of surface traction
at the boundaries, a new system of equations will be defined to simultaneously
consider this effect. After discritization using the BIM, equations (4), (8), and (10)
can be written in matrix form as:

[H][d] = [G][f] (11)
[S1[a@] — L,[S][f] = [U*) (12)
[N][@] = [U}¥] (13)

[H] and [G] being the usual matrices in BEM, [i] and [f] are, respectively, the
velocity and surface traction vectors from the boundary problem, and [S] and [N]
are matrices for each element built from the tangential and normal vectors in the
following arrangements.

st s 0 0 0 O

|00 00 §
B1=10 0 0 0 s & - (14

[N] = 0 3 3. (15)
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The super index in the previous array represents the node number. The new
system of equations is then defined in next form:

— =

[A][X] = [b] (16)

where new matrices and vectors are defined as (dropping all [ ]):

H -G
[Al=1|S —L,S A7)
N 0
0
b = | U, (18)
L ﬁ] 19
f

The solution of this complete system of equations conduces to the evaluation of
velocities and tractions at the boundaries taking into account the effect of slip con-
ditions over flow behaviour and was solved by simple Gauss elimination method.

4 Integral equation discretization

Geometry discretization for numerical integration will be made with quadratic
elements with the aim to improve evaluation of velocity and surface tractions at
boundaries and to produce a more reliable micro scale flow behaviour. The inter-
polation scheme for a function X (¢) is given by:

X(E)=Y1(e) XV 44y (e) X @ 4 4h3(e) X @) (20)

where X ) X @) X G) are the values of X (£) on the three nodes of the element
and the interpolation functions ¢ are as follows:

dr=Le(e—1); o=(1—e)(1+e); ¢s=2le(c+1) @D

Standard Guassian Quadrature is used to evaluate the final set of integrals result-
ing from applying the interpolation function (20). Telles’ Transformation [21] and
Rigid Body Motion [22] are used to avoid singularity present when integrating
over the same element where the source point is located.

5 Numerical results

In this section the test performed for the direct boundary integral formulation
implemented to predict slip behaviour for Couette and Slit flow is presented, taking
into account different momentum transport at the solid-fluid interface by variations
of the slip length condition.
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5.1 Couette flow

An analytic solution for the tangential fluid velocity in Couette flow under linear
slip boundary conditions is given by ( [18]):

w 1
where
oLs oLs
A=1_ Te . B=1-— T (23)
2 2

and being w, r. and r;, the angular velocity for internal cylinder, external and
internal radius, respectively. Tangential velocity u; is given for any radius r. The
slip length L, variates between zero (no slip condition) and 1.0 to account for
momentum transport variation at both the internal and external cylinders. When L
is dropped to zero in equation (22), it reduces to Couette flow for no slip conditions
as is presented in [23]. A regular mesh was used to solve the linear system of
equations: 48 quadratic elements on both boundary surfaces and 300 uniformly
distributed internal points. It is important to point out that these internal nodes are
not required for the solution of the problem, but only for flow visualization and
numerical error evaluation.

Results for both no slip and slip Couette flow are presented in Table 1. Momen-
tum transport modification at the boundaries is evidenced by the reduction in
fluid velocities near the internal cylinder (70% for the higher slip length evaluated
respect to the no slip condition) as shown in Figure 1(A). For the outer cylinder,
the slip regimen induce a velocity over this boundary, which tends to reduce as the
slip length is increased, showing the continuity in transport momentum through
the fluid flow.

Errors below 0.25% indicate the good performance of direct boundary integral
formulation implemented in the system of equations (10). It is also observed that
there is a considerable reduction in error as the slip length is increased in spite of
discontinuity in the velocity at the wall and the fluid imposed by the variation in
this value. This could be explained by reduction in momentum transferred by the
surfaces to the fluid which implies an overall reduction in flow velocity.

Table 1: Assessment of Couette flow under slip conditions.

L, 0 0.1 025 05 1.0

L2 norm (%) 0.248 0.252 0.175 0.127 0.063
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Figure 1: Velocity profiles for slip (A) Couette and (B) slit flow.

5.2 Slit flow

The analytic solution for velocity profile under slip flow over the horizontal sur-
faces is available in [24]:

+ - =L, (24)

where L is the channel length, h its height and AP the imposed pressure differ-
ence. The second term in the right side of equation (24) accounts the slip effect in
the velocity profile. It reduces to no slip when L is dropped to zero as presented
in [23]. The tested mesh consisted of 160 quadratic elements on the outer surface
refined at a the corners and 600 internal collocation points.

The results for this case shown an error below to 1.2%, showing a good descrip-
tion of fluid flow for this geometry as can seen in Figure 1(B). An increase in fluid
flow velocities is observed with respect to the no slip conditions indicating the
effect of slip flow over momentum transport at boundaries. A detailed observation
of results in Figure 1(B) and Table 2 shows that deviation from analytic results
increase as flow goes from no slip to slip behaviour. Despite the mesh refinement
applied at the corners, numerical evaluation of normal and tangential vectors at this
positions affects the interior flow description. Furthermore, since the channel has a
height equal to the maximum slip length evaluated, an increase over this limit can
conduce to unrealistic results according to the definition of slip length in boundary
condition (1).

Table 2: Assessment of Slit flow under slip conditions.

L 0 0.1 025 05 1.0

L2 norm (%) 0.009 0.252 0.557 0.931 1.182
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6 Conclusions

A direct boundary integral method was used to evaluate slip flow behaviour for
two traditional fluid flow problems. Results for both problems presented accurate
results when compared with analytic results. As expected, a reduction in momen-
tum transportation occurs at the fluid-solid interfaces due to slip regimen, leading
to a change in the flow behaviour. A modified system of equations was used to eval-
uate slip flow in terms of surface traction and the usual matrices in BEM. Despite
the system of equations increased from IV to 2N, the computational effort is kept
at low levels, which permits its application to the solution of more complex flow
systems.
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Development of a Boundary Element
Method-based numerical wave tank technique
for the prediction of nonlinear wave kinematics
and dynamics around offshore structures

H. G. Sung
Maritime and Ocean Engineering Research Institute, KORDI, Korea

Abstract

This paper presents recent accomplishments of the development of the Boundary
Element Method (BEM) for nonlinear waves around offshore structures and
resulting wave forces. In order to investigate the capability of the present
method, the nonlinear diffraction problem of a truncated circular cylinder is
simulated. It is found that the present method is fairly accurate for wave forces
and run-ups when compared with experimental results and also with other
numerical results.

Keywords: BEM, nonlinear waves, offshore structures, nonlinear diffraction.
1 Introduction

Nowadays, activities for marine gas and oil exploration move continuously into
deeper ocean year by year. In order to design offshore structures for ultra deep
sea, wave forces on offshore structures must be predicted with high accuracy. A
number of theoretical, numerical and experimental studies have been developed
for this purpose, but it seems that there still remains uncertainty to some extent.
In order to deal with nonlinear waves and resulting wave forces for high
waves, it is necessary to apply a nonlinear method rather than the conventional
linear theory. It is debatable whether nonlinear solutions based on the
perturbation method are applicable for steep waves. It is also obvious that
experimental studies in offshore basins are expensive for the preliminary design
stage. Therefore, it is commonly accepted that numerical methods are
appropriate for evaluating nonlinear wave forces on a body in large waves. Thus
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the present study is focused upon the numerical method. Hence the present paper
is aimed to investigate the capability of the present numerical method, namely,
the so-called a BEM-based numerical wave tank technique (Boo and Kim [1],
Kim [10]), for the prediction of nonlinear wave forces and run-ups on offshore
structures.

The numerical methods widely used in practice are based upon the usual
assumption of an ideal fluid, and higher-order boundary elements as a field
solver. This is partially justified because most successes in simulating nonlinear
free surface waves have been relying upon boundary elements. It is also known
as the numerical wave tank technique, which is conceived as a promising tool for
predicting the nonlinear hydrodynamic behavior of offshore structures (Kim
[10]).

Since the pioneering work of Longuet-Higgins and Cokelet [13] on spatially
periodic nonlinear waves in two dimensions, many studies have been made on
this kind of problems. To name a few, Dommermuth et al. [3] successfully
calculated plunger-type waves within the framework of potential theory. Xii [22]
investigated the kinematics of three-dimensional plunging breakers by using bi-
quadratic boundary elements as an extension of Longuet-Higgins and Cokelet
[13]. Nonlinear diffraction forces are reported in the literature such as Ferrant [4,
5], Boo and Kim [1], etc. Grilli and his colleagues have been trying to develop
an efficient BEM for nonlinear wave evolution as shown in Grilli et al. [8],
Guyenne and Grilli [9], and Grilli et al. [7], etc.

It is worthwhile to mention the paper written by Kristiansen et al. [12] in
connection with the present paper. They tried to verify the conventional design
tool of BEM in predicting diffracted wave elevation around a vertical circular
cylinder. Applicability and shortcomings of the method were suggested.

The present paper is organized as follows. First, we present the mathematical
formulation of the model with numerical formulation. Finally, we apply the
method to the problem of nonlinear waves around the truncated circular cylinder.
We compare the numerical results with those of experiments and other
computation.

2 Mathematical formulation

We assume the fluid is incompressible and non-viscous, and also the flow is
irrotational. So, we can define the wvelocity potential, as the scalar
function, ®(x,7), of spatial variables, ¥=(x,y,z), and time variable, ¢. The
velocity potential is related to the fluid velocity vector, u =(u,v,w)byu=V®,
where Vmeans the gradient operator. Thus, mass conservation becomes
Laplace’s equation for the potential in the fluid domain, Q(z) ,
V2D(%,) =0 (1)

The boundary of the fluid domain is composed of the free surface, body
boundary, and far field boundaries. Appropriate boundary conditions (i.e.,
Dirichlet or Neumann) are stated in the below.

The kinematic and dynamic free surface conditions are expressed in an
Eulerian representation as,
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o¢ o
==V, 0V, +— 2
=V @)
od 1 2 p
=g ——|VO| - L2 3a
o~ 2| | p (3a)

where ¢ denotes the vertical position of the free surface as a function of the
horizontal position and time, say, ¢ =¢(x,y,r). The operatorV, means the
horizontal component of the gradient operator. The constant g is the gravitational
acceleration and p the fluid density. p, is the atmospheric or applied pressure on
the free surface. Due to the local movement of the collocation points, boundary
condition (3a) must be modified as follows.

i@(f,t):itb(i,tH%aE:
dt ot Ot Oz

The body boundary condition states that the normal velocity of the fluid
particle on the body boundary is equal to the normal component of the velocity
of the body,

—gz—l|vq>|2—&+ v, 0.V,c+22 122 (3p)
2 P 0z | 0z

VO-i=V-i 4)
where 7 =(n,,n,,n.)is the outwards unit normal vector, andV is the body

velocity, which is either given by the specified motion of the disturbance or
obtained from the body equations of motion. This condition can also be used for
wave-making boundary in the vertical upstream side. On the bottom boundary
and other stationary parts of solid boundary, no-flow boundary condition is
prescribed.

3 Solution methodology

3.1 Boundary element method

The bi-quadratic BEM of Sung [18] and Sung et al. [19] is utilized in numerical
solution of the governing equation, Eq. (1), with time-dependent nonlinear free
surface boundary conditions Egs. (2) and (3). In this paper, we briefly restate the
principal features of the method and its implementation.

In the first place, the Green’s second identity transforms Laplace equation
into the well-known boundary integral equation,

- 2.0G - .. 0D - =
a(X)D(X) =I {CD(QZ)—@,X)——(f)G(é,X)}ng ()
r on on
where a(¥) is the normalized interior solid angle at point ¥ , G(&,%)=1/4m is the
free-space Green’s function, where r :|F| :|§ —)?| is the distance from the source

point £ to the field point ¥ . An analytic expression for the solid angle can be
obtained by considering a trivial solution of the Laplace equation, to say a

constant function, as a(x)= J. 0G(& ,X)/0ndr; . This expression is substituted into
r

the boundary integral equation to obtain an improved form of the integral
equation as follows.
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J {o@ -e@l@n-S@cnjar, -o ©
n on

It can be seen that the singularity of the first term is reduced by order of one,
which means from the numerical point of view, all the integrations become
regular through this improvement.

From the accuracy point of view, the higher the order of elements becomes,
the more accurate the obtained solution will be. Practice, however, compels us to
take a compromising order of approximation. As a result, “bi-quadratic
elements” using 3x3nodes are taken as shown in Figure 1 in which a typical bi-
quadratic elements and the parameter space are sketched.

v v v
1 1

v d
— , ,
n 1 (o] 1 n 1 o d |1 n 1 o d1 n

-1 -1 -1

(a) (b} (¢}
Figure 1: Bi-quadratic element and its parameter space: (a) continuous case,

(b) single-edge case, (c) double-edge case

For appropriate treatment of the intersection line between two different
boundaries, discontinuous elements are utilized around corners and edges as
Brebbia [2] indicated, while conventional continuous elements are used
elsewhere. The single-edge discontinuous elements are pertinent around edges or
intersection lines and the double-edge discontinuous elements are suitable
around corners. Throughout the computations, freedom nodes are taken at
d =2/3 for both kinds of discontinuous elements.

Using the isoparametric bi-quadratic elements, geometry and variables on
each element can be expressed in terms of basis functions

8
[%, 0, qF sz(/l,U)[fc,’,;, o qﬁ;]on E;with, ¢ =g, (7
m=0

where x is the position vector of the boundary surface, the subscripts in variables
designate the local node numbers, the ordering of which is depicted in Figure 2.
Superscripts denote the number of the element on which variables are defined.
Function N, is the product Lagrangian basis function, and E; is the j™ element. By

using this expression, the boundary integral equations are discretized.

To obtain the algebraic equations for the velocity potentials and their normal
derivatives at each nodal point, the collocation method is applied. In this paper,
collocation points correspond to nodal points. The discretized and collocated
boundary integral equations form the following linear system of equations.

N, 8
a@)o) =3 [piDi ) -aisi )], ®)

j=1k=0
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where Dj (%) and S} (X,) are the influence coefficients due to the doublet and

source distribution.

The numerical integration for influence coefficients due to source and doublet
distribution is as follows: (1) regular integrals are calculated by a bi-directional
Gauss-Legendre quadrature method; (2) singular integrals, in which the distance
vanishes at the collocation point are completely desingularized by means of the
rectangular polar coordinates mapping on each subdivision of parameter space
and then Gauss-Legendre numerical integration is applied.

3.2 Numerical radiation condition

It is well known that the treatment of the radiation condition affects the entire
solution and that it is closely related with the method of generating nonlinear
waves in a numerical wave tank. Several kinds of numerical radiation condition
are proposed for three-dimensional nonlinear diffraction problem. They may be
categorized into two groups: wave damping zone technique (Boo and Kim [1],
Kim et al. [11], Ferrant [4]) and decomposition method (Ferrant [5]).

In this paper, the following new radiation condition is proposed by combining
these two methods as follows.

M:[l—y(x,y)] —l|V¢\2-gZ+ @—VH(/J-VHC 2
dt 2 oz oz ©)
dgp. (X - _ -
+y(x,y){%ﬁ[¢(x,t>-(pRF(x,t)]}, XeS;,
dS(x.y.0) . ap
it =l y(x,y)]{az Ve Vﬂ} (10)
+ }/(X, )’){W* ﬂ[é/(X7Y7t) - ;RF (X7y=t)]}7x € Sf

where y(x,y) is named the Homotopy parameter and S is a time constant to
retrieve the incident waves. These equations must be understood as time-
dependent boundary conditions for a given grid point x =(x,y,z). The subscript
RF denotes a quantity of the Rienecker and Fenton wave (Rienecker and Fenton
[16]).
The RF waves are given by
N .
ngF(x,z,t):(B0+c)x+;B‘/%sinbk(x—ct)] (11)

N
& re (x,t)zz—ok;ajcos[jk(x—ct)l (12)

where ¢ and k are the phase speed and the wave number, respectively. The
coefficients B;, a;(j=0,,---,N) are determined so that the nonlinear free
surface conditions and compatibility conditions are satisfied usually when the
wave height and the wave period are specified. The error can be controlled by

the truncation order N only, which is 40 in the present computation.
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Specifically, y(x,y)is determined by the horizontal distance R, from the

center of the cylinder in this paper as follows.

0 ifR,, <R,
y(x,y)={sin’[(R,, ~R,)/2(R, —R )] ifR, <R, <R; (13)
1 ifR,, >R,

The three zones above are named as the D (Diffraction) zone, the T
(Transient) zone, and the RF (Rienecker and Fenton wave) zone. At the RF zone,
equations (9) and (10) assert that the solution converges to the RF wave after
several wave periods. The value of the RF wave potential is specified on
radiation boundaries at all times. Around the body, however, the potential and
the wave elevation are gradually set to zero at t=0 in order to avoid impulsive
responses. The present method is compared with the work of Ferrant [4]. This
scheme is able to describe nonlinear diffraction waves near the body accurately,
and the incident waves are well recovered away from the body.

3.3 Evaluation of the wave forces and moments

In order to evaluate the wave forces and moments, we calculate as follows.
(F.M)= [ pG0G, Fxiiks=—p| [@ + %\ Vol +g2}(ﬁ, Fxii)as o (14)
S, S,

Using Leinitz’ rule, we can transform the surface integral of the time
derivative of the velocity potential into sum of the time derivative of the surface
integral of the velocity potential and the line integral term that is defined along
the intersection line of the free surface and the body boundary.

A more orthodox method of solution is the use of the concept of acceleration
potential. The time derivative of the velocity potential, o®/dr, is of great
concern in time simulation of fully nonlinear free surface waves around the
offshore structures, particularly for the wave forces prediction. It can be
estimated by using the backward time difference formula, which however leads
to inaccurate results and unstable solutions. According to our understanding, we
can also utilize the concept of the acceleration potential,
Y(X,1)=00/0t+V®-VO/2 which postulates the continuity of the normal
acceleration. This idea was originally suggested in series of Tanizawa’s works
[21]. In this paper the procedure given by Tanizawa is borrowed and some
implemental issues are explained. Thus we start from the boundary condition for
the acceleration potential as follows.

i[aﬁ}zlﬁ—[(vqmv)vqﬂ.ﬁ (15)
on\ ot
where 4 means the acceleration vector on the body boundary, which is zero in
this case. The expression for the second term is stated for two-dimensions in
Tanizawa [21]. For the three dimensional case, the equation of the particle
acceleration in Fochesato et al. [6] can be utilized for the present purpose.
Interested readers can refer to the paper by [6].
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3.4 Miscellaneous aspects

In this study, the linear system of algebraic BEM equations is solved using the
iterative solver GMRES (Generalized Minimal RESidual) originally devised by
Saad and Schultz [17] which is known as a NlogN method, where N is the

degree of freedom. For the time integration of the time-dependent system, the
fourth-order Runge-Kutta (RK4) method with minimum truncation error
(Ralston and Rabinowitz [15]) is adopted by considering accuracy and stability.

3.5 Perturbation-based solution method

In order to investigate systematically the overall capability and performance of
the fully nonlinear method, the present study utilizes the perturbation-based
solution scheme. Traditionally in it, the whole solution is expressed as follows.

=0V 4+ 20% + HOT. (16)
C=elW4+e?c@ 1+ HOT. (17)
where ¢ = k4, is known as smallness parameter, when k is the wavenumber and
A; the amplitude of incident waves. The superscript means the order of the

solution. H.OT.means higher-order terms. As well-known, the free surface
boundary conditions for the first-order of solution can be written as follows.

(O] (O]
o o (18a)
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@
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t

The second-order ones are of the following form.
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Here the atmospheric pressure has been set to zero for brevity.

The incident wave potentials for each order are known as:

8 COShKGHM) G o — o) (20)

ko  coshkh

3g cosh2k(z+h)

8k*  sinh® kh
The solution can be obtained by decomposition of the solution into the sum of

incident and scattered parts. In the present study, the first- and second-order

solutions can be compared with the fully nonlinear results.

(OO
O =

P = sin(2kx — 2cot) 21

4 Numerical results

While the present study is under development, this paper contains the first-order
computation only. The second-order and fully nonlinear simulations are
postponed to near future. Figure 2 shows the grid systems for the first-order and
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second-order solutions. An appropriate grid should resolve the evolution of
incident and scattered wave for each order of solution, and so each grid has its
own dimension.

An example of free surface shape is shown in Figure 3. The scattered part and
total waves surface are separately displayed.

Figure 2: Grid systems for the first-order (left) and second-order (right)
solutions.

Figure 3: Free surface shape at 7 =14T of the first-order solution for the case
of kR =0.657 (left-scattered part, right-total=incident+scattered).
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Figure 4: Time series of wave runups for the case of 4R =0.657 (line: =0,
line with circle:@=x/4, line with diamond: #=7r/2, line with
triangle: 6=3x/4, line with cross: 6 =r ; the angle is so defined
that =7 corresponds to the lee side of the cylinder).
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Figure 5: Time series of horizontal wave force for the case of kR =0.657.
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Figure 6: Comparison of wave runup at upstream point of the cylinder

(r=R, 6=0) with numerical computation by FEM (Nam et al.
[14]) and experiment (for the wave steepness, H/A =1/30, Sung

et al. [20]).
nl e | ;
4 ] ‘ ‘ ‘
| | | |
”’**Q******Jrf777———\—777777 —

|
2 7"47 ——O—— BEM-Time Domain
* FEM-Time Domain (Nam et al. 2008)
- [ J Experiment (Sung et al. 2009)
[
\

]
0 0.4 0.8 12 kR 1.6

Figure 7: Comparison of horizontal wave force with numerical computation
by FEM (Nam et al. [14]) and experiment (Sung et al. [20]).

Time series of wave elevations along the cylinder surface for the case of
kR =0.657 are shown in Figure 4. Corresponding time series of horizontal wave
force behaves as in Figure 5.

For qualitative comparison, a series of experiments has been carried out, and
a detailed description of the experimental study can be referred to Sung et al.
[20]. Comparison of present first-order computation with experiments is shown
in Figure 6 and Figure 7. The experimental results were obtained for the case of
intermediate wave steepness, H /1 =1/30, which can be regarded as ‘linear case’.
It can be concluded that the present method is fairly accurate for wave forces and
run-ups on the whole when compared with experimental results and also with
other numerical results.
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The second-order and fully nonlinear computation is postponed, and lastly the
need to incorporate nonlinearity into the numerical solution is demonstrated.
Figure 8 shows nonlinearity of the wave runup, wave forces, and moment, where
time series behaves very differently from a pure sinusoidal pattern. Higher-order
components seem to be strongly inherent in this case of AR=0.657 and
H/2=1/10, which will be analyzed more thoroughly with fully nonlinear
computation.

100

NN A A AL AL A

Ol\ \ ﬁ@{ |
SR A A

52 54 56 58
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Figure 8: Experimental results of nonlinearity of the wave runup, wave
forces and moment for the case of kR =0.762 (line: H/A=1/50,
line with circle: H/A =1/30, line with diamond: H/A =1/16, line
with triangle: H/A =1/10).

5 Summary and concluding remarks

This paper presented recent accomplishments of the development of the
Boundary Element Method (BEM) for nonlinear waves around offshore
structures and resulting wave forces. Basic characteristics of the present method
of solution were briefly stated with a state-of-the-art review on computational
methods of prediction for nonlinear wave forces on offshore structures by using
BEM. The perturbation-based first- and second-order solution methods were
stated for comparison with the fully nonlinear scheme. In order to investigate the
capability of the present method, diffraction problem of a truncated circular
cylinder is simulated. The present paper includes the numerical results with first-
order solution only, while second-order and fully nonlinear methods are being
developed and complete solutions are expected to come up soon. It is found out
that the present method is fairly accurate for wave forces and run-ups on the
whole when compared with experimental results and also with other numerical
results. It is also demonstrated that highly nonlinear features manifest clearly for
incident waves with high steepness, i.e. H/A=1/16orH/A=1/10. These
phenomena will be dealt with more thoroughly by fully nonlinear simulation in
near future.
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Abstract

This case study examines the possible effect that electrostatic forces may have on
debris particle motion through the interface between two sliding surfaces in an
air bearing. It uses as an example the read/write head and disk surface of a
typical modern hard disk drive. The Reynolds equation for compressible fluids at
high bearing numbers is solved using a factored implicit scheme. A first-order
molecular slip correction is also applied. Debris particle motion equations are
derived with corrections for gravity, drag, and the Saffman lift effect from
previous studies and combined with an equation for electrostatic forces proposed
in this study. Aluminum debris particles ranging from 150 to 300nm are
introduced and tracked by solving motion equations using Runge-Kutta methods.
Electrostatic forces acting on a debris particle were found to affect trajectories at
levels of charge far lower than anticipated. Charges at levels as low as 1.5
electrons influenced particle motion significantly.

Keywords: molecular slip, Reynolds equation for compressible fluids, nano
particles, factored implicit scheme, Runge-Kutta, surface mechanics,
electrostatic forces, particle contamination.

1 Introduction

Air has a number of advantages as a lubricant: abundant supply, cleanliness, and
lack of environmental and health issues associated with its use compared to a
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petroleum-based product. However, because of its low viscosity, the speed of an
air-lubricated bearing must be several times higher than an oil-lubricated bearing
to support the same load. Even though the high speeds required by the air
bearing preclude its use in some heavy load applications, there are just as many
applications where air bearings are suited or even more ideal than oil-lubricated
bearings. They include: machine tool spindles, turbo-machinery, instrument
bearings such as gyroscopes, dental drills, textile processing devices, and
magnetic media data recording devices (disk drives).

Loose particle(s) inside disk drives (e.g., air bearings) can be detrimental.
With air bearing clearance in the sub 30nm level, the particle size does not have
to be large to cause serious damages to the disk. Failed disk drives show buildup
of debris on the head, possibly from loose particles and lubricant. Whether the
loose particles come from fine particles accumulated on the leading edge tapers
[10] or from contaminant whiskers that broke off from the trailing edge [8], these
particles can lead to third-body abrasions of disk surface. Several questions
arise. First, inside the air bearing, where do trapped particles go? Do they
adhere to the slider/disk or wash out of the bearing? What operating conditions
force loose particles to move towards the slider? When do they move toward the
disk surface?

2 Numerical solution for the compressible Reynolds equation

Relying on the pressure generated by the relative motion of sliding surfaces,
geometry, and fluid viscosity, hydrodynamic bearings push the contact surfaces
apart. Through the converging gap, the fluid enters through the higher of the two
opening known as the leading edge and exits the lower trailing edge by the
relative motion of the surfaces. The Reynolds equation calculates the pressure
generated between the two surfaces. In the continuum form, the differential
equation is obtained from the Navier—Stokes and continuity equations.
Derivations are easily found [2, 7, 16].

In the derivation, surfaces are assumed smooth and contain negligible
traction. The Newtonian fluid between the surfaces obeys laminar flow rules.
Constant fluid viscosity and isothermal conditions also apply. The inertial forces
within the fluid are neglected. At the boundaries, nonslip conditions apply [1].
At steady state operations the time derivative goes to zero and is achieved when
the pressure wave having half of the sliding velocity travels across the length of
the bearing [15].

The extreme values of the clearance (i.e., ~10®m) require a correction to the
conventional flow theory, which assumes the flow velocity at the boundary to
equal the boundary velocity. This “no-slip” or continuum theory applied to
compressible fluid at ultra-low clearances, the continuum Reynolds equation
fails to deliver reasonable solutions. For Knudsen number Kn << 1, slip flow
accurately models compressible gas lubrication conditions. Transitional flow
occurs for Kn between 0.1 and 10; for even larger Kn, free molecular flow
conditions exist in the bearings. The correction is made through the flow factor,
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Q. Applying the above assumptions and conditions, Navier-Stokes and
continuity equations with appropriate correction factors yield [12]:

V-(Qh’PVP)=6uV - VPh+ 12;[% (1)

where A, P, u, V, t, and Q represent the characteristic length of the flow, bearing
pressure, viscosity, velocity, time, and flow factor, respectively. With O=1, the
equation reduces to a continuum model. For this study, we use the first order slip
model O=1+(6aKn)/(PH), where a=(2-o)/a is the accommodation factor.
Although the finite element method (FEM) has been used in the solution of
the Reynolds equation [14], the finite difference method appears to be the
method of choice for many researchers [3, 4, 6, 9]. Singular perturbation
techniques for asymptotic solution [5] had also been tried but had not gained
popular support. In addition to the above numerical techniques, a widely known
alternating direction implicit method is chosen to solve the Reynolds equation
with first-order slip in this study. A factored implicit scheme (FIS) outlined in
White and Nigam [15] is used with corrections made to the first del operator.

V-(hPVP)+64,PN - (h*VP)= 6V - VPh + 12;:% @

where &, P, A, P, u and t represent the gas bearing spacing, gas bearing
pressure, mean free path of the gas at ambient pressure, ambient pressure,
lubricant viscosity, and time, respectively.

The bearing number, A, is a nondimensional quantity measuring the ratio of
Couette flow to Poiseulle flow. Continuum solutions are invalid for high A. This
question has been addressed through molecular gas film lubrication [6]. In
traditional finite difference schemes with uniform meshes nonphysical
oscillations propagate throughout the fluid, rendering the numerical solution
useless. The question is addressed through variable meshing [15].

3 Lift effects on particle motion

A slider of length, /, and pitch, 6, rides above a disk spinning at € (or slides

with a linear velocity U ) is presented in fig. 1. The slider and disk are
separated by 4. The minimum clearance (#,,), slider length, and pitch angle are
taken in the neighborhood of 3 pum, 2 mm, and 150 prad, respectively. A
spherical of diameter (100 to 350 nm), d, enters the air bearing.

The motion (.)f a particle inside an air bearing can be described fully by its
position vector X » s Vs z,) and velocity vector v » (Wps Vp, w,). Time derivatives

result in six coupled differential equations that are solved simultaneously at each
time step.

Zhang and Bogy [17, 18] considered the effects of lift on the motion of
particles in the recessed region of a slider. This study examined four important
forces inside the air bearing—drag, Saffman, Magnus, and gravity forces. Their
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Figure 1: Simplified slider-disk assembly.

investigation revealed a relationship between the lift forces and particle size,
relative velocity, and particle density.

Liu and his colleagues [11] used the Boltzmann equation to study the kinetic
theory of sphere drag in transition flows. In addition to particle drag, the particle
can be “lifted” in the direction perpendicular to the fluid flow, known as the
Saffman lift force. If particle velocity is greater than fluid velocity, the force will
point upward toward the slider, and vice versa [13]. This result is valid for very
small Reynolds numbers. As the sphere flows through air, the gravitational pull
(or push) is of order &°. Compared to the drag components in the x-y plane,
which is of order ¢”, only the z-component is significant.

The fourth lift force considered by Zhang and Bogy is the Magnus force
stemming from a spin of the sphere in a fluid. Mangus force, however, is an
order of magnitude smaller than Saffman force and is not considered in the
present study.

4 Effects of electrostatic charges on particle motion

It is difficult to measure exactly how much electrostatic charge is present in a
contaminant particle. Consequently, the Bohr radius is used to estimate the
maximum charge on an aluminum sphere. Given the diametrical range of 100-
350nm, a 100nm aluminum sphere may hold roughly 844 million hydrogen
atoms or equivalents. A 350nm sphere can hold in excess of 36 billion hydrogen
atoms or equivalents. Assuming that each hydrogen atom is ionized, 100-350nm
aluminum sphere can be charged on the order of 1.3516 x 10™° Coulombs (C)
and 5.7950 x 10 C, respectively. Coulomb's Law gives the electrostatic force:

- ! szQ :8.9918><106—QP2Q (3)
4rg, r r

Je

where O, and Q" measure electrostatic charges on the particle and slider (or
disk). The distance between O, and Q' is the value, 7.

Drag, Saffman, gravity, and electrostatic forces combine to influence particle
motion. Saffman, gravity, and electrostatic forces all act in the direction
perpendicular to the fluid flow.
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F P f, L(drag,Saffman. gravity,Magnus) T Se “)

Dimensional coordinates and bearing parameters are made dimensionless.
Horizontal components are normalized with respect to slider length, and vertical
components are divided by minimum height. The product of rotational speed f)
and circumference yields the linear sliding velocity U . Velocity components

are normalized by U , and time is multiplied by fl to produce T:

X u A
X=— U== T=t (%)
) U
Applying the chain rule conveniently transforms other dimensional variables
into dimensionless variables. For example,

A A

dX, dx, drdX, U Y, U dz, U

P P _

= - Q= N :A—V, = =
dT dr dT dx, QI g ar Qi "’ ar  Ql

W,

Similarly, the acceleration components in the three orthogonal coordinates are
also given by the chain rule. The Z-component acceleration has contributions
from drag, Saffman, gravity, and electrostatic forces [12]:

aw, 3 U p,C, T, -w, ) 9.69 UU p, VoK

dr 4 Qh, p, D 7z Qn,Dp, \ U,
k . @)
Ul|p, |h, 1717308x10" Q,0

~ = + A
Qn,\ p, 08 p,r’h,’'D’ QU

_ v, =V ‘ ~
where C), p,, K, v,, U=-:__" Dzi, and U=£ represent
U U
m
drag coefficient, gas density, velocity gradient, gas velocity, quotient of the
velocity norm and sliding velocity, and dimensionless particle diameter, and
dimensionless velocity, respectively.
A system of six coupled differential equations at each time step, A7, are
solved using the classical Runge-Kutta method. Once solutions at time step n+/
are found, the time derivatives in eqn. 6 are rewritten as simple slopes:

dX, X0 -X,m dY, Y . -Y - dZ Z

J p(n+h) p(n) P~ Tpnth
, =

dT AT ar ~ AT ©dT AT

_Z n
p(n) (8)

I

The slope equations above accurately approach the true value of the derivatives
using a very small time step, A7. Once positions at time step (n+1) are solved,
all parameters in the acceleration equations are updated then iterated. The
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iterations stop once the particle has either passed out of the air bearing or has
impacted on the surfaces.

5 Numerical results

The air bearing used in this study has a typical cavity depth of 3um and a 50nm

flying height. Disk speed in the x-direction, U , was set at 20 m/s. The particles
chosen were assumed to consist of aluminum spheres with a density, p,, of
4000 kg/m®. Diameters of the particles used began at 150nm, which was
incremented by 50nm for each new simulation, to a maximum particle diameter
of 300nm. The following parameters were used for each simulation: initial
position, X, = 0, Y,= constant, and Z, = 0.5; initial velocity in Y-direction,
V, = 0; initial velocity in Z-direction, W, = 0.

Initial particle velocity, U, remains between 0.25 and 1.0 at the entrance to
the bearing. Initial particle speeds slower than 0.25 or faster than 1.0 (1.0 is
equal to the speed of the disk) are unlikely to occur in real world environments;
therefore, although transport solutions are attainable for these numbers, they are
trivial.

The results of the initial runs for trace number 1 (no electrostatic input) in
figs. 2—5 agree with findings by Zhang and Bogy in their previous work because
the Saffman lift force increases according to the square of the particle radius.
Thus, particles below 100nm are negligibly affected. Electrostatic force was
added in successive runs until the particle first impacted with either the slider or
the disk. One equivalent H+ ion contains the same amount of charge as one
electron, or 1.602 x 10"°C. The measurement of charge in equivalent H+ ions is
merely a convenient method to change the electrostatic charge of the particle
within the confines of a numeric program. The use of equivalent H+ ions also
puts an upper bound on the amount of maximum charge the particle can acquire.
Through the use of the Bohr’s radius of 5.29167x10"'m, the volume of a
hydrogen atom, can be calculated. The volume of a particle sphere is divided by

Table 1: Results from particle motion study.
Diameter (nm) Trace No. H+ lons Charge (x10"©
150 2 11.4 1.82
150 3 19.0 3.04
150 4 35.6 5.70
200 2 9.6 1.54
200 3 16.9 2.70
200 4 33.7 541
250 2 1.5 2.35
250 3 4.4 7.04
250 4 13.2 2.11
300 2 2.3 3.65
300 3 20.7 3.32
300 4 28.5 4.56
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the volume of an H+ ion to determine the maximum number of ions possible in a
given diameter.

Fig. 2 is a plot of the motion study results for a particle diameter of 150nm.
The first impact occurred at an equivalent H+ ion number of 11.4. This is only a
fraction of the maximum possible number of H+ ions of 2.85 x 10°. Trace (3)
impacted at H+ ions equal to 19.0 and trace (4) impacted at H+ ions equal to
35.6. Note the electrostatic force in trace number 4 exceeded the small Saffman
force and impacted the disk.

The results for a particle diameter of 200nm are represented in fig. 3. Initial
particle speed for all runs of d = 200nm was 1.0. The first impact occurred at an
equivalent H+ ion count of 9.6. Successive impacts were noted at H+ counts of
16.8 and 33.7.

Fig. 4 shows results from the study of a particle with a diameter of 250nm for
initial speed of 1.0. The effect of the Saffman force dominating drag and gravity
is shown through the sharp upward swing of trace (1). The number of equivalent
H+ ions to first impact on trace (2) is only 1.5. This is a significant decrease.
Trace (4) impact occurred at 13.2 equivalent H+ ions.

1.2
1.0 1 (3 H+=19.0
- 03| =
=
=~ 0.6 1
N 04 - (1) H+=0
N
0.2 (4) H+=35 6
0.0 T T T T T T T T T T
00 01 0.2 03 04 05 06 0.7 08 09 1.0 1.1
X=x/L,
Figure 2: Particle diameter 150nm.
1.2
1.0 1 (3 H+=16.9
£ | (4) H+=33.7 () H+=9.6
~ 0.6 1 - (1) H+=0
I |
N 04
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0.0 01 0.2 03 04 05 OL6 07 0.8 09 10 1.1

Figure 3: Particle diameter 200nm.
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The last particle size studied has a diameter of 300nm. The results are plotted
as fig. 5. At this particle size and larger, gravity and drag forces are
insignificant. At this particle size the trajectory is very sensitive to the initial
speed. However, the first impact occurred at an equivalent H+ ion count of 2.3,
which is slightly higher than the first impact of the particle of fig. 4. This may
be due to discrepancies in the model resulting from the differing initial speed,
but is more likely to be caused by the particle’s increasing mass. Successive
impacts occurred at H+ counts of 20.7 and 28.5. These counts too are higher
than the d = 250nm particle, but note that the Saffman force has been exceeded
with impact occurring on the disk.

6 Conclusions

If electrostatic charges are present in the air bearing, they can be a significant
factor in the path taken by a particle. All particle trajectories through the air
bearing were affected at lower charges than anticipated, which makes the
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Figure 4: Particle diameter 250nm.
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Figure 5: Particle diameter 300nm.
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findings of this study very significant. Only a minute charge is needed to induce
a trajectory change. This small magnitude (~1.5 H+ ions, or 2.35x 107°C) might
be sufficient to ionize particles that exert an electrostatic force. Electrostatic
charges are very likely present at these small magnitudes. High-speed debris
flows are well known to produce electrostatic charges.

If electrostatic forces are generated within the bearing, then there are surely
instances when even fewer charges than simulated can be present. Such an
amount will affect a trajectory change. The initial particle height in all trial runs
was set at a conservative Z, = 0.5. Trial runs conducted at initial height closer to
the disk or slider have resulted in trajectory changes at some very low
magnitudes.

It is proposed that electrostatic forces could explain why debris tends to
accumulate in the cavity area. If such debris enters the cavity area on the slider,
a charged particle would tend to remain.

Understanding particle path changes at very low electrical charges could be
significant. In the presence of electrostatic charges in modern air bearings,
contaminant control methods in the hard disk drive environment will need to be
devised. What effects do oscillating charges have on particle motion? To
illustrate, after writing the particle transport program, the first initial runs
produced a few particle paths that oscillated between the disk and plate surfaces
like a sine wave. Realizing such an event is a low probability it was discovered
the routine that examined the distance  in the electrostatic force was reversed to
select the longest dimension. This reversed the direction of the electrostatic
force and produced repulsion. If the slider could push the particles, impact
damage on the disk surface and debris accumulation on the slider could be
possible.
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Boundary element modeling of horizontal
grounding electrodes using the set of
generalized telegrapher’s equations

D. Poljak', K. El Khamlici Drissi* & R. Goic'
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Abstract

The analysis of a horizontal grounding electrode has been carried out using the
set of generalized telegrapher’s equations. The integro-differential relationships
arising from the full wave model are numerically handled via the Galerkin—
Bubnov scheme of the Indirect Boundary Element Method (GB-IBEM). Some
illustrative numerical results for the current and voltage induced along the
horizontal electrode are given in the paper.

Keywords: boundary elements, grounding systems, antenna theory, generalized
telegrapher’s equations.

1 Introduction

Studies of grounding systems, because they are an important component in
lightning protection systems (LPS), are of great interest in electromagnetic
compatibility (EMC) and high voltage (HV) applications. One of the applications
of particular interest nowadays is LPS for wind turbines. As they are
environmentally attractive (no pollution) and wind is free to use these wind
turbines have been widely used. On the other hand, they are extremely
vulnerable to lightning strikes due to their special shape and isolated locations
mainly in high altitude areas. Analysis of grounding systems can be undertaken
by the aid of the transmission line model (TLM) [1-3] or the full wave model,
also referred to as the antenna model (AM) [4—6]. The latter is considered to be
the rigorous one. The key-parameter in the full wave model is the equivalent
current distribution along the grounding electrode. The full wave model of the
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electrode presented in this work is based on the set of Telegrapher's equations. In
particular, the effect of a lossy ground is taken into account via the
corresponding reflection coefficient thus avoiding the rigorous approach based
on the analytically demanding and numerically time consuming Sommerfeld
integrals. The integro-differetial expressions arising from the proposed full wave
model are numerically treated by means of the Galerkin-Bubnov scheme of the
Boundary Element Method (GB-IBEM) [7]. Solving the set of generalized
telegrapher's equations first the current distribution and subsequently the
scattered voltage along the electrode are obtained.

2 Equivalent antenna model of the grounding electrode

The geometry of interest, shown in Fig 1, is the horizontal grounding electrode
of length L and radius a, buried in a lossy medium at depth d and excited by an
equivalent current source.

air (€5, Ho)

»

earth (¢, t,. ) X
d
].&’ h J )
| x= x=
Yz
Figure 1: Horizontal grounding wire energized by a current generator /.

The wire dimensions are assumed to satisfy the thin wire approximation (TWA)
conditions [7, 8].

2.1 The generalized telegrapher's equations for a horizontal grounding
electrode

The governing equations for the current and voltage induced along the grounding
electrode can be derived by enforcing the continuity conditions for the tangential
components of the electric field along the wire surface.

The total field composed from the excitation field E®° and scattered field

ESC s equal to the product of the current along the electrode /(x) and surface

internal impedance Z(x) per unit length of the electrode:

é ( E® 4 E‘v”) =Z (x)I(x) on the wire surface )
The surface internal impedance Z(x) is given by [9, 10]:
Z., Iy\7,
ZS (x) - ew 0 (ywa) (2)
27a [1 (ywa)
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where [ ( ¥ )and 1, ( 4 )are modified Bessel functions of the zero and first

w w

order respectively, while Z,,, and y,, are given by [9, 10]:

z,= | L% 3)
o, + joe,,

v, =~ jou(c, + joe,) )

For the case of very good conductors (conductivity of order of 10° S/m), the
surface impedance Zy(x) can be neglected. The scattered electric field can be

expressed in terms of the vector potential Aand the scalar potential ¢, and
according to the thin wire approximation [7, 8] only the axial component of the
magnetic potential differs from zero and it can be written:

B3 = _jod, -2 5)
ox

The vector and scalar potential are, respectively, given by particular integrals:

L L
A [ M I ' ' ' 6
= ] HD8 (e ©)

()= —— [ (), )i %

476

The complex permittivity of the lossy ground ¢, is given by:

e
Eqp =&, 80— ] ®)

with &y and o being the corresponding permittivity and conductivity,

respectively, of the ground, while g(x) denotes the charge distribution along the
line, /(x’) is the induced current along the line, and g(x,x”) is the corresponding
Green’s function of the form:

g(x,x')=g0(x,x')—Frefgi(x,x') (9)

where gy(x,x ) denotes the lossy medium Green function:

R

e
x,x")= 10
8 (x,x) X (10)
and g;(x,x’) is, according to the image theory, given by:
e*YRz
(x,x") = 11
g (x,x) x, )]

while the propagation constant of the lower medium is defined as:

y =+ jouc - o’ ue (12)
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and R; and R, are given by:

R ={(x-x"Y+d*, R,=(x-x")+4d’ (13)

The influence of a ground-air interface is taken into account via the following
reflection coefficient (RC) [6]:

Leoso— |L-sin? 6 Ix—x .
\ x—x ,
r, == = : L n=—L (14)

= ; O=arctg——; n=—

ref
2d &
lcosz9+ fl—sinZH 0
n n

The main advantage of RC approach versus rigorous Sommerfeld integral
approach is a simplicity of the formulation and appreciably less computational
cost. Generally, RC approach produces results roughly within 10% of these
obtained via rigorous Sommerfeld integral approach [7]. The linear charge
density and the current distribution along the electrode are related through the
continuity equation:

_lal )
1 jo dx
Substituting continuity equation (15) into (7) gives:
1 ol
olx)=—— | ( : ) g, (16)
Jjdrwe,,  Ox

while substituting equations (6) and (16) into (5) leads to the following integral
relation for the scattered electric field:
L L
” 1 o rol(x'
E;”=—ja)ij.[(x’)g(x,x')dx'+ - — ( )g(x,x')dx' a7)
4y Jarwe,; oxy  ox'

Finally, for the case of grounding electrodes the excitation function does not
exist in the form of the tangential field, i.e. [4]:

E =0 (18)
Combining equations (1), (17) and (18) results in the following homogeneous

integral equation of the Pocklington type for the unknown current distribution
induced along the horizontal grounding electrode:

' L l a Lal X’
]wfjl(x')g(x,x')dx'— : _J‘ ( ')
Y Janwe,; oxy  Ox

g(x,x')dx‘+ZS(x)I(x) =0 (19)

The knowledge of the current distribution induced along the electrode
provides the assessment of the scattered voltage. To derive the telegrapher’s type
equations for the current and voltage induced along the electrode, the scattered
voltage concept has to be included in the formulation. The scattered voltage
along the horizontal electrode is defined by a line integral of a scattered vertical
field component from the remote soil to the wire surface:
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d
Vo (x) = — j E*(x,2)dz (20)

The vertical field component can be expressed in terms of the scalar potential
gradient, i.e.:

E3! = _% (21)
oz
and the scattered voltage along the wire can be written as follows:
d o d -
V) = [ Zodz=— [ p(x,2)dz 22)
c 0z dz ?,

Integration from the infinite soil to the conductor surface and assuming the
scalar potential in the remote soil to be zero [11] and according to equation (16)
leads to the scattered voltage along the electrode:

1 jmuj
]'477(0‘%r y Ox'

Combining equations (19) and (23) results in the set of the generalized
telegrapher’s equations for the horizontal grounding electrode:

Ve'(x)=—

g(x,x")dx' (23)

L '
[ 2D o x0a+ ¥ 7 (1) =0 @)
, Ox'
sct L
dV™(x) +ijvJ'[(x')g(x,x')alx'JrZs(x)f(x) =0 (25)
X 0

where the corresponding equivalent inductance, admittance, capacitance and
conductance per unit length of the wire are given by:

M
L'=—— 26
4r (26)
Y':j47m)8€jf =G+ joC', C'=4re, G'=4dno 27)

2.2 The current source excitation

The grounding electrode is energized by the injection of an equivalent ideal current
source with one terminal connected to the grounding electrode and the other one
grounded at infinity, as shown in Fig 1. This current source is included into the
integro-differential equation formulation through the following boundary
conditions:

10)=1,, I(L)=0 (28)

where I, denotes the impressed unit current generator.
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3 Boundary element procedures

The unknown current °(x) along the wire segment can expressed, as follows:

ef 1 T
I°(x)= {1} {1} 29)
Collecting the contributions from each element the integro-differential equation
(19) is transferred into the following matrix equation:
M
[Z1,41},=0, and j=1,2,...M (30)
J=1
where M is the total number of segments and [Z]; is the mutual impedance matrix
representing the interaction of the i-th source with the j-th observation segment,
respectively:

1 'T |l A\l
_4]'717 {D},«I{D }g(x, x")dx"dx +

eff \ Al y

i

[Z]ji =
(€29

T

i j {f}jj{f}jg(x,x')dx'dx + j 2, {f}, {1}, dx

Al; Al

i

Matrices {f} and {f'} contain the shape functions while {D} and {D'} contain
their derivatives, and Al;, Al; are the widths of i-th and j-th boundary elements. A
linear approximation over a boundary element is used in this work:

1
f _ X —X f _
T Ax " Ax
as this choice was proved to be optimal one in modeling various wire structures.

The excitation function in the form of the current source I, is taken into account
as a forced boundary condition at the first node of the solution vector, i.c.:

I, =1, and I,=1¢" (33)

x'-x,

(32)

Once the current distribution is obtained the scattered voltage defined by
equation (23) can be readily evaluated using the boundary element formalism.

As the differentiation of the current distribution variation along the segment is
simply given by:

ol(x" [I.,—-1
( ) — i+l i (34)
ox' Ax
the scattered voltage can be computed from the following formula:
A S
Vsct(x) =—— z i+1 i j g(x,x')dx' (35)
J4nwe Par=AC S
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4 Numerical results

Figure 2 shows the frequency response at the center of the electrode
characterized by the following parameters: L=20m, d=Im, ¢=5mm and /,=1A.
The ground conductivity is 6=0.01 S/m while the permittivity is g~=10. The
results computed via the BEM and the Modified Transmission Line Model
(MTLM) are compared to the results obtained via NEC using Sommerfeld
integral approach to account for the presence of the ground-air interface. The
agreement between the results obtained via the different approaches is found to
be relatively satisfactory for the given set of parameters.

f [MHZ]

Figure 2: Current induced at the center of the grounding wire versus

frequency (L=20m, d=1m, a=5mm, 6=0.01 S/m, £~=10).
VUV

BEM —
Point-matching —

0 5 10 15 20 25 30 35 40
/IMHz]

Figure 3: Voltage spectrum at the input of the grounding electrode (L=10m,
d=1m, a=5mm, 6=0.01 S/m, £=10).
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Figure 3 shows the voltage spectrum at the driving point for a horizontal
grounding electrode characterized by the following parameters: L=10m, d=Im,
a=5Smm and /~=1A. The ground conductivity is ©=0.01S/m, while the
permittivity is g=10.

The agreement between the results obtained via BEM is in a plausible
agreement with the results obtained via point matching technique.

5 Concluding remarks

The paper deals with modeling of grounding systems based on the generalized
telegrapher’s equations and related boundary element procedures. The integral
relationships arising from the full wave model are numerically treated by using
the Galerkin—Bubnov scheme of the Indirect Boundary Element Method (GB-
IBEM). The results obtained for the current distribution and scattered voltage
induced along the horizontal grounding electrode agree satisfactorily with the
results obtained via other methods.

Future work will involve the treatment of complex grounding systems
including interconnected conductors.
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Provisional study on the 3-D Cauchy condition
surface method for fusion plasma
shape identification
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Abstract

The 2-dimensional (2-D) Cauchy condition surface (CCS) method to identify the
plasma boundary shape has been expanded to deal with 3-D nuclear fusion
plasma. This 3-D CCS method solves a set of boundary integral equations in
terms of 3-D vector potential with the aid of measured magnetic sensor signals
and coil current data. Results obtained in a trial calculation for axisymmetric
plasma indicate that this new 3-D method can also determine the plasma
boundary shape accurately in the same way as the 2-D CCS method. The
authors’ research group has a plan to improve this 3-D CCS method to analyse
fusion plasma that has a helical geometry.

Keywords: nuclear fusion, plasma boundary, Cauchy condition surface method,
magnetic sensor, vector potential, vacuum field, boundary integral equation.

1 Introduction

To know the boundary shape of plasma in a nuclear fusion device is important
for the control of its operation and for diagnostic purposes. As the plasma
temperature in such a device is higher than a hundred million deg. K (Kelvin), it
is almost impossible to place any sensor inside the plasma. Usually, the plasma
boundary shape is indirectly estimated with the aid of on-line computing from
signals of magnetic sensors located outside the plasma. For this purpose, the
Cauchy condition surface (CCS) method [1] has already been established for a
tokamak-type fusion device, e.g., the JT-60 of the Japan Atomic Energy Agency
(JAEA). Here, the Cauchy condition surface (CCS) is defined as a surface where
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both the Dirichlet and the Neumann conditions are unknown. The geometry of
tokamak plasma is axisymmetric so that the analysis using the CCS method can
be made in a 2-dimensional (2-D), r-z system. On the other hand, 3-D analyses
are required for non-axisymmtric plasma, e.g., in a helical type device such as
the LHD (Large Helical Device) of the National Institute for Fusion Science
(NIFS), Japan. The CCS method, however, has not yet been expanded for
application to a 3-D space analysis.

The aim of the present work is to investigate whether the CCS method can
also be applied to a 3-D system that has a much larger number of unknowns than
a 2-D system. Modifying a 3-D boundary element code to solve the Poisson
equation, a prototype of 3-D CCS method code has been developed. The present
paper deals with tokamak-type axisymmetric plasma, which can be also analyzed
using the 2-D CCS method, to demonstrate the fundamental performance as a 3-
D code. The authors intend to tackle an actual 3-D geometry such as the helical
one in a later paper.

2 Three-dimensional CCS method

In the 3-D version of the CCS method proposed here, the CCS (T',.) is assumed

to have a torus shape and to be located in the actual plasma region in 3-D space,
as illustrated in fig. 1. In the present work the Dirichlet condition and the
Neumann condition along the CCS are the vector potential and its derivative,
respectively, while they were the magnetic flux and its derivative in the
conventional 2-D CCS method [1, 2].

Plasma boundary (I",)

ccs (I',) z
Plasma boundary 4 CCS

Magnetic sensor

Coil

Vacuum field

Infinite boundary (]"m)
>

Figure 1: Extention of CCS method to a 3-D system.

The torus shape CCS is divided into a certain number of boundary elements,
each of which has 9 nodal points. The first step of the analysis is to obtain the
values of the Dirichlet and Neumann conditions at each nodal point in such a
way that they will be consistent with the magnetic sensor signals. For this
purpose, one solves the set of boundary integral equations for a vacuum field in
the same way adopted in the 2-D CCS method calculation.
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2.1 Vector Laplacian

The magnetic field B is given by B=V x A in terms of the vector potential A .
The relationship between A4 and the current density j is described by the
Poisson equation

VA= -pj. (1)

In a 3-D Cartesian coordinate system, the two quantities in eqn (1) are
expressed as 4 =(4,, 4, 4) and j=(j,/,.j.). The vector Laplacian in this

system has the simple relationship
(V’A), =V’4, (k=x,,z). 3

That is, the vector Laplacian can be given by a set of the scalar Laplacian of
each Cartesian scalar component. In a cylindrical or spherical coordinate system,
on the other hand, the expression of the vector Laplacian is not so
straightforward. Because of this, the authors adopt the 3-D Cartesian coordinate
system for the analysis to obtain the 3-D distribution of vector potential.
However, it is easy to transform the result, once calculated in the Cartesian
coordinate system, into the other coordinate systems.

2.2 Hypothetical assumption of vacuum field

One here assumes mathematically that there is no plasma current, i.e., vacuum
everywhere outside the CCS. The effect of the actual plasma current is
transformed into the hypothetical CCS. It is interesting to point out that at any
point outside the plasma boundary the vector potential calculated under this
assumption is exactly the same as the vector potential caused by the existence of
the plasma current. The proof for this is given in the Appendix.

2.3 Boundary integral equations

Assuming that the current density term in eqn (1) is the coil current only, the
corresponding boundary integral equations for a vacuum field are given by eqns
(3) and (4), using the sensor signals and the coil current data.

(1) For points i on the CCS (T,.):

. 04,
I

og 1
¢,.——A,{a;f'l]dr:§/1k‘i. (k=x,y,72). 3)
(i1) For the magnetic sensor locations i :

on
04 op’
[4(£d)=E-4, s Nar—ra y-sw,. h=xv.2). @
r. on on ' ’
The fundamental solution ¢ in eqns (3) and (4) satisfies the 3-D scalar
Laplace equation with the Dirac delta function

Vig =5, (5)
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The quantity #,, in eqn (4) is the contribution of external coil currents to the

vector potential at the point i, which can be calculated following

Hy o (r,)
W, W) =W, = RUAURANTS 6
( x,i y ) 4IZ'L;U,1\ |I'L—I'L| L ( )

with j, (r,) being the electric current density of the L-th coil. Equation (6) can be
simplified for an axisymmetric tokamak device. That is, the coil contribution can
be represented as a scalar quantity

Wo=p, > 1,y (r,zab) (7

LeCoils
using the L-th coil current /, and the fundamental solution of the Grad-
Shafranov equation for the axisymmetric geometry [1, 2]

w%nzaJO:ii[@—gJKUﬂ—E@ﬁ ®)

= 4ar ©)
(r+a) +(z=b)"

The functions K (k) and E(k) are the complete elliptic integrals of the first

with

and second kinds, respectively.

The detailed form of the operator £ in eqn (4) depends on the type of
magnetic sensor. In the tokamak-type device, for example, £ is unity for
magnetic flux sensors, while for magnetic field sensors it is given by

£ = sin¢91+sin600s¢7£+sin&sin(pi—cosﬁi, (10)
r Ox oy oz
where r denotes the major radius, ¢ the toroidal angle and 6 the sensor angle
respectively, at the sensor position.

Equations (3) and (4) are discretized, coupled and can be expressed in a

matrix form. Once all the values of the Dirichlet conditions (4,) and the

Neumann conditions (04, /6n) on T'. have been given by solving the matrix

equation in a least square sense, the distribution of vector potential can be
calculated using the boundary integral equation

< 04, 6
h—m ¢}r(kXYJ) an
for arbitrary points ‘i
2.4 Plasma boundary determination

In a nuclear fusion device, the magnetic field lines lic on nested toroidal
magnetic surfaces. A plasma current line also lies on such a magnetic surface. To
determine the plasma boundary, it is convenient to introduce a so-called
magnetic surface function, y , which satisfies [3]
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B-Vy=0. (12)
One can define the plasma boundary as the outermost closed surface that is
formed with the contour of y . For example, in tokamak-type axisymmetric

plasma, the poloidal magnetic flux function y is defined as [1]
v =rd,, (13)
where r denotes the major radius and 4, the toroidal component of the vector

potential.

3 Numerical examples

The ultimate goal of the authors’ research is to identify the shape of non-
axisymmetric plasma. Unfortunately a detailed model for such a complicated
system has not yet been completed. As a second best, the case of axisymmetric
plasma is dealt with to demonstrate the validity of the present 3-D CCS
formulation. The following inverse analysis result is compared with the reference
solution given by a direct analysis using the reliable equilibrium code SELENE
[4] in JAEA.

One here assumes that 240 magnetic flux sensors and 960 magnetic field
sensors are arranged outside the torus shape plasma. The Cauchy condition
surface, which also has a torus shape, is placed within a domain that can be
supposed to be inside the actual plasma. The ellipse in the centre of fig. 2 is the
cross-section of the CCS on the r-z plane. Here the ellipse was set to have a
major radius of 0.13m and a minor radius of 0.09m. This 3-D tube-shape CCS
was divided into 16 discontinuous quadratic boundary elements, each of which
has 9 nodal points.

=

Plasma boundary

N .
Coil
locations
r(m)
Figure 2: Contours of magnetic flux and the outermost magnetic surface.

@ WIT Transactions on Modelling and Simulation, Vol 49, © 2009 WIT Press
&L www.witpress.com, ISSN 1743-355X (on-line)



402 Mesh Reduction Methods

Introducing the external coil current contributions #,, and the magnetic
sensor signals £ 4, ,, one can calculate 4, following eqns (3), (4) and (11). The
magnetic flux function y =r4, can then be obtained for arbitrary points ‘i ’.

Thus, the outermost magnetic flux surface can be found by drawing contours of
w . The solid lines in fig.2 are the obtained contours of magnetic flux. Note here
that the contours drawn inside the plasma boundary have no physical meaning.
Among the contours, however, the outermost closed curve represents the
outermost magnetic surface, i.e. the plasma boundary. This reconstructed plasma
boundary agrees well with the reference boundary profile (the dotted closed line
in fig. 2) that had been assumed beforehand for the SELENE direct analysis. Coil
locations outside the plasma are also found in fig. 2.

4 Conclusion and further remarks

A prototype of 3-dimensional CCS method code has been developed, in which
the formulation is based on the 3-D distribution of vector potential. Before
tackling complicated 3-D geometries, a preliminary 3-D test calculation was
made for axisymmetric plasma. The results obtained here indicate that the new 3-
D method can also determine the plasma boundary shape accurately in the same
way as the 2-D CCS method.

The authors’ future plan is to analyse the actual non-axisymmetric 3-D
plasma in the LHD, which has a helical geometry. To realise this, the following
problems should be solved:

(i) The x-, y- and z-components in eqn (4) should be solved simultaneously
for an actual magnetic field sensor. For a flux loop signal, eqn (4) might
be further integrated along the flux loop.

(i) As it is difficult to derive mathematically the 3-D magnetic surface
function y that satisfies B-Vy =0 in a helical system, one needs to seek

a practical way of drawing the magnetic field line that is tangential to the
field vector.

(iii) Further, the rotational symmetry (not axisymmetry), which is peculiar to
LHD, should be incorporated into the boundary integral formulation in
order to reduce the number of unknowns.
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Appendix: validity of the vacuum field assumption for the
plasma region

The proof shown below is written in terms of vector potential. Kurihara
originally gave the proof in terms of magnetic flux in his work [5].
Now consider the domain Q. , that is sandwiched between the plasma

boundary (T, ) and the CCS (T..), as illustrated in fig. 3.

Point i

(Outside T",,)

Figure 3: The domain Q. , between I', and T'..

(i) Vector potential caused by the existence of plasma current:

The boundary integral equation in this case is written in the form

- o4 o o
C[Ak,i = J‘r( (¢: a_nk_ Ak Ejdr + J.chp (ﬂo]k )¢: dQ+ VVk,i . (Al)

[ |¢ ( 04 a¢jd ( ——Ak%]dr=o (A2)
Tr Tr on

to the RHS of eqn (Al), one obtains

By adding

- A,
ciAkl.z_[ (¢, 2 a¢ jdr+ml+c#A,fl, (A3)
%
where the quantity ¢/ 4/, is given by
. . 04 op .
At = kg 25 i
A= («z P jdnjgw (40 )84 . (A4)

It should be noted that ¢/ =0 for any point outside Q. ,. Equation (A1) can
then be transformed into

-~ « 04, og,
ciAk,i _J.rp[ﬁ' E_Ak E}ﬂ—""m{,i (AS)
that has no term related to the plasma current.
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(ii) Vector potential when assuming a vacuum field for the plasma region:
The CCS method is based on the boundary integral equation for a vacuum field
04, 0
o= | # [ A £ JdHWk,, (A6)
which has no inhomogeneous term related to the plasma current. By adding
.« 04, op . 04, 8¢
——— 4, —— |d['— —— =0 A7
LP(¢' on " on }1 jrr((é’ on “on (A7)

to the RHS of eqn (A6), one obtains

4,
A, :jrp[qg 6@ 4% ]an“ v Al (A8)
with
« 0A 0
cA,f‘l—LP(i—k— ¢Jd (A9)

The value of ¢ in eqn (A9) must be zero for any point outside Q,_,. Thus

A, = L( A, 0 Jan,” . (A10)

one obtains

(iii) Conclusion

As the RHS of eqn (A10) is exactly the same as the RHS of eqn (AYS), it is
concluded that eqn (A6) is identical to eqn (Al), i.e., 4,, =4, . That is, the
vector potential calculated under the assumption of a vacuum field even for the

plasma region is exactly the same as the vector potential caused by the existence
of plasma current.

ki
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